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‘Preface 



I T IS the belief of the authors that most students who do not 
specialize in mathematics leave its study without having ac¬ 
quired any real understanding of the character of the subject or 
of its relations to the sciences, the arts, philosophy, and to 
knowledge in general. Too often they have been taught little more 
than a variety of techniques in special branches of mathematics and 
thus have acquired a narrow, distorted, and hence incorrect view ot 
mathematics. As a result, far too many intelligent students are 
“soured” for life as far as mathematics is concerned. It is only too 
well known that many capable students try to avoid college mathe¬ 
matics because of the suspicion that the material is boring and to 
a large extent useless to them because of its highly technical nature. 
Even students who specialize in mathematics usually acquire no proper 
understanding of the nature of the subject or of its relations to other 
fields of knowledge until quite late in their college years. This book 
attempts to remedy this unfortunate situation by showing that 
mathematics has much more to offer serious-minded college students 
than mere training in memorizing formulas and manipulating sym¬ 
bols. The principal objectives of the book are the following: 

1. To show how many of the fundamental ideas of mathematics 
have their sources in physical experience. 

2. To show how, from these ideas, mathematics builds broad logical 
theories which have wide applications in the physical, biological, and 
social sciences, the arts, and philosophy. 

3. To show that mathematics is not merely a collection of methods 
useful in the sciences, but a vast unified system of reasoning which 
possesses many of the characteristics of a fine art. 
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4. To acquaint the student with the logical structure of a mathe¬ 
matical system and thus provide him with a standard of exact reason¬ 
ing which should help him to achieve a more critical attitude toward 

conclusions arrived at in other fields. # 

5. To show that science and philosophy are indebted to mathe- 
matics for many precise concepts, such as velocity, motion, and 


infinity. 

6. To open the student’s mind to the fact that the development of 
mathematics from ancient to modern times has been an important 
factor in the development of civilization. 

The general method of achieving these objectives is to draw on the 
entire field of mathematics, ancient and modern, and to present, in a 
unified manner, many of its major ideas and their significance in other 
fields of knowledge, without discouraging the student with unneces¬ 
sary techniques. The book can be used as a text for a survey course 
either for students who will take only one year of college mathe¬ 
matics or for students who intend to take further courses in 
mathematics. Because the book is in the nature of a survey, cer¬ 
tain topics essential for the latter students in their future mathemati¬ 
cal studies have been omitted, such as, for example, trigonometric 
identities. The problem introduced by the omission of these topics, 
which are few in number, can be handled in a variety of ways. One 
way is for the teacher to present these topics as supplementary mate¬ 
rial to that of the book. Another way is to present them in a short 
course given concurrently with this course or following it. 

The order in which topics are presented is generally the order in 
which these subjects were developed historically. This has been 
done not only in order to achieve a natural and logical presentation 
of the ideas of elementary mathematics, but also in order to give the 
student an appreciation of the development of mathematics from 
its original empirical state to its modern abstract developments. 
Part I deals with the development of algebra and geometry from 
their basic concepts and with the unification of algebra and geometry 
attained by means of coordinate geometry. While many topics, 
for example, the Indo-Arabic system of notation, will not be en¬ 
tirely new for the student, it is hoped that the discussions in Part I 
will cast new light upon them. On the other hand some topics will 
be new. For example, in Chapter I there is a discussion of types of 
reasoning, and in Chapter V the role of geometry in art is considered. 
Part II deals with the function concept. First, the meaning of a 
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function b considered. This i. ‘ "f ” T '^S 

exponential, loganthmic, and trigonorae express relations 

tion is given to the problem of ^deration of 

between physical variables. This include consider the 

empirical equations. With this foundation laid we next con 

use of functions in the mathematical discussion of ^ 

electricity, laws of growth, interest and annmUeS. and m mai y 
fields. This part of the book ends with a consideration of the « 
strictions which must be put on the use of functions m pra toU 
lions. Part III is devoted to the limit concept. The e ”P h * 51 ! 
mainly on the meaning and value of the limit concept, with a few 
illustrations of its use, rather than on the usual technique 
culus. Part IV is concerned with such modern topics as mfim y, 
non-Euclidean geometry, relativity, and the nature of a mathematica 

^There is more material in the book than normaUy can be covered 
in a class which meets three hours a week for a year, so that * choice 
of topics is necessary. The wide variety of topics should enable the 
teacher to choose those topics which will best suit the needs and inter¬ 
ests of his students. The following list indicates the articles which 
are not prerequisites for later articles in the book: 

Chapter III, article 4 
Chapter IV, article 7 
Chapter V, articles 4, 9 
Chapter VI, articles 6-9 
Chapter VII, articles 14, 15 
Chapter X, articles 4, 6, 7 
Chapters XI, XII, XIV, XV, XVI, XVII, XX 
The teacher will probably find, however, that he will not want to 
omit all of these articles. On the other hand he may want to omit 
different articles. In a course which meets three hours a week for one 
year, it should be possible, on the average, to teach in class about 
three-fourths of the material in the book. Some of the omitted topics 
may be assigned to students as required reading. 

Some teachers may think at first that some of the topics, especially 
those in Part IV, are too difficult for college freshmen. It is the opin¬ 
ion of the authors that after a trial with students of average ability 
these topics will not be found to be too difficult. This opinion is 
based on the experience the authors and other members of the Mathe¬ 
matics Department of Washington Square College have had in teach- 



ing the course to over five hundred students, not specially selected. 
Indeed, the topics in Part IV have proved to be among the most in¬ 
teresting and inspiring for the student. 

We wish to express our gratitude to those who by their material 
assistance, sympathy, and encouragement have helped to make this 
book possible. Dean Milton E. Loomis, of Washington Square Col¬ 
lege, has not only been enthusiastic and encouraging to us in our 
work, but has also offered helpful criticisms. We appreciate the 
cooperation we have received from Professor Palmer H. Graham, 
chairman of our Mathematics Department, in allowing us to intro¬ 
duce an experimental course based on this book, a course which is now 
a part of the regular offering of the department. We also acknowl¬ 
edge with thanks the helpful criticism we have received from those 
who have taught the course. We are indebted to Professor A. A. 
Bennett, for the many constructive criticisms which he made, based 
on a thorough reading of the entire manuscript; to Professor W. H. 
Brinkmann, for many helpful comments; to Professor Rudolf Kagev, 
for his useful criticisms of the philosophical portions of Part IV; to 
Dr. Bernard Myers, for information and suggestions helpful in writ¬ 
ing the article “Geometry and Art"; and to Miss Helen Wall, who 
prepared the manuscript for publication. Finally, we are grateful 
to the staff of the Houghton Mifflin Company, whose timely sugges¬ 
tions and unfailing patience have been of incalculable value. 

The Authors 
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CHAPTER I 
INTRODUCTION 


1. Reasoning. Every day we all carry on the men P 
which we call reasoning; yet we seldom stop to cons 1 er 
mean by reasoning. The mind is always active, bu w 
call all of its activities reasoning. While walking the s ree s 
thoughts flit through our minds: for example: I won 
this mathematics course is like,” “That’s a pretty girl, „ 

that car would get out of my way,” “That man has long a , 
and so forth; but we recognize that such random and disconnecte 
thoughts do not constitute reasoning. However, if ° ur 
followed up the observation, “That man has long hair, wi 
thought, “That man is an artist, since all long-haired men are 
artists,” we would say that we had reasoned. Thus, rea f™)* n 8 
consists in combining certain statements, called premises 1 a 
man has long hair,” and “All long-haired men are artists —to 
obtain a new statement which we call a conclusion That man 
is an artist.” Briefly, when we infer one statement from others, 


we reason. 

2. Deductive Reasoning. The example: (1) All long-haired men 
are artists, (2) That man has long hair, (3) Hence that man is an 
artist, is an illustration of deductive reasoning. Deductive reason¬ 
ing is that form of reasoning in which the conclusion must necessarily 
follow if we accept the premises; that is, in deduction, it is im¬ 
possible for the premises to be true and the conclusion to be false. 
Deduction does not depend on whether the premises are true or 
false, but requires that if the premises are true, then the conclusion 
must also be true. Thus, we do not say that a conclusion arrived 
at by deductive reasoning is true or false, but we say that the 
conclusion is obtained by a valid argument. In deduction it is 
only necessary that the conclusion be obtained by a valid argument. 
If, in addition, the premises are true, the conclusion will also be true; 
but if the premises are not true, the conclusion may not be true. 
Thus, consider the example given above; the conclusion, “that 
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man is an artist/’ may not be true because the first premise, “all 
long-haired men are artists/’ may not be true; however, the argu¬ 
ment is valid, since if we accept the first and second premises the 
conclusion necessarily follows. The student should note that the 
word deduction is used, not in the everyday sense of drawing any 
kind of conclusion, but in the restricted and precise sense of drawing 
the special kind of conclusion described above. 

A convenient way of testing the validity of a specific example 

of deductive reasoning is to represent the various 
terms by circles. We shall use the example of 
the preceding paragraph; let the circle lettered A 
contain all long-haired men, let the circle lettered 
B contain all artists, and let the circle lettered 
C contain just “that man.” Then the first pre¬ 
mise says that the circle A is completely contained 
in the circle B since all long-haired men are artists. 

The second premise says that the circle C is com¬ 
pletely contained in the circle A since that man has long hair. 
Now if we examine the relation between the circles C and B f we 
find that C is completely contained in B or, in words, this says 
“that man is an artist.” Hence the argument is valid. 



Figure 1 


EXERCISES 

Test the following to determine whether or not the reasoning is correct 
Is the argument valid? Is the conclusion true? 

1. All angels are men; all angels are beautiful; therefore all men are 
beAutiful. 

2. Good canned peaches are expensive; this can of peaches is expensive; • 
therefore this can of peaches is good. 

3. All Parisians are Frenchmen; all Frenchmen are Europeans; there¬ 
fore all Parisians are Europeans. 

4 . All Parisians are Europeans; all Frenchmen are Europeans; there¬ 
fore all Parisians are Frenchmen. 

6. All men are intelligent; all intelligent people are one-eyed; there¬ 
fore all men are one-eyed. 

6. No undergraduates have B.A. degrees; no freshmen have B.A. de¬ 
grees; therefore freshmen are undergraduates. 

7. All knowledge can be acquired by diligent study; this subject is a 
branch of knowledge; therefore this subject can be acquired by dil¬ 
igent study. 

8. To increase our knowledge Is desirable; a college education increases 
our knowledge; therefore a college education Is desirable. 
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9. All coUege graduates are “teUjgent; .tupTople who have spent four 
years in college are college graduates, all peop 

years in college are intelligent. T j 

10. All churchgoers are good; I am a churchgoer, enc , 


3. Non-deductive Reasoning. Although there * re 
of reasoning, we shall only make a distinction e w deductive 
and non-deductive reasoning. As an examp£ * 
type of reasoning we shall consider a very common yp ; 

induction. Induction is that type of reasoning winch con 

concluding a general statement from a group o p Bureau 

For example: The records of the New York City ea 
show that for 52 consecutive years, beginning 1873 * “ e 
temperature in the month of July was higher than that of? the 
month of June. On the basis of these 52 particular facts most 
people would conclude that July is a hotter month than June. 
It should be noted that, even though we grant the truth 
the 52 particular facts on which this conclusion is based, neverthe¬ 
less the conclusion may not be entirely true. There may >e cx 
tions. In fact it so happens that in 1925, June had a higher mean 
temperature than July and thus in that year June was hotter than 
July. Further, even if no exceptions were found, still it may De 
the case over an extended number of years (for example, including 
the period of the last ice age) that June would prove to be the 
hotter month. Thus we realize that a conclusion reached by 
induction is not necessarily certain to follow from the premises, bu 
is only more or less likely. Since induction is a method of reaching 
a general conclusion from particular statements, it is often a means 
of discovering new truths. As such, induction is an invaluable tool 
in any science. Sometimes, after a discovery is made by induction, 
we are able to supply a deductive proof which will establish the 


conclusion as the result of a valid argument. 

A common error in contrasting deduction with induction is to 
state that deduction leads from general statements to particular 
conclusions. That this description of deduction is incorrect may 
be seen by the following example of a deduction: (1) All Parisians 
are Frenchmen, (2) All Frenchmen are Europeans, (3) Hence all 
Parisians are Europeans. In this case the conclusion is a general 
statement. In deduction the conclusion is just as general as the 
premises on which it is based. If one of the premises is particular, 
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the conclusion is particular, and if both premises are general, the 
conclusion is general. 

The essential difference between non-deductive and deductive 
reasoning is that in non-deductive reasoning the conclusion is 
only more or less likely, while in deductive reasoning the argu¬ 
ment is valid, and the conclusion is certain to follow from the pre¬ 
mises. 

4. Intuition and Reasoning. Many things that we do in the 
course of our lives are suggested to us by intuition, experience, or 
common sense. If we have carefully trained our intuition by 
thorough study of past experience we make few mistakes, but 
often our perceptions and intuitions are erroneous and lead to 
conclusions which are contrary to the conclusions we would obtain 
by reasoning. Take, for instance, the question: “If it takes one 
man working alone 10 days to build a garage, and another man 
working alone 7 days to build the garage, how long will it take 
the two men working together to build the garage?” A common 
error is to answer, “17 days.” A little reasoning shows us that if 
one man can build the garage in 10 days it will not take two men 
longer than it takes one of them alone. We add here a few exer¬ 
cises'in which intuition is often misleading, and needs to be re¬ 
vised to agree with the conclusions obtained by reasoning. 

EXERCISES 

Answer the questions below by relying on your intuition. Check by 
using arithmetic if you can. 

1. A man is now 30 years old and his father is twice as old as he is. 
When the man is 40 how old will his father be? 

2. A man is selling 30 articles at 3 for 1 cent and 30 other articles at 
2 for 1 cent. Would his total receipts be more, less, or the same if 
he sold all 60 at 5 for 2 cents? 

3. Is ^— equal to a? 

4. Each bacterium in a culture divides into two bacteria once a min¬ 
ute. If there are 10 million bacteria present at the end of one hour, 
when were there exactly 5 million present? 

6. Is a discount of 20% on the selling price of an article equivalent 
to a discount of 15% on the selling price, followed by another dis¬ 
count of 5% on the reduced price? 

6. A ball is thrown vertically upward. Neglecting the resistance of 
the air, does it take longer for the ball to reach its highest point than 
for it to fall back to the ground? 
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7 . A ball is thrown 

the air, does the ball hit 1upwards? 
returns than the speed with which it 2 miles: (1) if he 

8 . Does it take an aviator the same time and the seco nd mile at 

travels the first mile at 60 mJs P f two mi les at a speed of 
120 miles per hour, and (2; u ne tru 

90 miles per hour? f four miles rowing 

9 . Does it take the same tun«dhj-makej* js no current an d you can 

up a river two miles and back. (1) there is a current of 

row two miles per hour in still hence making 

one mUe per hour and you can row two mdes per ratc 

your upstream rate one mile per hour ana yo 

three miles per hour? circumference is 

10 . A barrel whose radius is two f^t has P w hose radius is 

4 tt feet (circumference - 2 tt radms), feet; hence the hoop 

three feet has a hoop whose circum * smaller barrel, 

of the larger barrel is 2. feet longer-than‘J*t “ fe e en _ 

What would be the circumference of a steell h<* P feet 

circle the earth at the equatorvery much longer 

■ JMA 5RX - - - foot above 

all points on the equator? 

5. Reasoning in Mathematics. From the previous article 
it should be evident that we wish to base our knowledge of any 

subject not on intuition alone, but, as far as possible « n r reason ing 
Further even if we accept the premises, non-deductive reaso_ g 
rives only probable conclusions while deductive reasoning from 
true premises gives conclusions which are absolutely certain. 
Hence we strive to base as much of our knowledge as po^ble on 
deductive reasoning. Now, in order to reason deducUvcly we 
must have some statements - the premises - which we shall 
grant in order to reason from them. These premises may ha* e been 
obtained as the conclusions of previous deductions or they may 
be statements which are agreed upon without proof. If the premises 
are the conclusions of previous deductions, then we inquire: Where 
did we obtain the premises of the earlier deductions? Again 
we receive the same answer — they are the conclusions of previous 
deductions or'they are statements which are agreed upon without 
proof. Thus we can press our inquiry farther and farther back. 
Now if we are to have a starting point in this set of deductions we 
must agree to accept certain statements at the start without 
proof. These statements are therefore basic statements in the 
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sense that all other statements are deduced from them. The 
statements which are accepted without proof and upon which we 
base our reasoning are called axioms.* In order that the axioms 
may be readily accepted, it is highly desirable that they be in 
accord with experience; in other words, that they seem to be 
true. 


Although the mathematician uses intuition and inductive reason¬ 
ing in arriving at possible conclusions, nevertheless these con¬ 
clusions are considered tentative and are not included in the body 
of mathematics until they can be established deductively. Thus 
all mathematical proofs are deductive and rest finally upon axioms 
Some of the axioms which are at the basis of mathematics are 
already familiar to the student and most of them are easily accept¬ 
able, since they seem to be in accord with experience. For ex¬ 
ample, it is not hard for the student of geome¬ 
try to accept the axiom: “It shall be possible to 
draw a straight line joining any two points,” for 
this agrees with everyday experience. We shall 
now give two examples to illustrate the use of 
deductive reasoning in mathematics. 



Figure 2 


To illustrate deduction in geometry we now 
prove the theorem: If two straight lines intersect, the vertical angles 
are equal. (Fig. 2.) We see that the proof is based only on axioms 
and definitions. 


1 + Z. 2 = a straight angle 

2. Z 2 + Z. 3 * a straight angle 

3. Z 1 + z' 2 = Z2 + Z. 3 

4. Z 1 = Z3 

5. Vertical angles are equal 


(Definition of a straight angle) 
(Definition of a straight angle) 
(Axiom: Things equal to the same 
thing are equal to each other.) 
(Axiom: If equals are subtracted 
from equals, the results are equal.) 
(By definition of vertical angles, 
Z I and Z 3 are vertical angles.) 


Deductive reasoning does not always follow a pattern as simple 
as that of the proof of this theorem. Sometimes it is convenient 
to resort to the indirect method of proof. This consists in assum¬ 
ing the falsity of the conclusion to be obtained and then showing 
that such an assumption leads to an absurdity, that is, that it 
contradicts the assumption that the conclusion is false. As an 


* Although some authors make a distinction in the use of the words axiom and postulate, we 
dial) use both of these words as synonymous with the word assumption. 
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example, let us prove that the sum of ^ Now 

S L b t 0 rproved, namely, that 

the sum is an odd integer, c. 

We may 6 now divide both sides + of this equation by 2 and get a new 
equation 

a + b = c 
2 2 

This is permissible because of the axiom wUeh.says that if equals 
be divided by equals the results are equal. By the rule for addition 

of fractions, 


a + b 


? + -• 
2 2 


Since a and b are both even integers, | and | are integers, by the 

definition of an even integer. But | is not an integer since c is 

odd. Since the sum of the two integers, | and |< is an integer we 

c 

have the absurd result that an integer is equal to a number - which 

is not an integer. Therefore we conclude that the assumption 
that the sum of two even integers is an odd integer is false. **ence 
the sum is even. We may mention the further assumption winch 
we have made, namely, that all integers including zero are either 
even or odd and that zero is an even integer. In part this may 
seem to be obvious, but it is an assumption, nevertheless. 

EXERCISES 

1. What type of reasoning is used in mathematical proofs? Why? 

2. What are axioms? 

3. Why must there be axioms in any chain of reasoning? 


6. Some Characteristics of Mathematics. No student who has 
studied plane geometry could fail to have noticed the great part 
played by reasoning processes such as have just been illustrated. 
But he may say that other things are done in mathematics also, 
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having in mind all sorts of processes which he has been taught. 
These processes, however, which sometimes involve extensive 
symbolism and complicated technique are only machinery by 
which the reasoning process can be carried out efficiently. We 
have already pointed out that induction and intuition play vital 
roles m mathematics in suggesting possible conclusions, but the 
conclusions are accepted only after they have been established 
by deduction. Since deductive reasoning is necessary in all mathe¬ 
matical proofs, the rigidly logical processes of mathematics stand 
out and attract attention. For that reason the fact that rigorous 
thinking is essential in mathematics appears to many people to 
typify the subject. But mathematics is also distinguished from 
other fields of learning by the kind of thing about which reasoning 
is earned on. In mathematics we reason about certain elements 
which include numbers, points, lines, planes, etc. In fact, in this 
narrow sense, mathematics has been called the science of space 
and number. 

Mathematics differs from physical sciences both in materials 
studied and in method. The physicist studies, for example, forces 
and velocities. The reasoning of the physical scientist is mainly 
inductive; he makes experiments and draws conclusions from the 
particular results thus obtained. Such conclusions are not certain, 
but only more or less likely, and the test for their acceptance is that 
they must fit experience. In mathematics, on the other hand, 
the test of a conclusion is that it must be obtained by means of a 
valid argument, and we do not require the conclusions of mathe- 
matics to fit experience. 

In social sciences the elements studied are such things as birth 
rate, number of persons unemployed, and rates of interest. The 
purpose of such studies is to get useful results, and hence, as in 
the case of physical sciences, acceptable conclusions are those 
which are in accord with experience. The reasoning employed 
may be induction, or another form of non-deductive reasoning; 
it may, for example, involve reasoning by analogy, which compares 
the situation with a similar one in which the results are known 
and concludes that a like result will follow. 

It is a common fallacy to t h i nk that mathematics is merely a 
set of methods whereby useful results to quantitative problems 
are obtained. Mathematics does furnish such methods and they 
have wide application in science, engineering, and economics. 
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Sometimes, to be sure, they are methods that have been espe 
cially sought, but often they are only incidental by-produc s o 
the process of deductive reasoning which is the essential core o 
mathematics. A student should not enter the study of ma e- 
matics with the idea that he is going to learn only computation 
and clever tricks of manipulation of numbers. The techniques 
of elementary arithmetic and of commercial arithmetic properly 
are phases of mathematics; the mathematics which is worthy of 
study in a college curriculum, however, is a system of thought 
with which the mere juggler of figures has no acquaintance. From 
this viewpoint, bookkeeping is not mathematics. As a matter of 
fact, some of the most distinguished mathematicians have been 
“lightning calculators,” but they have been the exceptions. Many 
of the greatest mathematicians show little proficiency in numerical 
computation, and few computers are distinguished mathematicians. 

EXERCISE 

State two characteristics which distinguish mathematics from other 
fields of study. 


7 . Reasons for Studying Mathematics. Some of the reasons for 
studying mathematics are readily appreciated by all. Certainly 
anyone expecting to use any of the methods which mathematics 
provides for solving quantitative problems should learn those 
methods and understand why they work satisfactorily, whether 
he be a scientist, an engineer, or a statistician. 

Even if one is not actively engaged in work in which problems 
must be solved by the methods of mathematics, he should study 
mathematics to gain some appreciation of the r61e that it plays 
. in the physical and social sciences, in the arts, and in our civil¬ 
ization. 

A somewhat less obvious reason for studying mathematics is the 
training which it gives in precise statement and exact reasoning. 
In the study of mathematics the student should learn to say pre¬ 
cisely what he means, and to accept results as final only after they 
have passed the tests of deductive logic. The original solution of 
problems by the student, moreover, as well as the process of follow¬ 
ing the reasoning of others, gives him an understanding and ap¬ 
preciation of what constitutes rigorous thinking. In this way 
the study of mathematics furnishes the student with a standard of 
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exact reasoning by which the reasoning in other subjects may be 
studied and evaluated. 

The study of mathematics not only acquaints the student with 
examples of precise reasoning; it gives him also an opportunity to 
appreciate the nature of a logical structure of which mathe¬ 
matics furnishes the best example. He may even be able to en¬ 
vision mathematics as a great framework, each part welded to the 
others by deductive logic. To this framework it may be possible 
to fit not only situations familiar today but, equally well, situa¬ 
tions which may arise in the future out of new concepts and more 
exact knowledge. 

If in studying mathematics one keeps always in the forefront 
the thought processes involved, rather than the technique, he 
should be able to perceive the beauty in the various parts of mathe¬ 
matics and the beauty of the subject as a whole. The mathe¬ 
matician is not only a logician; he is at the same time an artist 
who expresses himself with mathematical materials, quite as 
genuinely as does a painter with his brush and pigments. Like 
the painter, he is impelled by a creative impulse, he lets his reas¬ 
oning lead him where it may, and he expresses himself with that 
conciseness which is one of the distinguishing marks of art. 

The study of mathematics complements the study of history, 
for it furnishes information concerning the culture of races and 
countries and throws light on developments in other fields and 
on events of great importance, knowledge of the geometry of 
the Greeks to a large extent explains Grecian architecture. Our 
present industrial civilization is based upon the development of 
mathematics and science which was given great impetus by Roger 
Bacon and Isaac Newton. Many more examples might be cited. 
Thus it is desirable for every cultured person to have an apprecia¬ 
tion of this close relationship between the development of mathe¬ 
matics and the history of civilizations. 

Finally, we may point out that mathematics throws light on 
many questions which have troubled philosophers for centuries. 
Nearly everyone is puzzled at some time by questions as to the 
nature of space, time, motion, and truth. Mathematics has fur¬ 
nished concepts which are useful in discussing them. It was a 
simple mathematical idea which prompted the development of 
the physical theory of relativity, a theory that has affected pro¬ 
foundly current philosophic thought. 
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These are the chief objectives which the ^^^Jescfib^them 
mind in studying mathematics. It is impossib appreciate 

adequately, just as it is impossible for the stu f®“ ^ hich is 
them fully prior to the discussion of the mathema these 

necessary to understand them. Not aU students 
purposes equaUy. But it is hoped that all will achieve them 

some degree in their future mathematical study. 

8 . Plan of the Book. The student must not expect that all ot 

the objectives mentioned here will be evident at aU P°mts in the 
chapters which follow. There is a logical order in the development 
of mathematics which must be preserved, since some co " c ‘“ s ‘° 
are needed to serve as the foundation on which later developments 
depend. Furthermore, some discussions having to do with the 
relations of mathematics to other branches of learning, parti 
larly its relation to philosophy, must be delayed until en ° u * 
the mathematical development has been completed to make it.ho 
discussions significant. Accordingly, the book is divided 

four main parts. . 

The first part includes Chapters II to VII and comprises a c* 
ful examination of the material and development of elementary 
topics with which the student may already have some familiarity. 
First we shall examine the materials and methods of algebra, in 
particular this requires a clear understanding of the number con¬ 
cept, its beginnings and its later extensions to the complete number 
system in algebra today. We shall then see that algebra may 
be considered as an outgrowth and extension of arithmetic, and 
the methods of algebra will be applied to clarify certain problems 
of arithmetic. Following this, we shall examine the materials and 
methods of geometry, partly to see the clarity and beauty of de¬ 
ductive reasoning as applied in elementary geometry, and partly 
to observe the necessity for further methods to handle many im¬ 
portant problems of geometry. One of the problems of geometry 
is that of measuring distances, angles, areas, and so forth. \\ e 
shall consider this problem in some detail in the chapter on indirect 
measurement. This part of the book closes with a chapter on the 
correlation of algebra and geometry by the methods of analytic, 
or coordinate, geometry. 

The second part of the book centers around the discussion of 
the function concept and its application in many fields. This 
cannot be clearly described here, but it will be found that this 
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concept is very far-reaching. It will be seen that it is closely 
related to the mathematics discussed in the first part of the book, 
that it greatly extends the notions of elementary mathematics, 
and that it adds much to the usefulness of mathematics in the 
physical and social sciences. 

In the third part of the book we shall introduce another im¬ 
portant concept connected with that of the function, namely, that 
of a limit. While the restricted scope of this book will allow only 
a glimpse of the applications of the limit concept, we shall show 
how it furnishes the basis for the operations of calculus, how it 
enables us to define clearly some physical concepts such as velocity, 
and how it gives us an answer to certain questions in measurement 
which arise in geometry. 

The fourth part of the book will be, for many, the most inter¬ 
esting part. There we shall be able to make use of the ideas de¬ 
veloped earlier and achieve, to a large extent, certain of the ob¬ 
jectives described in article 7. We shall be able to understand 
the real nature of mathematics as a logical structure, and to appre¬ 
ciate the consideration of mathematics as an art. It will also be 
possible to consider the contributions which mathematics makes 
in the field of philosophy to the problems of space, time, truth, 
and similar concepts. 

Throughout the book the understanding of ideas will be para¬ 
mount; technique will be subservient to these ideas. We cannot 
emphasize this too strongly. Nevertheless, the student must 
thoroughly master the technique that is presented in order to 
employ it in understanding the ideas. 

9. Advice to the Student. In his mathematical work the student 
must cultivate the art of using precise language, whether it be 
words or symbols. He must expect mathematical statements to 
say precisely what is meant — no more and no less. He must 
therefore read such statements with great care to get the full 
meaning and to avoid taking anything for granted which is not 
clearly stated. We may list the following characteristics of a good 
mathematical statement: 

1. It should contain only words or symbols whose meanings 
are known. If it is desired to use a new expression, this expression 
must first be defined in terms of known expressions. 

2. It should be clear and unambiguous. 

3. It should say no more and no less than intended. This 
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means that every word or symbol in it should have a purpose, an 

no necessary words or symbols should be lacking. 

4 . It should be as concise and simple as po-bto. Afiori 
statement is to be preferred to a long one, provided the three re 
auirements above are met. It will be found that as a usual thing 

mathematical statements are constructed with g reat ec °^ J’ 
because the requirements we have stated can usuaUy be met 
more easily by a concise statement than by one which is mo 

eX The S e e d characterizations of mathematical language should help 
the student in constructing the statements necessary o expr 
himself mathematically, and they should also aid him in reading 
and interpreting the statements in a text. , f 

In reading mathematical material it is not enough y 

understand the meaning of each individual term, though that is 
necessary. It is more important to get the meaning of a complete 
statement, and most important of all, to get the meaning o 
series of statements about a given topic. In other words, the 
thought is the essential thing, whether it be expressed by one 
statement or by several. As a matter of procedure it is generally 
best at first reading to try to get the main thread of the discussion 
not bothering about all details. In some cases one should read 
as much as several pages in this manner. Then, with some knowl- 
edge of the underlying ideas, he should go back and reread, trying 
to understand the details and to fit them into the proper pattern. 
It is often wise to read certain passages several times. If there 
are still parts which are not clear, the student should make note 
of his questions and ask them in class. It should be kept in mind 
at all times that it will be possible to build a sound logical struc¬ 
ture only by making the individual parts sound. 

At the end of each chapter the student will find references to 
books and articles having relation to the material of that chapter. 
These should be used freely to complete and extend the material 
of this book. Most of them will be found interesting as well as 
enlightening, and, what is more important, will often afford direct 
contact with writings of great men. In addition to the references 
given, the student should make free use of textbooks on special 
branches of mathematics. It is highly desirable that good texts in 
plane geometry, elementary algebra, and perhaps trigonometry, 
should be accessible to each student. In addition, a dictionary 



14 


INTRODUCTION 


(CHAP. I 


will be found of considerable help, although it should be borne 
in mind that mathematical definitions will not usually be found 
in a dictionary and in some instances the mathematical meaning 
of a word is quite different from its everyday meaning. 

The student will find that it will improve his knowledge of the 
material studied if he will take notes, while studying, of the im¬ 
portant ideas discussed. Further, although it may be possible 
to answer some of the exercises in this book orally, the student 
will find that in writing out the answer carefully he will obtain 
a better understanding of the answer to the question. 

10. Summary. In this introductory chapter we have pointed 
out that mathematics is really a branch of the science of reasoning. 
Reasoning consists in combining certain statements, which are 
taken for granted, so as to infer other statements from them. 
Deductive reasoning is contrasted with non-deductive reasoning 
in that the conclusions of deductive reasoning must necessarily 
follow from the premises; in non-deductive reasoning the conclu¬ 
sions are only more or less likely. The mathematician uses all types 
of reasoning to obtain possible conclusions but these conclusions are 
not included in the body of mathematics until they have been proved 
deductively. The purely technical part of mathematics, consisting 
in methods of carrying on operations, is really incidental to the es¬ 
sential character of mathematics, which is the thought. 

The chief values to be acquired from the study of mathematics 
were seen to be (1) methods for use in calculations, (2) apprecia¬ 
tion of the use and importance of mathematics in other fields of 
knowledge, (3) standards of exact reasoning, (4) appreciation of the 
nature of a logical system and of mathematics as an example of 
such a system, (5) appreciation of mathematics as an art, (6) knowl¬ 
edge of the relation of mathematics to history, (7) knowledge of the 
contributions of mathematics to the field of philosophy. To help 
the student to acquire these values this book has been written in 
such a way that ideas are thrown into the foreground and technical 
processes are kept distinctly subservient. But, since these tech¬ 
nical processes are necessary and have played an important r61e 
in the development of mathematical thought, they have their 
place, and the student must master those which he will encounter 
in this book in order to understand the ideas. Anyone wishing to 
specialize in mathematics or in other sciences using a great amount 
of mathematics must take supplementary courses to develop more 
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technique than he will gain in 

courses, notions introduced here will be discussed u 

greatly extended form. 


REVIEW EXERCISES 

*• ss ssras« s 

everyday life. 

2. What is a valid argument? 

3. What is a true conclusion? Fxnlain 

4 Are the conclusions obtained by deduct.on always true? Explain 

t “b, conch,,.... obtained b, „o»«vc tcon.ng ddd.c 

from those obtained by deductive reasoning. 

6 . Of what use is intuition in mathematics? conclu- 

'■ “nx “e-ss bsw ssi 

8. Wllat'^istinguishes mathematics from the physical and social 


sciences? 

9. State some of the characteristics of mathematics. 

10. What should a student gain from the study of mathematics. 

11 . What are the characteristics of a good mathematical statement. 

12. In studying this text, what procedure are you going to follow 


REFERENCES 

1. Cohen, Morris R., and Nagel, Ernest: An Introduction to Logic ari 
the Scientific Method. Chapter I, “The Subject Matter of Logic. 
This book is modern and readable. 

2. Columbia Associates in Philosophy: An Introduction to 
Thinking, Chapters I to VI especially Chapter V Jf^tivc 
Elaboration and the Relation of Implication in Mathematics. 

3. Dresden, Arnold: “Mathematics in a Changing; World.” AScience 
Service Radio Talk printed in the Scientific Monthly, June, 1934. 
Better, but more difficult, than reference 4. 

4. Hedrick, E. R.: “The Meaning of Mathematics.” A Science Service 
Radio Talk printed in the Scientific Monthly , October, 1935. A 
partial exposition of the relation of high school mathematics to our 
civilization. 

5. Keyser, Cassius J.: Human Worth of Rigorous Thinking Chapter I, 
“The Human Worth of Rigorous Thinking.” Chapter 11, me 
Human Significance of Mathematics.” 



16 


INTRODUCTION 


(CHAP. I 


6. Poincar6, Henri: Science and Hypothesis. Chapter I, “On the Na¬ 
ture of Mathematical Reasoning.” 

7. Russell, Bertrand: “The Study of Mathematics.” An essay in the 
collection, Mysticism and Logic and Other Essays. Although written 
in 1902, this essay is modern in its view of mathematics as an art. 

8. Whitehead, Alfred North: An Introduction to Mathematics. Chapter 
I, “The Abstract Nature of Mathematics.” This book will be 
an extremely useful reference for parallel reading throughout this 
course. 


PART I 


THE DEVELOPMENT OF 
elementary MATHEMATICS 

Tte B„pUan, and Babylonian. were far 
prehistoric man in their knowledge o/ nwm er^ ^ deve i opmen t 
of geometric figures; however, m ancie ^ wos j advanced 

of mathematics, in particular geometry, to p Greeks . When 

civilisation of the ancient world, namely, t / reiro- 

O. European world came to Znfn Empire, 

gressed during the Dark Ages following the fall of the ttoma y 

The Hindus in India were studying astronomy the 

handmaiden to astronomy. Th* Ante, TTTried ^knowledge into 
Hindus and geometry from ^^Ztat^J^ *• 

Europe when they conquered Spain. Inthetai^pa j 
century contact between the remnants of the civilization of 

ZTZg^th^cT. r— and 

ment of this knowledge was, in general, ^^ TmTsarTtZ 
an occasional period of especial brilliance Roughly we ^ ^ 
it took more than five thousand years for elementary mathematics 
to reach the form in which it is studied today wh ereas the much more 
voluminous, advanced mathematics which has been basic in many 
of the scientific achievements of our present civilisation has developed 
in less than four hundred years. . V TT 

In the first part of this book, Chapter 11 through Chapter VII, 
we shall be concerned with setting forth the main features in the devel¬ 
opment of elementary mathematics. We shall consider the reasons 
that certain elementary concepts are necessary and that certain ele¬ 
mentary processes are performed as they are. He shall attempt to 
clarify the meaning of these concepts and processes. Although the 
reader will find that many of the topics discussed are not new, it is 
hoped that the more advanced presentation of them given here will 
prove to be enlightening. We shall also enlarge our knowledge of 
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elementary mathematics and its applications by considering some 
new topics. In particular , we shall consider: 

(а) The origins, nature , and properties of such basic things as 
numbers , operations on numbers , points , and lines. 

(б) The processes of arithmetic and how they lead into algebra. 

(c) The nature of algebra and geometry and their applications to 
important problems in everyday life and science. 

( d) A method of combining algebra and geometry whereby algebraic 
equations can be represented geometrically and geometric figures can 
be represented by equations. 


OPERATIONS WITH NA TURAL NUMBE RS 
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Eventually man must .have disco yj r ®^ d t 5jt^*| a ^ 1 e” d °30 horses, 

he put together 20 and 30 sh ® ep ’ 2 °, Soever Tn’every case he had 
or 20 and 30 objects of any kind whats ° e ^ r ’' abstr Lt process of 
50 objects in the end. Thus there gre\ p 

adding numbers themselves. numbers was learned 

The familiar process of such sums as the fol- 

by all of us very early in life. At tnai urn 

lowing were memorized: 

1 + 1 - 2 2 + 1 - 3 3 + 1 - 4 etc. 

1+2 = 3 2 + 2 = 4 etc. 

1+3 = 4 etc. 

etc 

order to cutisfy us that these combi».io- were ^-mc.J.e 
teacher probably added apples, pens.», " b °°£^ ombiMt ions 

steps fS "o, M “'attract «„ idea from the physical 

“"subtraction probably occurred as a process 
as addition. It may have arisen in man s attempt 

such questions as, “By how many steep hlS ^ 

mine’’’ If one flock had 80 sheep and the other b0 sheep, tne 
former exceeded the latter by 20 sheep. We say that the ans 
20 was found by subtracting 60 from 80 and the answer is justified 
by observing that 20 added to 60 gives 80; that is, 80 
because 20 + 60 = 80. Subtraction is thus seen to be a process 
whoi meaning is bound up with that of addition. It is said to 
be the inverse of addition. Assuming that the student knows 
how to perform the operation of addition with natural numbers, 
we are able to give the following formal definition of subti action 
in terms of addition: 

Definition I: If a and b are any two natural numbers and if there 
exists a natural number c, such that b + c = a, then c is said to be the 
difference which results when b is subtracted from a. If c exists, we 
write a — b = c * 

In elementary school we learned that a larger natural number 

* Notice that, as is customary in algebra, we employ letters, such as a. b. c. and so forth, to 
stand for numbers. 
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cannot be subtracted from a smaller one. For example, 5 cannot 
be subtracted from 3, the reason being that there exists no natural 
number which added to 5 gives 3. 

We can be no more certain of how multiplication arose than we 
are in the case of addition and subtraction, but we can surmise, 
as we did with these latter operations, how multiplication may 
have arisen. For example, we can imagine multiplication as 
eventually developing from the counting of groups of sheep that 
would occur if the sheep in going to pasture had to pass through 
a narrow gate so that they were forced to go through four abreast. 
Thus the shepherd would have counted 4 + 4 + 4 + 4+ 4+ 4-f 
4 + 4 + 4 and found that his flock had 36 sheep in it. Continual 
repetition of this counting by fours may have caused the shepherd 
to discover that, if he made sure that each row had four sheep in it, 
then he had only to count the number of rows, and that if he had 
9 rows, he had his complete flock of 36. We would say today 
that the shepherd in calculating 36 in this brief way was multiply¬ 
ing 4 by 9. Symbolically we would write 

4-9 = 4 + 4+ 4+ ...to9 terms = 36. 

In elementary school the student learned how to find the product 
of each pair of natural numbers from 1 to 12 by memorizing mul¬ 
tiplication tables such as the following: 

1*1 = 1 2*1=2 3*1=3 etc. 

1*2 = 2 2*2 = 4 etc. 

1*3 = 3 etc. 

etc. 

In general we take the following as our definition of multiplication: 

Definition II: If a and b are any two natural numbers , then the 
natural number c, which is the sum of b terms each of which is a, is 
called the product which results when a is multiplied by b. Symboli¬ 
cally , c = ab = a + a + a + ... to b terms. 

It is easy to presume that the process of division had its origin 
in the physical process of dividing a group of objects among various 
people. Thus, if a farmer divided his 60 acres of land equally 
among his 5 sons, each would get 12 acres. We say that the answer 
12 was obtained by dividing 60 by 5 and justify it by noting that 
the product of 12 by 5 is 60. That is, 60 -h 5 = 12 because 
12 • 5 = 60. Thus division is bound up with multiplication, and is the 
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multiplication, just 

Our general definition of division is as follows. 

»jw«~ v • “ d * « rj L 

there exists a natural number c, such that cb , w 

r~a? izszzx —< * „„ 

According to this definition, there ” b d “ u ch whe » 

dividing 5 by 3 since there exists no natural num 
multiplied by 3 produces 5. 

EXERCISES 

Whenever possible, perform the indicated operation. 

fa) 3 — 2 (e) 5 — 5 (i) 3 : 2 

b 5-4 (f 3-4 0)2+2 

(c 2 - 4 (g 5-7 (k) 1 + 2 

(d 2-2 (h) 4 ■+■ 2 (1) 6 + 3 

2. Given any two natural numbers a and 6, is it always possible to find 
a natural number which is 

fa) the sum a + b, of the two given natural numbers, 
b) the difference, a - b, of the two given natural numbers. 

86 53&M3 _ 

3 - ^ *» 
the operation in order that the result shaU be a natural number. 

4. Fractions.* In the preceding exercises we saw that accord¬ 
ing to the definition of the quotient of two natural numbers it often 
happens that they have no quotient. For example, here s no 
quotient which is the result of dividing 1 by 2 since there is no 
natural number which, multiplied by 2, yields 1. In order to 
remedy this deficiency of the number system, new numbers 
called fractions are introduced. If two natural numbers have no 
quotient, we create a fraction, which we caU the quotient, tor 
example, since no quotient is obtained when 1 is divided by 2, 
we create the fraction i and call it the quotient, that is, 1 . ^ t- 
Thus, as a result of the introduction of fractions, every pair ot 
natural numbers has a quotient, which is either a natural number 
or a fraction. Not only are fractions needed in mathematics, but 

* In this article the term fraction is restricted to quotients of two natural numbers. 
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they are also extremely useful in daily life in dealing with parts of 
objects. Thus if we represent a whole apple by the number 1, 
we can represent one of its two equal parts by the fraction £, one 
of its three equal parts by the fraction g-, two of its equal parts by 
the fraction §, and so on. We therefore see that the introduction 
of fractions not only represents an enlargement of the class of 
entities called numbers, but also broadens the range of practical 
situations with which mathematics can deal. 

Historically, the concept of a fraction arose in ancient times 
but probably much later than the concept of a whole number. 
The more gifted ancient peoples, among them the Egyptians and 
the Babylonians, invented symbols for fractions and calculated 
with these symbols, just as we today reckon with f, f, and so on. 
For example, the Egyptians expressed our fraction £ by writing 
a dot over their symbol for the number two. The symbols for 
fractions took their place beside the symbols for natural numbers 
and came to be thought of as numbers. But the Greek mathe¬ 
maticians refused for a long time to call a fraction a number, for 
they thought of it as being two numbers. To be sure, a fraction 
does involve the idea of a relation between two natural numbers 
(consider f, for example), but the modern point of view is to regard 
such a relation as a single number. 

Even today we express a fraction by means of two natural 
numbers. Thus the fraction { is expressed by means of the natural 
numbers 1 and 8, but nevertheless we regard the symbol £ as a 
single number, namely the number “one eighth.” We can also 
express fractions by using the idea of positional notation. Thus, 
i can be written in decimal form as .125, which means tV 4- tm + 
T7 H) o • If these last three fractions are added, the sum is tWo or £.* 
Thus any natural number or fraction can be expressed in positional 
notation, although sometimes there is an unending sequence of 
digits, as in the case of £ = .3333_ 

The introduction of fractions to represent parts of objects even¬ 
tually led to the formulation of rules by which these new numbers 
should be added, subtracted, multiplied, or divided. Two important 
observations concerning parts of physical objects led to the rule 
for adding fractions. One was the observation that certain frac¬ 
tions are equivalent, such as £ and f, £ and %. The other was the 
observation that fractions with a common denominator could be 

* This addition is justified by Definition I below. 
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added just as groups of like phyj> ical n ^hrelTfourths, just as 

example, one fourth plus two. four h. equal* «£»*„,„ iese two 

one chair plus two chairs equa First, we change 

.observations to add the fractions * and J'S vel y. Then 
them to the equivalent fractions inr ancl rf, P process 

we add these fractions obtaining nr- ihe step 

are as follows: ^ 7 . 3 2 . 8 + 7 . 3 _ 37 . 

, - 3 + 7^8 ” 7-8 56 

In general we make 

Definition I: If %nd? ore any ties fractions, then the fraction 

C a c ad+bc - 

qd + bc is called the sum 0 J land-- Symbolically, b + d ~ bd 

The student can verify that this definition applied to the example 

^Ttt^fofTa^rtf'numbers, subtraction is defined as the 

inverse of addition. Similarly, the■ definit on o°J 
two fractions is chosen so as to make subtraction the inverse 

addition; hence we make 

Definition II: IJ ^ and £ are any two fractions and if there exists a 

fraction y such that \ = \ + y then lhis f raclion iS M ** 
ence which results when C - is subtracted from | • If the fraction £ exists. 


a c e 

we write-r-j-y 


We can note that the fraction 


ad — be 
bd 


satisfies this definition if 


ad is greater than be, for, substituting ° d bd — for j we have 

a _ c ad — be 

b d bd 

be 4- ad — be 


bd 


a 

b 
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Hence the difference - — - 3 * if it exists, is the fraction —-— • 

0 a bd 

The definition of the product of two fractions is the result of 
observations such as that i of £ of a pie is i of a pie. Generaliza¬ 
tion of this observation gives 

Definition III: If — and — are any two fractions, then the fraction 

r^r is called the product of by ^ • Symbolically, 

o d b d bd 

1 he definition of the quotient of two fractions is chosen so as 
to preserve the property that division is the inverse of multiplica¬ 
tion; hence we make 

Definition IV: If ~ and ^ are any two fractions, then the fraction 
such that ^ * is called the quotient resulting from dividing 

i * f- sy^aiiy. f + f-J. if f-f.J. 

We can note that the fraction ^ satisfies this definition, for sub- 

bc 

stituting ^ for - in the equation \ = - • -, we obtain - = 

be f b d f b d be 

the right-hand side of this latter equation reducing to -• This 

b 

a c 

shows that the quotient of - by - may be found by inverting 

6 a 

the divisor ^ and multiplying by the dividend j . For example, 


In this article we have shown how the fraction, which represents 
an extension in the concept of a number, and the operations on 
fractions arose as abstractions from physical experience. We saw 
how the familiar rules of operation witn fractions follow from the 
definitions of these operations. 
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EXERCISES 

i - £ h wh c i£ is? ^ x g <Sn^nipiirr <? 

Whenever possible perform the indicated operations. 

w*+* w*-} §S;| 

wj + ! $}:t (SUf 

§{:{ (h)M (»s-i 

2. Given any two fractions a and 6, is it always possible to find a frac- 

(a) the sum, a + b, of the two given fractions? 

(b) the difference, a - b, of the two given fractions. 

(c) the product, ab, of the two given fractions. 

d) the quotient, a -i- b, of the two given fractions. 

3 - £in orderTha" the result 

employed. 

5. Positive and Negative Integers and Fractions. The natural 
numbers and the fractions which have been discussed in the preced¬ 
ing articles are the numbers which are dealt with in elementary 
school arithmetic. With only these numbers it is not always 
possible to subtract two natural numbers or fractions; for example, 
there is no natural number which is equal to 2 - 5, nor is there 
a fraction* which is equal to £ - £■ Greek mathematicians ran 
into this limitation of subtraction. For them 2-5 was not a 
number. Those very gifted arithmeticians, the Hindus, however, 
did not allow subtraction to be so limited. They said that 2 5 

could be calculated and assigned a symbol to it, which we write 
as - 3. Thus they created a new kind of number. Their symbol 
for - 3 meant to them, as - 3 does to us today, the number which 
when added to 5 produces the sum 2. Similarly they were able 
to calculate £ - f, obtaining the answer - |. In this way negative 
numbers came into being. When the old numbers, that is, the 
natural numbers and fractions, and the new numbers, that is, the 
negative numbers, are used in the same discussion, it is often con¬ 
venient to prefix each old number with a + sign, in which form 

* See restriction on the use of the word fraction as used in article 4. 
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it is called a positive number. Thus when a + sign is placed before 
the natural number 3, the positive number + 3 is obtained. 

The Hindus went so far as to attach concrete meanings to posi¬ 
tive and negative numbers. They called the former by a word 
meaning “means” and the latter by a word signifying “debts.” 
They even illustrated the distinction between the two kinds of 
numbers by drawing lines in opposite directions. Despite the fact 
that the Hindu mathematicians invented symbols for the negative 
numbers and calculated with them, there was a certain naivete in 
their attitude toward them. For example, Bhaskara, a noted 
Hindu mathematician of the twelfth century, gives 50 and — 5 as 
the two solutions of a certain problem, but says “the second value 
is in this case not to be taken, for it is inadequate; people do not 
approve of negative solutions.” 

In Europe the negative number had to struggle anew for recog¬ 
nition. Even as late as 1545, Cardan called it a false number. 
What kept early European mathematicians from accepting the 
negative number was the fact that for some time they could not 
attach any concrete physical meaning to it. Descartes, the great 
French mathematician and philosopher, finally removed that 

difficulty in his treatise on geometry, in 1637. 
In this work Descartes gave opposite signs to 
perpendicular distances measured in opposite 
directions from a line. This is illustrated in 
Fig. 3. Assume that AB and CD are each 3 
units long and perpendicular to L. If Des¬ 
cartes represented the line segment A B by the 
number + 3, he represented the line segment 
DC by the number — 3. Descartes thus put 
the negative numbers on an equal footing with 
the positive numbers by interpreting them both as directed dis¬ 
tances. Seen in this light, negative numbers can be very con¬ 
veniently used in many practical situations. Thus they can be 
used to represent distances below sea level, the positive numbers 
being used to represent distances above sea level. Similarly, we 
regard — 10 degrees Fahrenheit as standing for 10 degrees below 
zero, and + 10 degrees for 10 degrees above zero. Negative num¬ 
bers may be used to specify time prior to a certain event, and 
positive numbers time subsequent to that event just as b.c. and 
a.d. represent time before and after the birth of Christ. We thus 


+3 
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Figure 3 
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see that the introduction of negativeJ"*® n “tuml num- 
not only makes possible the subtraetmn of for m athe- 

ma'ticTtodellwJh physical ^anlities involving the idea of oppose 

di l£ S with the introduction of ^ed number, that * 

and negative numbers into. Be ’ fo re we state the defini- 

certain rules for calculating w desirable to name the various 

tions which embody these rules it s desl ™™ t0 J we have seC n, a 
types of numbers considered thus far. W > f the 

„ y ., T l number “Tf? 8 9 C lTTr.ndTo for” .he number. 

”"T + 2 1‘ 3.' + 4,' + I’, + 6, +'7, + 8, + 9. + W + 

so firth, are calle_d positive integer. »d the number^ 
a^W^inUers. 

fractions,-Such as + 1, + i' T +*’+ *;, nnd „ eg ativc integer, and 
“action, are'caUei rational number. The pin..sign* 

_ nositive integer is a natural number with a plus sign piehxea. 
Henc“ when we add two positive numbers, we want an answer 
which agrees with that which we obtain when we add the corre¬ 
sponding natural numbers. Consider, for example the naturai n - 
bers 2 and 3. Their sum, 2 + 3, is the natural number 5. Now 
consider the positive integers + 2 and1 + 3 Then- sum which 
written (+ 2) + (+ 3), is defined to be + 5. In general we make 

Definition I: (i) The sum of any two positive numbers ( + a) ana 
(+ b) is the positive number + (a + b), whose numerical value is the 
sum of the numerical values of (+ a) and (+ *>)• Symbolically , 

(+ a) + (+ b) = + (a + h). 

(u) The sum of any two negative numbers (- a) and (- b) is the 
negative number - (a + b), whose numerical value is tne sum of the 
numerical values of (— a) and (— b). Symbolically, 

(_ a) + (— b) = - (a + b ). 
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(ill) The sum of a positive number (+ a) and a negative number 
(— b) is the positive number + (a — b), if a is greater than b , and is 
the negative number — (b — a) if b is greater than a. Symbolically , 
when a > b, (+ a) + (— b) = + (a — b); and when a < b, 
(+a) + (-&) = -(5-a). 

In practical situations involving quantities of an opposite char¬ 
acter, for example, assets and liabilities, profits and losses, accelera¬ 
tions and retardations, distances above and below sea level, the 
usual way of adding these quantities is consistent with the above 
definition. Consider, for example, a retail store in which there is a 
grocery department and a meat department. The weekly profit 
or loss of the store depends upon the profit or loss of each depart¬ 
ment. 1 hus, if for one week the profit of the grocery department 
is S500 and the profit of the meat department is $300, the store’s 
profit for the week is S800. If we represent profits by positive 
numbers and losses by negative numbers, the process of determining 
this total profit of S800 can be expressed mathematically by the 
statement 

(+ 500) + (4- 300) = 4- (500 4- 300) = 4- 800. 

If for another week the grocery department loses S100 and the 
meat department loses $200, the store’s total loss for the week is 
$300, or, expressed mathematically, 

(- 100) 4- (- 200) = - (100 4- 200) = - 300. 

If in a third week one department has a profit of S500 and the 
other has a loss of S200, the store’s weekly profit is $300, or, mathe¬ 
matically, 

(4- 500) 4- (- 200) = 4- (500 - 200) = 4- 300. 

If in a fourth week one department has a profit of $300 and the 
other has a loss of $500, the store’s weekly loss is $200, or, mathe¬ 
matically, 

(4- 300) 4- (- 500) = - (500 - 300) = - 200. 

The definition of subtraction is chosen so that subtraction is 
the inverse of addition. Thus we make 

Definition II: If a and b are any positive or negative numbers y 
and if there is a positive or negative number c, such that a = b + c, 
then c is called the difference resulting from the subtraction of b from a. 
We may write a — b = c* 

• It should ho observed that, for the first time, we arc using letters to represent positive or 
negative numbers without using + or — signs. This procedure will often be used through¬ 
out the book. 



ART. 51 


SIGNED NUMBERS 


We can now show, by means of an e ^P le J h t | 1 n at e t ^ e fa s ^‘ I ' 1 G f the 
for subtraction of signed numbers name y, with defini- 

subtrahend and proceed as in addition, calculate 

tion II. Thus to subtract + 2 from + , haUs,. ^ 

(+ 5) - (+ 2 )' we f f l T+ (- 2) obtaining + 3. This 
+ 5, that is, we calculate (+ 5) +( f b and 

resuit is correct, for when we substitute + 5 fo r a, + ^ + ^ 3)> 

+ 3 for c in the equation a = b + c, we obta + J de by defini _ 

the right-hand side of which u» equall * «he i ^ umbers 

tion I. It is interesting to note that the neg ^ ^ rational 

were introduced to make possibl they were 

number from another rational number and the 

introduced and subtraction was defined for ^-aUonal 1 n ^ 

operation of subtraction is replaced by addition, using P 

and negative rational numbers. 

We make the following definition of multiplication. 

Definition 111: Tke preset »/ »» *» ,L pLti » 

r VV-/r»r » -* 

col value is the product of the numerical values of the factors, by 

'“TheTeaion for the Ihoice of this definition will be clear if it is 
recalled that in article 3 we defined ab as a + a + a + * 

terms. Thus we may look upon (- o)(+ b) as ( a) + ( ) 

o) + (_«)+... to 6 terms. Since this sum equals - (ab), 

according to definition I, it is seen why (-«)(+ b > “ defin ^ 
eoual - (ab). Also we would hke the product (- «)(- b) to be 
opposite Ifiigp to the product (- „,<+6) the- produe, 

are exactly ahke except for the sign before b. Hence we take 
(_ a)(— b) = + (ab) as the definition of (- a)(- b). Apart 
from the fact that it is natural from a mathematical viewpoint 
this definition fits in well with many physical situations mvolv g 
negative numbers. For example, consider changes in tempera.uie, 
and let us denote an increase in temperature by + and a decrease 
in temperature by -, subsequent time by + and prior tune by 
Suppose we know that the temperature is rising steadily at tne 
rate of 2° per hour and that we wish to know how much higher 
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the temperature will be in 3 hours. To ascertain this we calculate 
(+ 2)(-f- 3), using definition III, and obtain + 6. This means 
that the temperature will be 6° higher in 3 hours, which agrees with 
the physical facts. Now let us inquire how much lower the tem¬ 
perature was 3 hours ago if it has been rising steadily at the rate 
of 2° per hour. Here we have (+ 2)(— 3) = — 6, or the tempera¬ 
ture was 6° lower 3 hours ago. If the temperature has been falling 
steadily at the rate of 2° per hour, how much lower would it be 
3 hours from now? Here ( - 2)(+ 3) = — 6, or the temperature 
would be 6° lower 3 hours from now. Similarly, if the temperature 
has been falling steadily at the rate of 2° per hour, how much 
higher was it 3 hours ago? Here (— 2)(— 3) = + 6, or the tem¬ 
perature was 6° higher 3 hours ago than it is now. 

Division is defined to be the inverse of multiplication, as follows: 

Definition IV: If a and b are any positive or negative numbers f 
then the positive or negative number c which is such that a = be is 
called the quotient resulting from dividing a by b. Symbolically , 
a -s- b = c if a = be. 

For example, ( + 6) -f- (— 2) = —3 because ( — 2)(— 3) = +6. 

EXERCISES 

1. Review the last two sets of exercises and list those exercises which 
cannot be answered using the definitions of articles 3, 4, and 5. 
In each case explain why the operation cannot be performed. 

2. Calculate the following and justify the answers: 

(a) (- 7) + (+ 5) (e) (+ 5) - (+ 7) (i) (- 5) • (4- 7) 

(b) (- 7) + (- 5) (f) (+ 5) • (- 7) (j) ZT2 

(c) (- 7) - (+ 5) (g) (+ 5) • (+ 7) (k) 

(d) (- 7) - (- 5) (h) (- 5) • (- 7) (1) - | 

3. Interpret parts (a) to (e) of exercise 2 by assuming that positive 
numbers represent profits and that negative numbers represent losses. 

4. Interpret parts (f) to (i) of exercise 2 by assuming that the first 
factor represents temperature change and the second represents time. 

6. Zero. We have already mentioned the fact that one of the 
contributions of the Hindus to our number system was the intro¬ 
duction of the number 0. The number 0 is necessary in the num- 
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ber system if we are to be able to P erf ° r ™ ^h^Tth^operation 
traction in such cases as 2 - 2 » ■- 5, and - and so forth . 

of addition in such cases as 2 + (- i), tr f \ ;t : ne ;ther 

0 is an integer, and also a rational number, although ^ne^ Q 
a positive nor a negative number. The opera 
are defined as follows, where a is any rational number. 


Definition I: a + 0 = a. 

Definition II: a — 0 = a; 0 — a = — o. 

Definition III: 0 • a = 0 . 

Definition IV: - = 0 if a 0 . 

It should be noted that definition IV does not include division 
by zero. To show why division by zero is excluded, let us eonsidei 
whether we can define this operation. Let us try, for exa p . 

to divide 5 by 0, that is, to find the value of jj. If the value of - is 


some number x, then, because we wish to preserve the prop y 
that division is the inverse of multiplication we want it to be true 
that 0 • x = 5. But there is no number x which will make this 
equality true.* Hence 5 cannot be divided by 0. Similarly, this 
argument can be used to show that 3 or — 8 or any other positive 
or negative number cannot be divided by 0. What is more, by our 
definition 0 itself cannot be divided by 0. To show this, suppose 


that ^ equals some number x. Then it should be true that 0 • x 0. 

But any value of x whatsoever would satisfy this equality and 
hence no unique value of x is determined by it. We therefore have 

no value for 5. 

In the previous cases where an operation on two numbers did 
not yield a number we added a new number to our system. If now 
we try to supply a new number to represent the result of a division 
by 0 we encounter difficulties over and above those mentioned in 
the preceding paragraph. For example, if we permit division by 0, 
we can show that 2 = 1, as follows: 


* To 3ay that there is “no number” does not mean that the number is zero. For example, a 
person who does not take a certain course gets no grade in the course, and that is quite different 
from taking the course and getting a zero grade. 
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Let a = b. 

Then multiplying both sides of this equation by a, 

a* = ab. 

Now subtracting b 2 from both sides of this equation 

a 2 — b 2 = ab — b 2 . 

Factoring, (a - 6)(a + 6) = b (a - b). 

Now dividing both sides by a - b (which is equal to 0 since a = b) 

a + b = b. 

But since a = b, a + a = a, 

2 a = a. 

Dividing both sides by a, we have 

2 = 1 . 

Because of such inconsistencies as this, division by zero is excluded 
from mathematics. 

7. The Rational Number System. So far we have discussed the 
possible historical origins and the definitions of the four funda¬ 
mental operations applied to the numbers of arithmetic, the natural 
numbers and the fractions, and we have extended these operations 
to the signed numbers and zero. 

All these types of numbers, as we have already stated, are called 
rational numbers. They are called rational because they can be 

expressed as ratios of integers. That is, they are all of the form -, 

q 

where p and q are integers and q ^ 0. We may classify rational 
numbers as follows: 

Rational numbers ( ^ers: Positive, negative, and zero. 

[ Fractions: Positive and negative. 

The four fundamental operations, addition, subtraction, multipli¬ 
cation, and division, when applied to rational numbers, always 
yield rational numbers, with the one exception that division by 
zero is an inadmissible operation. 

EXERCISES 

1. Classify each of the following numbers as either a positive integer, 
a negative integer, zero, a positive fraction or a negative fraction: 

3, - l f, 5, - 2, - i , 0, §, 7. 

2. Why was it necessary to introduce: (1) fractions; (2) negative num- 
l>ers; (3) zero, into the number system? 

3. Which of the following are correct, which incorrect? Explain. 

* + f- 
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8. The Operations of Involution and Evolution. The 
of raising a number to a power, or involution, arose w en ^ 
covered the convenience of writing a' to stand foi a • > 

for a • a • a, and so forth, just as he had previous y ea . 

write 2 a for a a and 3 a for a + a + . The o ? er*t*n£ 

multiplication is merely that of successive addition, oim y ' 

operation of involution is merely that of successive mu tip ca i 
The formal definition of involution is as follows: 

Definition: If n is a positive integer and a is any rational number, 
then the nth' power of a is the product consisting of n factors, eac 
equal to a. Symbolically, a n = a • a • a ... to n factors. ms> 

a = a • a, a = a • a • a, a* = a • a • a • a, and so forth. 

The operation of extraction of a root, or evolution, probably arose 
prior to that of involution, as the result of the attempt to solve 
such a problem as the following: Find the side of a square 

whose area is 16 square units. To solve this problem we must 

find a number which when multiplied by itself will give 16. Two 
numbers, + 4 and — 4, satisfy this requirement. However, only 
the number 4 would have a meaning in this practical problem. 
Each of the numbers + 4 and — 4 is called a square root of 16. 
In a similar way cube roots, fourth roots, fifth roots and so forth 
can be defined as follows: 

Definition: If a is a rational number and n is a positive integer, 
and if there exists a rational number b such that b ‘ = a, then b is 
called an nth root of a. Symbolically, b = X^a if b n = a. 

Thus 2 = since 2 3 = 8. Also + 4 and - 4 are square roots 
of 16. It is customary, however, to interpret vT6 as meaning 
only +4. If — 4 is intended, we write — VT6. 


EXERCISES 

1. To which of the following do the definitions of the preceding article 
apply? In each case state why the definition applies or why it does 
not apply. Whenever possible, perform the indicated operation. 

(a) 3 2 (d) (- 2) 3 (g) V9 (j) (m) 

(b) 2 3 (e) (- 3) 2 (h) V2 (k) (n) 

(c) (§) 4 (f)(-5) 3 (i)-^ (l)v^4 (o)^-l 

2. Given the rational number a and the positive integer n, is it always 
possible to find a rational number which is (a) the nth power of a: 
(b) the nth root of a? 
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3. If either (or both) of your answers to exercise 2 is “no,” what 
restriction must be imposed on the rational numbers in the operation 
m order that the result shall be a rational number? 

9. Irrational Numbers. In the preceding exercises we saw 
that there are positive and negative rational numbers which have 
no nth roots for some values of n since it is impossible to find a 
rational number which raised to the proper power will yield the 
given rational number. Consider, for example, y/2 and — Vf. 
Hence, if the operation of extraction of roots of all positive rational 
numbers is to be possible, it is necessary to introduce new numbers 
into the number system. These new numbers are called irrational 
numbers. Thus y/2 and — are irrational numbers. 

These irrational numbers forced themselves into mathematics 
because they were a geometrical necessity. The irrational number 
is supposed to have been discovered by Pythagoras, the Greek 
mathematician and philosopher, in the sixth century b.c., as a 
consequence of the theorem that bears his name, namely, that the 
square on the hypotenuse of a right triangle is equal to the sum of 
the squares on the other two sides. Pythagoras applied this 
theorem to the right triangle each of whose legs is one unit long, 
in the attempt to find the length of the hypotenuse. If we let x 
represent the length of the hypotenuse, then x 2 = 2. Hence x 
must be a number which, multiplied by itself, gives the product 2. 
Pythagoras realized that this number could be neither an integer 
nor a rational fraction,* and since he was not familiar with any 
other kinds of numbers, he concluded that the hypotenuse was not 
measurable. For that reason he called it irrational. Likewise the 
number y/2 came to be called irrational, this latter word meaning 
not expressible as a fraction. Most important, V2 was not con¬ 
sidered to be a number even though it could be concretely repre¬ 
sented as the length of a line. Thus, when the Greek mathemati- 

• It is believed that Pythagoras proved this fact. His proof may have been as follows: 
Let us assume that in the expression x = \^2. x really is a certain rational number. Then this 

rational number can be reduced to lowest terms, say where b and c are integers with no common 

factor. Since - = y/5. it foUows that p = 2 or 6* = 2 c*. Since 2 e 2 is an even integer, b 3 is even 

also, so that b itself must be even (for if b were odd. b* would be odd). Hence 6* is divisible by 4, 
but then its equal. 2 c*. must also be divisible by 4. This can happen only if c is even. We havo 
thus shown that b and c must both be even. But this contradicts the fact that b and c were to 
have no common factor. Hence the assumption that vT is a rational number is false since 
it leads to a contradiction. Therefore vTis not a rational number. 
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cians attempted to solve problems in arithmetic or g /r 

their calculations led them to irrational numbers like ’ ’ 

and so on, they concluded that the problems had no so • _ 

The Hindus, and their imitators the Arabs, regar e roots 

as numbers, and, by the twelfth century had extracted square ^ 
and calculated with simple irrational numbers. Dun g 
century the irrational numbers came to be so widely use 
that in 1545 Cardan, the Italian mathematician, classified them wit 
whole numbers and fractions, referring to all three as rue nu 
bers.” This, of course, is the modern point of view, for irra ion 
numbers, like rational numbers, can be used to represent leng s ’ 
and can be calculated with, following certain definitions. It a 
modern surveyor obtained V2 miles as his calculation of a certain 
distance, he would not say, as Pythagoras had said, that the dis¬ 
tance was not measurable. Rather, he would say that the distance 
was exactly V5 miles. He might, of course, be satisfied to take as 
an approximate value of V2 the fraction fj, or 1.4, miles since 
( 1 . 4 )* is nearer to 2 than either (1.3)* or (1.5)*. If he wanted a still 
better approximation of V2, let us say correct to two decimal places, 
he would take the fraction fM, or 1.41, since (1.41)* is nearer to 
than either (1.40)* or (1.42)*. Similarly, the decimal fraction 1.414 
is a still better approximation than 1.41, and so on indefinitely. 
We thus see that, although there is no fraction precisely equal to 
\/2, we can find decimal fractions correct to as many decimal places 


as may be desired. 

Square roots like V2, V3, Vb are, of course, not th e only po ssible 
kinds of irrational numbers. Numbers like \^2, Vl + v'fi, V— 3, 
y/\ are also irrational. All these examples involve the extraction of 
roots. There are irrational numbers, however, that do not involve 
roots. An example of such an irrational number is 7r f which occurs 
in the formula A = tt r 2 , for the area of a circle. 

We may say that an irrational number is a number which can be 
used to represent a magnitude, such as a length or an area, but 
cannot be expressed as a rational number, although it can be ap¬ 
proximated as closely as desired by a rational number. Further¬ 
more, the square of an irrational number is always a positive 
number. 

10. Real Numbers. Both rational and irrational numbers can 


be used to represent magnitudes such as lengths, and both types 
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of numbers are called real numbers. Thus we classify real numbers 
as follows: 


Real numbers 


Rational numbers j Inte 9ers: positive, negative, and zero 
[ Fractions: positive and negative 

Irrational numbers: positive and negative. 


EXERCISES 

1. Classify each of the following numbers as either rational or irrational, 
integral or fractional, and positive or negative. 

3, 7, i,V2 - 3, i, .5, - .333.... V?, a/27,tt,- Vz,- i,0. 

2. Why is it necessary to introduce irrational numbers into the number 
system? 

3. Reread article 3, exercise 1; article 4, exercise 1; article 5, exercise 2; 
article 8, exercise 1 , and see if there are any exercises which do not 
have a rational or an irrational number for their answer. What 
types of rational numbers do not have real square roots? 

4. What docs \/3 mean? >/2? 

5. Find the rational number which best approximates Vs to I decimal 
place; >/2 to 1 decimal place. Check your answers. 

6. (a) Find possible values for the lengths of the sides of a right triangle 
whose hypotenuse is Vb units long. 

(b) Which of the rational numbers 2.22, 2.23, 2.24, is the best 
approximation of v's to two decimal places? 


11. Pure Imaginary Numbers. We just saw that the operation 
of extracting a root caused us to introduce irrational numbers into 
the number system; for example, V2, — 3, and so forth. How¬ 

ever, the extraction of the square root of a negative number, for 
example, v - 2 or is not defined in the preceding definitions 

since there is no rational or irrational number which, when squared, 
will yield — 2 or — §, respectively. The square of any rational or 
irrational number is a positive number. Hence, if we wish to 
extract the roots of all numbers, pdsitive and negative, we must 
make a new definition. Mathematicians of the past were forced to 
consider this question when they attempted to find a number which, 
when multiplied by itself, produced a negative product. For 
example, what number x is such that x • x is — 9? Surely x can¬ 
not be a real number, for the square of any real number is positive, 
as was stated above. Hence we must introduce a new type of 
number, the square root of a negative real number, into our num- 
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ber system. This new type of number is called a pure imaging 
number. Thus V- 9 is a pure imaginary number, 
property that V^Q • ^9 = - 9. In general we make the 
Definition: A pure imaginary number is any number of e J 
a\/— b, where b is any positive real number and a is any rea nurr 
ber ( including zero). 

Thus V — 9 is the pure imaginary number in which a = 1 an 
5 = 9;— 3V — 2 is the pure imaginary number in which a = — 3 


anu u — # . 

There are definite rules which state how pure imaginary num 
are to be added, subtracted, multiplied, and divided, but they wi 
not be discussed in this book, not because any exceptional difficulty 
attaches to their use, but because we shall have no occasion to 


use them. # , 

12. Complex Numbers. We have shown that irrational numbers, 
negative numbers, and pure imaginary numbers came to be ac¬ 
cepted as numbers because they were needed in mathematics. 
Perhaps, because of ideas gained in this previous discussion, the 
student will want to know whether there are still other kinds of 
numbers that are needed in elementary mathematics. There is 
just one more kind of number, the complex number, which is 
needed to make possible the addition of a real number and a pure 
imaginary number. For example, if we attem pt to add the real 
number 3 to the pure imaginary number V — 9, we obtain, symboli¬ 
cally, 3 + V — 9, which is neither a real number nor a pure imagi¬ 
nary number. We should like this symbol to be a number, since we 
like the sum of each two numbers in mathematics to be a number. 


Hence we make the 

Definition: A complex number , c + ay/ — b, is the sum of a real 
number , c, and a pure imaginary number , aV— b. 

Therefore 3 + V — 9 is a complex number. Another example is 
2 + 5\/—~3. 

The student should not be misled by the word “complex.” It 
does not refer to the difficulty of working with these new num¬ 
bers, but only to the fact that, being composed of a real part and 
a pure imaginary part, they are more complex in structure than 
either real numbers or pure imaginary numbers. 

The definitions of addition, subtraction, multiplication, and divi- 
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sion of complex numbers could be considered now, but we shall 
not do so as we shall not have occasion to use them. Complex 
numbers can be used in computation, can be represented geometri¬ 
cally, and are of value to contemporary science; hence we conclude 
that in all essential respects these numbers * and real and pure 
imaginary numbers are alike. 

13. The Complex Number System. Various types of numbers 
which we have studied came into mathematics in order to make it 
possible to perform certain of the operations of addition, subtrac¬ 
tion, multiplication, division, involution, and evolution. If the 
definitions of all these operations on complex numbers had been 
given it could have been shown that these operations performed on 
any complex numbers (with the exception that a divisor may not be 
zero) always give a complex number as a result. Thus we may say 
that in so far as the six elementary operations are concerned, 
the number system is complete. 

Any real number may be thought of as a complex number whose 
pure imaginary part is zero. Thus - $ can be thought of as 
being the complex number - £ + OV- l. Similarly, any pure 
imaginary number can be thought of as a complex number whose 
real pa rt is zero. For example, V- 2 can be thought of as 
0 + lv - 2. From this broad point of view all the numbers we 
have discussed are complex numbers, and hence they are said to 
constitute the complex number system. The classification of aU 
the numbers in the complex number system is as follows: 


Complex numbers 
(of the form 
c + aV — 6 
where c, a, and 
b are real and b 
is positive) 


Real numbers 
(complex 
numbers 
in which 
a = 0) 


Integers: positive , negative , and 
Rational zero 

Fractions: positive and negative 

Irrational: positive and negative 


Pure imaginary numbers 
(complex numbers 
in which c = 0) 


The non- real complex numbers, that is, those of the form 
c + ay /— by where a ^ 0, are called imaginary numbers; for example, 

* We shall see in the following chapter that complex numbers are actually needed in solving 
equations. 
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both imaginary numbers, V 5 being, 


2 -f- V- 3 and V— 5 are 

of course, also a pure imaginary. Worv of imaginary 

It Will be illuminating to examine briefly titehwtoy 

numbers. When imaginary numbers were their 

almost 400 years ago, mathematicians did not und 
significance. At that time neither a practical application of im 
aeinary numbers nor a geometrical representation o 
known; hence they were called “imaginary” numbers. Accord- 
indy, mathematicians had little to do with them. ° n , 

bers were called real numbers since they were known to have rea , 
concrete applications. The general attitude of the mathemati¬ 
cians of the sixteenth, seventeenth, and eighteenth centuries towar 
imaginary numbers can be gathered from the remark made in 17 
by Leibnitz, the great German mathematician and philosopher: 
“Imaginary numbers are a fine and wonderful refuge of the Holy 
Spirit, a sort of amphibian between being and not being.” 

The names “real” and “imaginary” are still used today, which 
seems rather unfortunate since it is now realized that these two 
kinds of numbers are alike in all essential respects. First, as 
numbers in mathematics, both are given meaning by definition, 
both are represented by symbols, and both are used in calculation 
according to definite rules. Second, both can now be represented 
geometrically, for in the nineteenth century a geometrical represen¬ 
tation was invented for imaginary numbers, just as Descartes had 
given a geometrical representation for real numbers as early as 1G37. 
Finally, both have practical value, for imaginaries have come to 
fill an important need in modern science. The fact that imaginary 
numbers finally became useful outside of mathematics is well 
worth noting, for it throws light upon the relation of mathematics 
to science. It is one example among many showing how mathe¬ 
maticians often work for a long time developing a purely mathe¬ 
matical idea which has no apparent practical value, but which 
eventually turns out to be of importance in attempts to solve 
practical problems of the world. 

EXERCISE 

Classify the following numbers into as many of the following categories 
as possible: Complex, imaginary, pure imaginary, real, rational, irrational, 
integral, fractional, positive, and negative. 


r —~2, — V 1 "—~2, -V2, </'- 8, - .57, 2.63, f, - i, 4 - V^9. 
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14. Numbers and Operations in Practical Situations. It has 
been pointed out that the operations on numbers are mathe¬ 
matical processes whereby numbers are combined in various ways 
so as to produce other numbers. Numbers and operations, of course, 
are also used in practical situations to solve problems. There is an 
aspect of such practical uses of numbers and operations that is 
worth bringing to the attention of the student. To find the cost 
of 5 hats at 3 dollars each, we do not multiply 5 hats by 3 dollars. 
We simply multiply 5 by 3 and interpret the product 15 as dollars. 
Similarly, to determine how 30 books can be distributed equally 
xmong 5 students, we do not divide 30 books by 5 students. We 
divide the number 30 by the number 5 and interpret the quotient 
6 as books, that is, the number of books each student should get. 
These examples serve to show that when mathematical operations 
are used in practical situations, we calculate with the numbers 
alone, and not with the things to which they apply. The practi¬ 
cal result sought and the nature of the things involved do not 
enter into the calculations, but only determine what calculations 
are to be performed and how the numerical answer is to be 
interpreted. 

15. The Use of Letters to Represent Numbers. Throughout 
the previous discussion of the complex number system it has been 
necessary to employ letters to stand for numbers in stating defini¬ 
tions concerning numbers. This was done in order that we might 
describe a situation in a brief symbolic statement. Thus it is 

simpler to write - • - = — than it is to write that the product 

of any two rational fractions is the product of their numerators 
divided by the product of their denominators. This practice of 
representing numbers by letters of the alphabet is useful in many 
other ways. For example, in studying a problem which involves 
a certain numerical value which we do not know, it is convenient 
to represent that unknown number by some letter, usually x, y , 
or z, so that we may talk about it and actually express the results 
of applying operations upon it. Sometimes we use a letter to 
represent any number in a whole class of numbers. For example, 
we might let r be a positive real number and then proceed to prove 
some fact about r. That fact would then be true of every positive 
real number. In the same discussion — r could be used to repre^ 
sent any negative real number. It is always understood that if 
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letter is used two oT^times m a discussion it repre- 

sents the same number each time. t0 perfect the 

The use of letters to represent numbers j t0 mft ke 

symbolism of mathematics and that in turn h simple one 

much of modern mathematics possible. This 1 > 

to us, was not in general use until the sixteenth cen uiy. 


EXERCISES 

1. State the theorem of Pythagoras, using letters to represent t 
lengths of the sides of the right triangle. 

2. If r stands for any negative real number, what symbol corn e use 
to stand for any positive real number? 


16. The Axioms of Algebra. Throughout the past, men found 
it natural in operating with numbers to do certain things t a 
were not stated in the definitions of the numbers and operations. 
They noticed, for example, that if 5 sheep are added to 7 sheep 
the same number of sheep is obtained as when 7 sheep are added 
to 5 sheep. Many observations of this type led men to believe that 
in every case 7 + 5 is the same as 5 + 7. Hence, from experience 
with groups of physical objects, certain properties of these groups 
came to be incorporated into the methods of calculation with 
numbers. These additional properties are known as the axioms 
of algebra and, together with the definitions, serve as the basic 
statements of algebra. They occupy a position in algebra similar 
to that occupied by axioms in geometry in that, from a complete 
set of these axioms and definitions, all of algebra can be logically 
developed. 

The axioms of algebra can be listed conveniently in four groups: 
(I) Axioms of addition, (II) Axioms of multiplication, (III) Axioms 
of equality, and (IV) Axioms of inequality. 

I. Axioms of addition: 

1. Associative axiom for addition: a + (b + c) = (a + b) + c. 

2. Commutative axiom for addition: a + b = b + a. 

In his previous mathematical studies the student has been 
using the facts stated in axioms 1 and 2 without realizing that they 
are really axioms. In adding numbers the associative axiom allows 
freedom in grouping the numbers and the commutative axiom 
allows freedom in changing their order. Although our experience 
with numbers of objects leads us to accept axiom 2, it must be 
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realized that a good many things in life are not commutative. For 
example, suppose we let the letter b stand for the words “a tea¬ 
spoonful of bitter medicine,” the letter a for the words “a glassful 
of water,” the sign + for the words “followed by” and the sign = 
for the words “is as pleasant as.” Then clearly the statement 
a + 6 = 6 + a is false. 

II. Axioms of multiplication: 

3. Associative axiom of multiplication: a • (b • c) = (a • b) • c. 

4. Commutative axiom of multiplication: a • b = b • a. 

5. Distributive axiom of multiplication with respect to addi¬ 
tion: (a + b) c = ac + be. 

Axioms 3 and 4 allow the same freedom in multiplication that 
axioms 1 and 2 allow in addition. Axiom 5, unlike the preceding 
axioms, involves both addition and multiplication. Although we 
may obtain the statement of the associative and commutative laws 
of multiplication from those of addition by merely changing the sign 
from + to •, if we change the signs in the distributive axiom in 
the same way, we would obtain (a • 6) + c = (a + c) • (6 + c). 
Although this new statement could be called the distributive 
axiom of addition with respect to multiplication, we do not accept * 
this as an axiom of algebra since it does not agree with our experi¬ 
ence with physical objects. 

III. Axioms of equality: 

6. Numbers equal to the same number are equal to each other. 

7. If equals are added to, or subtracted from, equals, the re¬ 
sults are equal. 

8. If equals are multiplied or divided by equals, the results 
are equal (division by zero being prohibited). 

IV. Axioms of inequality: 

9. If a < b and b < c, then a < c. 

10. If equals are added to, or subtracted from, unequals, 
the results are unequal in the same sense. Symbolically, 
if a < b, then a + c < b + c and a — c < b — c. 

11. If unequals are multiplied or divided by equal positive 
numbers, the results are unequal in the same sense. 
Symbolically, if a < b and c is positive, then ca < cb 

7 a & 

ana - < - • 
c c 

12. If unequals are multiplied or divided by equal negative 
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numbers , the results are unequal in the opposite son 
Symbolically , if a < b and — c is nega ive , 

. . a b 

— ca > — cb and ->- 

c c 

In ending our discussion of the axioms of algebra, let us em 
nhasize their two most important characteristics. Firs , ey 
are a collection of statements concerning the elements of a ge ra > 
namely, the numbers and the operations, such that no opera 10 
can be performed which is not expressly permitted in these ax j°™ s 
or in the definitions. Hence the axioms are the foundation state¬ 
ments from which algebra is logically deduced. Second, we c oose 
these axioms rather than others upon which to base our reasonin 
because they appear to fit in well with our physical experiences. 

It is for this reason that the algebra based upon them turns ou o 
be useful in solving practical problems. 

EXERCISES 

1. Finish each of the following, and state the axiom used: 

(a) If 2 x - 3 - 5, then 2 x =« ? (e) If 3 x - 9, then x = ? 

(b) If 2 x + 3 «= 9, then 2 x =» ? (0 U | «= 5, then x -= ? 

( c ) if | + 1 - 9 , then x + 2 - ? (g) If x + 2 < 3, then x < ? 

(d) If 3 x + 6 - 15, then x + 2 = ? (h) If -x < 5, then x > ? 

2. State the axioms which justify the following statements: 

(a) 2 + 5 = 5 + 2. 

(b) (2 + 5) + 8 = 2 + (5 + 8) = 2 + (8 + 5) - (8 + 5) + 2. 

(c) 2*3*4 = 2*4*3 = 4- 2*3. 

(d) 5(4 + 2) - 5 • 4 + 5 • 2. 

(e) 2(8 • 12) = 16 • 12; 2(8 • 12) = 8 • 24. 

3. Justify the following equations by means of the axioms: 

(a) a(b + c + d) = ab + ac + ad. 

(b) (a + b) (c + d) = ac + ad + be + bd. 

17. The Rise of Geometrical Concepts. ^Geometry, like algebra, 
arose out of man’s experience with the physical world. As a 
result of his contact with physical objects of various kinds man 
came to notice differences in their shapes and sizes. Objects were 
long or short, thick or thin, straight or curved, flat or round, and 
so forth. In time, rudimentary ideas of length, area, and volume 
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were acquired and served to fill such practical needs as measuring 
distance determining the size of objects, constructing things, 
dividing land among members of a tribe, and measuring out food 
m portions. The ancient Egyptians were especially skilled in 
these practices. As a result of the annual floods of the Nile they 
were obliged to measure land so that it might be redistributed 
properly after each flood. Further, it is well known that the 
Egyptians were skilful builders who constructed enormous pyramids 
temples, and reservoirs. To help them in these various projects 
they made use of certain geometrical facts and methods they had 
acquired through long experience. For example, it is said that 
they knew how to form a right angle by using a closed rope which 
was divided by three knots into three parts whose lengths were in 
the ratio 3:4:5. The lengths of the three parts might be 3 

yards, 4 yands, and 5 yards, respectively. 
Three men, each holding one knot, stretched 
the rope taut, thus forming a triangular 
figure with a right angle at the knot sepa¬ 
rating the 3 yard and 4 yard portions as 
w shown in Fig. 4. They may have used 
this method to draw east and west lines 
• on the earth after they had already de¬ 
termined north and south lines by astronomical observations. 
It is probable that they used the perpendicular lines thus obtained 
as guides in constructing their pyramids and temples. 

The Egyptians had many other rule-of-thumb methods of 
making practical constructions. They also had numerical formu¬ 
las for finding certain areas. Thus to find the area of a flat field 
in the form of an isosceles triangle they would multiply the length 
of one of the equal sides by one-half the length of the base. The 
area of a circular plot with a radius of r feet was taken to be r 2 
square feet. 

These formulas* and all the other formulas and methods of the 
Egyptians were not obtained by deductive methods, as those used 
today are, but by inductive methods. The Egyptians found, 
as a result of their long experience with physical objects, that these 
formulas were useful. Thus Egyptian geometry was a body 
of facts learned from experience and having practical value. It 
had no theorems or proofs. Logical reasoning from axioms and 

• Compare thorn with the onee used today (listed in Chapter V, article 3). 
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definitions played no part in it It was, therefore 
geometry, but what might be called empirical, e p 

Ph S:l e Xto to the Egyptians, were abstract things 

Of great ability. They liked to form concepts and to rea . SO ” * 
cally about them, finding much more satisfaction a " ® has ^ 
such abstract thinking than in the sort of thinking ‘ he 

its purpose the solution of practical problems. Henc , 
practical geometry of the Egyptians passed into theha * 
the Greeks, the latter transformed it from an unconnected body o 
practical facts into a logically connected system of PWPJMJ; 
They did this by forming abstract ideas or concepts of such 
metrical things as points, lines, and planes, laying downt anoms 
about these concepts, and then reasoning logically f , 

axioms. In this way they obtained the body of propositions which 
has come to be known as Euclidean geometry, so named after tne 
Greek mathematician Euclid, who was probably the first towntea 
deductive presentation of this geometrical material. u 
Greeks transformed the non-mathematical Egyptian geome ry 
(non-mathematical because it was not deductive but experimenta ; 
into mathematical geometry. 

Let us examine this transformation more closely. In the geome¬ 
try of the Egyptians a point, a straight line, and a plane were 
physical, concrete things. Thus a very small thing, like a speck or 
a dot, was regarded as a point; a rope stretched taut between two 
points was regarded as a straight line; and the top of a table was 
regarded as a plane. The Greeks, however, went beyond their 
experience with physical points, lines, and planes and formed ab¬ 
stract ideas of these things. From his experience with small things 
like dots, the Greek thinker conceived an ideal of minuteness, vague 
though it was, which he called “a point.” From his experience 
with taut ropes, table edges, and paths of falling bodies, he formed 
an idea of “straightness” which he called “a straight line.’ Simi- 
larly, as a result of his experience with table tops and smooth rivers, 
he formed an idea of flatness, which he called “a plane.” For the 
Greeks, then, points, lines, and planes were not physical objects, 
but abstractions in the sense that they were ideas drawn or “ab¬ 
stracted” from physical objects. 

So logical were the Greeks that they even felt it necessary to 
give formal definitions of point, line, plane, etc. We therefore find 
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them saying, for example, “A point is that which has no parts,” 
A line is length without breadth,” and “A straight line is a line 
which hes evenly between two of its points.” * These vague state¬ 
ments are not at all satisfactory as definitions, but they certainly 

“the 1 Greeks ““ ^ ^ DOt mean COnCrete thin ^ 

Such things as points, straight lines, curved lines, angles, and 
planes, of which the Greeks were the first to think in the abstract 
way in which we now do, are called the elements of mathematical 
geometry. It is about them that geometry is always concerned. 
But how are we to think of them and what properties shall we assume 
them to have? Since our geometry is to be logical, the only prop¬ 
erties that points, lines, and the other geometric elements can 
possess are those expressly given to them by the definitions and 
the axioms of geometry. It will be recalled that the only prop¬ 
erties numbers and their operations possess are those expressly 
assigned to them by the definitions and axioms of algebra. 

18. The Axioms Concerning the Elements of Geometry. The 
Greeks chose axioms which assigned to the geometric elements the 
properties and relations they were to possess in the logical develop¬ 
ment of geometry. They found it natural to assign to the elements 
those properties and relations which the physical counterparts of the 
elements themselves appeared to possess. For example, since they 
conceived of the possibility of stretching a rope between any two 
pegs, however far apart, they found it natural to have an axiom 
giving to a straight line the property of extending indefinitely in 
both directions. Also, since there was just one position into which 
a rope would fall when stretched taut between two pegs, it was 
natural to have an axiom giving to points and lines the relation that 
through any two points there passed one and only one straight line. 
The other axioms were chosen for similar physical reasons. The 
axioms of plane geometry listed by Euclid f were: 

1. It shall be possible to draw a straight line joining any two 
points. 

2. A terminated straight line may be extended without limit in 
either direction. 


* These definitions are taken from Young, J. W.: Lectures on Fundamental Concents of Algebra 
and Geometry, p. 9. 

t These axioms are taken from Young, J. W.: Lectures on Fundamental Concepts of Algebra and 
Geometry, p. 10, as copied from Heiberg, J. L.t Euclidis opera omnia. 
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3 . It shall he possible to draw a circle with given center and 
through a given point. 

4. All right angles are equal. 

5 If two straight lines in a plane meet another straig i 

plane so that the sum of the interior angles on the side of 

the latter straight line is less than two right angles, then * 
two straight lines will meet on that side of the latter s raig 

6. Things equal to the same thing are equal to each other. 

7. If equals are added to equals , the results are equal. 

8 . If equals are subtracted from equals , the remainders are equa . 

9 . The whole is greater than any one of its parts. 

10. Things that coincide are equal. 

It will be noticed that these axioms involve terms that we have 
not discussed, for example, “right angle,” “circle," 

Some of these terms, such as “coincide,” are as difficult to define as 
“point” and “line,” while others, such as right angle anu 
“circle,” can be defined in terms of “point” and “line, a,s was o 
in high school geometry. We shall not repeat the definitions here. 

It is upon these axioms that the Greeks based their geometry. 
As we have already stated, they aimed primarily to create a sound 
logical structure. Yet that structure has proved to be ol grew 
practical value, indeed of far greater value than Egyptian geometry, 
which aimed to be useful and nothing more. 

EXERCISES 

1. By the Egyptian formula, and also by the usual formula, compute 
th Y e area of an isosceles triangle with base 18 inches and each of 
equal sides 15 inches. 

2. By the Egyptian formula, and also by the usual formula,« co ™P ut <‘ 
area of a circle with a radius of 9 feet. (Take 3.14 for the value 

of 7 T.) 

3. State the differences between Egyptian and Greek geometry. 

4. How does mathematical geometry differ from experimental geom- 

5. Define triangle, parallelogram, and circle in terms of the words 
point, straight line, figure, and distance. 

6 . We do not define point and straight line. How then do they acquire 
their familiar properties? 

* In many high school texts this axiom is replaced by: Through any point A ^0 outside oj 
a straight liL a. one and only one straight line can be drawn which does not intersect the line a. 
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19. Summary. In this chapter we saw how the elements and 
axioms of mathematics had their origin in man’s experience with 
the physical world. The elements are those abstract things 
(such as numbers, operations, points, and lines) about which we 
are always reasoning. The chapter considered (1) the number 
system and axioms of algebra, and ( 2 ) the elements and axioms 
of geometry. In the case of algebra we have seen how man was 
led to broaden the concept of number and of operations with num¬ 
bers from the original concept of a natural number and its opera¬ 
tions until it included complex numbers. The axioms of algebra 
and geometry are statements of properties which we wish the ele¬ 
ments of algebra and geometry to have in addition to the properties 
of these elements which are contained in the definitions. These 
axioms are used as the basis of the deductive science of mathematics, 
they are accepted without proof and are selected rather than 
others because they appear to agree with our physical experiences. 


REVIEW EXERCISES 

1. Discuss the origin of the concept of a whole number and the symbols 
that have been and are used to represent it. 

2. Discuss the origin of geometric concepts. 

3. What evidence is there that man originally learned to count on his 
nngers? 

4. Give examples to illustrate the physical processes in which the 
operations of algebra may have originated. 

5. What is meant by the statement that an operation in algebra is an 
abstract process? 

6 . State some of the important elements of geometry. What does it 
mean to say that they are abstractions from physical objects? 

7. Mention several objects which might lead to the abstract idea of a 
point, a line, a plane. 

8 . Name all the different types of numbers, give an example of each 
kind, and explain why it was necessary to include each type in algebra. 

9. How does the Arabic notation differ from previous notations? Is 
it superior to them? Explain. 

10. In what sense is the complex number system of algebra complete? 

11. In what respects are all numbers alike? 

12. What purpose do the axioms serve in algebra and geometry? Why 
do we choose precisely those axioms which are listed in this chapter 
rather than others? 

13. How does it happen that the theorems of algebra and geometry, 
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although accepted as theorems only because> they D ^ a c ^ c ^ e pr 0 blcms? 
by deductive reasoning, are also useful in solving p , . a nd 

Is there any difference between the logical structures o 
geometry? Explain. 
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CHAPTER III 

ALGEBRAIC EXPRESSIONS AND equations 
AS A GENERALIZATION OF ARITHMETIC 

1. Introduction. The discussion of the elements and axioms 
with which we are to work has prepared the foundation or 
development of the mathematical structure. We begin 11S 
velopment with a consideration of some topics of anthme ic, 
which it is easy to pass to generalizations which are expres 
algebraically. It will then be possible to make an investigation oi 
the most important problem of elementary algebra the so u ion 
of equations. The material of this chapter serves two purposes 
Some of it must be learned because it is necessary thioug ou 
mathematics, much as grammar is necessary in literature; o ler 
parts of it will be directly useful in applications to problem so v- 
ing. Not all the material is new to the student, but the repetition 
in this chapter may serve to throw new light on the ideas and 
operations involved. 

2. The Meaning and Use of Positive Integral Exponents. Une 

reason mathematics can be so easily adapted to practical uses is 
that it has developed a system of notation which permits compact 
representation of what we wish to say. This is well exemplified in 
our first topic. The notation we shall study here was first used by 
Descartes in his treatise, Geometric , written in 1637. 

We recall from Chapter II, article 8, that the symbol 

3 6 means 3 • 3 • 3 • 3 • 3, 

and that, in general, if n represents a positive integer, 
b n means 6*6*6 , 6 ...ton factors; 

that is, n factors each equal to 6, multiplied together. The ex¬ 
pression b n is called the nth power of 6, b being the base of the 
power and n its exponent. We also speak of n as the exponent of b. 

If we take 6 = 3 and n = 5, then 3 5 = 3- 3*3-3*3 = 243. 
In obtaining the value of 243 for the expression 3 6 , we say that we 
have raised 3 to the fifth power, or that we have computed the 
fifth power of 3. 
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The above definition amounts to the replacement of a certain 
special kind of product, namely that in which the factors are all 
equal to each other, by a symbol, which then becomes a new form 
of mathematical expression. From the definition of the symbol, 
b , there follow immediately certain simple, though important, 
conclusions which tell us how to combine two or more powers so 
as to get a new power. In order to multiply 6 2 by 6*, we apply 
the definition and get 

6 2 • 6 3 = (6 • 6) (6 • 6 • 6) = 6 • 6 • 6 • 6 • 6 = 6 5 . 

We observe that the product is a power with base 6 and exponent 5, 
the latter being the sum of the given exponents 2 and 3. Simi¬ 
larly, if m and n are any positive integers, we should expect that 

6 m • 6" = 6 m+n . 

It can be proved that this is the case by applying the definition 
to each of the powers appearing in this statement. Thus 

6 m = 6 • 6 • 6 ... to m factors 
6 n * 6 • 6 • 6 ... to n factors 

and therefore 

6 m • 6 n = 6 • 6 • 6 ... to m + n factors. 

But, by the definition of a power, 

6-6*6... to m + n factors = 6 m+w . 

Therefore 6 m • 6 n = 

Of course the proof could be made in precisely the same way if 
6 were replaced by any other number. Hence, we have the follow¬ 
ing general theorem concerning exponents: 

Theorem I: If b is any number , and m and n are positive integers , 
b m • b n = b m+n . 


This theorem tells us how to multiply two or more powers hav¬ 
ing the same base. 

A second theorem tells us how to divide one power by another 
when both have the same base. Clearly, 


?! 

2 * 


2 » 2 » 2 ’ 2 » 2 ' 2’2 
2 • 2 • 2 • 2 


= 2-2 



By a proof similar to that above we could establish the following 
Theorem Ila: For any number b{^ 0), and any two positive inte - 

b*n 

gers m and n, with m > n, we have — = b m ~ n . 

b n 
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In this theorem we have required that m be greater t an n, 
otherwise m — n would be zero or negative, and the denni ion 
an exponent given above has meaning only when the exponen 1 
positive integer. If n is greater than m we may proceed as o ows. 
Suppose m — 3 and n = 5; then 

?! = 2 2 2 _ _1_ = L 

2 ‘ 2 • 2 • 2 ■ 2 • 2 2-2 2 2 

As above, we could prove that in general we have 

Theorem lib: For any number b 0) and any two ■positive inte- 

, . b m 1 

gers m and n, where n > m, — = - 

A third theorem on exponents is suggested by such examples as 

(•>*)* = 5 2 ■ 5 2 • 5 s = 5*. 

Using any base b and any positive integers m and n, we write 

( b m ) n = b" ■ b m ... ton factors. 


For each factor b m , we have b m = b • b ■ b ... to m factors. 

Hence (b m ) n = (b ■ b ... to m factors) (6 • 6 ... to to factors) 

(b ■ b ... to m factors) ... to n parentheses. 


Removing the parentheses, we obtain 

(b m ) n = b • b ... to mn factors. 

Hence using the definition of a positive integral exponent, we have 
Theorem III: If h is any number , and m and n are positive integers, 
then (b m ) n = b mn . 


A fourth theorem is the following: 

Theorem IV: If a and b are any two numbers and m is a positive 
integer , then ( ab) m = a m b nx . 

The reader will see that this theorem is suggested by examples such 
as the following: 

(4 • 5) 3 = (4 • 5) (4 • 5) (4 • 5) = 4 • 4 • 4 • 5 • 5 • 5 = 4 3 • 5 3 . 

A proof of this theorem can be constructed similar to those given 
above. 

The student should observe that nothing has been said about 
theorems which would tell us how to add or subtract two powers 
by means of operations on the exponents. No convenient way of 
doing this exists. 
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EXERCISES 

1. Simplify and then compute: 4 2 • 4 3 ; 
(— 2) 3 • (— 2) 4 ; State the theorems 

2 tg; S?- 


78 _ 5 _ 7 6 . 10 5 + 10 8 . 

used in each case. 


3. Apply the axioms on numbers and the theorems on exponents to 

simplify the following: a 2 (a 3 6 2 ); ( a 2 6 3 )(a 5 6); (a 3 5) 2 (a& 2 ) 3 . 

4. State whether the following are correct: 

(a) 5 7 + 5 2 - 5®. (d) 5 7 • 5 2 = 10®. 

(b) 2 3 + 3 3 - 5 3 . (e) 5 7 .5 2 - 25®. 

(c) 5 7 • 5 2 - 5®. (f) ( 4 3)2 = i 6 3 # 

Explain your answer in each case. 


3. Positional Notation and the Operations of Arithmetic. We 
are now able to make a careful examination of our way of writing 
numbers and of the operations on them. In the second chapter it 
was pointed out that positional notation is used to express a quan¬ 
tity by means of a number symbol. For example, to express the 
quantity two thousand nine hundred and sixty-five, we use the 
symbol 2965, in which the significance of a digit depends upon the 
position it occupies. Written in full, 2965 means 2000 + 900 + 
60 + 5, or, in powers of ten, 2 • 10 3 + 9 • 10 2 + 6 - 10 + 5. Note 
that we customarily read numbers as if they were written in this ex. 
panded form — for example, two thousand, nine hundred, and sixty- 
five. Likewise, any number, as we write it, has in it some digit 
in the units place, plus some multiple of 10 , plus some multiple 
of 10 2 , plus some multiple of 10 3 , and so forth. With this observa¬ 
tion as a basis, we shall be able to understand the following ex¬ 
planation of the rules for the operations which we learned in ele¬ 
mentary arithmetic. 

Hrst, let us consider the operation of addition. It should be 
recalled from Chapter II, article 3, that the process of adding 
integers less than ten is an abstraction from experience with groups 
of objects. The results of these additions are generally memorized 
in elementary school. For the addition of integers which are 
greater than ten we depend upon a familiar process which is me¬ 
chanical for nearly everyone. Why should this process produce 
correct results? Let us examine it in the case of the addition oi 
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2965 and 6431. Writing these numbers in powers of ten, we have 
to evaluate the sum 

(2 • 10 8 + 9 • 10 J + 6 • 10 + 5) + (6 • 10' + 4 • 10* + 3 • 10 + D- 
By the associative axiom of addition, this can be written without the 
parentheses as 

2 • 10 3 + 9 • 10 2 + 6 - 10 + 5 + 6 - 10 3 + 4 • 10 2 + 3 • 10 + 1- 
The commutative axiom of addition allows us to add these terms 
in a rearranged order as follows: 

2 • 10 3 + 6 • 10 3 + 9 • 10 2 + 4 • 10 2 + 6 • 10 + 3 • 10 + 5 + 1. 
Using the associative axiom again, we may insert parentheses, as 
follows: 

(2 • 10 3 + 6 • 10 3 ) + (9 • 10 2 + 4 • 10 2 ) + (6 • 10 + 3 • 10) 

+ (5 + 1). 

Now using the distributive axiom of multiplication with respect 
to addition, we can take out a factor from each successive pair o 
terms and write the sum in the form 

(2 + 6) 10 3 + (9 + 4) 10 2 + (6 + 3) 10 + (5 + 1) 1, 
which is equal to 

8 • 10 3 + 13 • 10 2 + 9 • 10 + 6. 

All of the preceding steps may be arranged conveniently as follows: 

2 • 10 3 + 9 • 10 2 + 6 • 10 + 5 
• 6 • 10 3 + 4 - 10 2 + 3 • 10 + 1 

8 • 10 3 + 13 • 10 2 + 9 • 10 + 6. 

We now wish to write the result in positional notation with 
powers of ten omitted. Merely dropping the powers of ten we have 
81396, but this is not correct, for we have incorporated 13 in 
this' symbol as though it were a single digit. However, we may 
overcome this difficulty by writing 

8 • 10 3 + 13 • 10 2 + 9 • 10 + 6 = 8 • 10 3 + (10 + 3) 10 2 + 9 • 10 + 6 
= 8 • 10 3 + 1 • 10 3 + 3 • 10 2 + 9 • 10 + 6 
= 9 • 10 3 + 3 • 10 2 + 9 • 10 + 6. 

Therefore, expressed in positional notation, the result of the above 
addition is 9396. 

Now let us compare what we have just done with the operation 
as usually performed by rule. We write one number under the 
other as follows: 


2965 

6431 
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Then we add the digits in each of the columns, starting at the right. 

eobtam first 6, then 9, then 13, of which we write down only the 3, 
and add the 1 to the sum of the column to the left, obtaining 9. 
We thus obtain as our sum, 9396. This method of preserving the 
positional form of the result is called “carrying.” Its justification, 
as well as that of the whole process of addition, is found in the 
process of adding numbers expressed in powers of ten, where each 
step is taken in accord with the fundamental axioms of numbers. 

As in the case of addition, the process of multiplication of in¬ 
tegers less than ten is an abstraction from experience with groups 
of objects, and leads to a multiplication table which must be mem¬ 
orized. This was explained in Chapter II, article 3. When one 
of the factors is greater than ten, the product is obtained by the 
mechanical process familiar to us all, which we are now in a position 
to justify. Suppose we wish to multiply 764 by 2. Since 764 is a 
symbol for 7 • 10 s + 6 • 10 + 4, the product can be obtained by 
multiplying each term of this sum by 2 and adding the results, by 
virtue of the distributive axiom. The work can be arranged at 
follows: 

7 • 10 2 + 6-10 + 4 

_ 2 

14 - 10* + 12-10 + 8. 

In order to write this result in positional notation we must first 
reduce the multipliers of the powers of ten to numbers of one 
digit each. Thus 

14 • 10 2 + 12 • 10 + 8 = (10 + 4) 10 2 + (10 + 2) 10 + 8 

= 1 • 10 2 + 4 • 10 2 + 1 • 10 2 + 2 • 10 + 8 
= 1 • 10’ + 5 • 10 2 + 2 • 10 + 8 
= 1528. 

It should be observed that the familiar rule for “carrying” in 
multiplication is devised to give the result which the longer process 
shows to be the correct one. 

If we wish to multiply 764 by 40, the full process is 

7 • 10 2 + 6 • 10 + 4 

_ 4 - 10 

28 • 10 3 + 24 - 10 2 + 16 • 10. 

Before writing our answer in positional notation form we must 
take the following steps: 
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28 • 10 3 + 24 • 10* + 16 • 10 = (2 • 10 + 8) 10 3 + (2 • 10 + 4) 10 

+ (10 + 6 ) 10 

= 2 • 10 4 + 8 • 10 3 + 2 • 10 3 + 4 • 10 2 + 1 • 10 2 + 6 • 10 

= 2 • 10 4 + 10 • 10 3 + 5 • 10 2 + 6 • 10 

= 2 • 10 4 4- 1 • 10 4 4- 5 • 10 2 4- 6 • 10 

= 3 • 10 4 4- 0 • 10 3 4- 5 - 10 2 4- 6 • 10 4- 0 

= 30560. 

Let us now consider the more complicated problem of multiply¬ 
ing 764 by 42. Since 42 is 4 • 10 4- 2, by virtue of the distributive 
axiom we can multiply 764 by 2 and by 4 • 10 separately, and 
then add results. Perhaps this is better seen if we write 

764 • 42 = 764 (4 • 10 4- 2) = 764 • (4 • 10) 4- 764 • 2. 

The whole operation with the numbers written as powers of ten 
may be arranged conveniently as follows: 

7 • 10 2 4- 6 • 10 4- 4 

_ 4- 4 - 10 4- 2 

14 • 10 2 4- 12 • 10 4- 8 (This is 764 • 2) 

28 - 10 3 4- 24 - 10 2 4- 16-10 _ (This is 764 - 40) 

We should note that the process of indenting in multiplication, in 
accordance with the rule of elementary arithmetic, puts terms with 
the same power of ten in the same column. Before adding the 
partial products (the rows) we put each into the form required by 
positional notation. For example, the partial product 14-10 4- 
12 • 10 4- 8 may be rewritten as (10 4- 4) 10 2 4- (10 4- 2) 10 4- 8 = 

1 • 10 3 4- 4 • 10 2 4- 1 • 10 2 4- 2 • 10 4- 8 = 1 • 10 3 4- 5 • 10 2 4- 

2 • 10 4- 8. Applying this step to the other partial product, we 
have the expanded forms of the partial products which are ob¬ 
tained when the usual arithmetic steps are taken. This is shown 
in the arrangement below 

7 • 10 2 4- 6 • 10 4- 4 764 

_ 4- 4 • 10 4- 2 42 

1.. 10 3 4- 5 • 10* 4- 2 • 10 4- 8 1528 

3 - 10 4 4- 0 ■ 10 3 4- 5 - 10 2 4- 6 - 10 4- 0 3056 

The rest of our multiplication problem is a problem of addition, 
and this has already been explained. Thus, the process of multi¬ 
plication as performed by rule has its origin in the longer process 
of multiplying the numbers expressed in powers of ten. Since 
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each step of this longer process is justified by the fundamental 
axioms of numbers, the familiar rule of multiplication is also jus¬ 
tified by them. 

The explanation of our rules for division and extraction of roots 
requires more detail and will be omitted. Operations with decimals 
may be clarified by observing the fact that a decimal is a sum of 
fractions whose denominators are powers of 10. For example, 


.742 


-Z- + ±. ^ . 
10 10 2 T 10* 


The rules for combining decimals enable us to proceed without 
the necessity of writing them in this longer form. 

It is not necessary to investigate in detail all arithmetic opera- 
tions. Nor is it suggested that in practice numbers should be 
written in powers of ten rather than in the familiar positional no¬ 
tation. Nevertheless, the reader should note that the rules of 
operation with numbers, learned in elementary arithmetic, are 
merely convenient guides so that we may work correctly with our 
numbers written in the usual form, and that the justification of 
these rules lies in the fact that they give results which we can 
prove to be correct by carrying out the processes with the numbers 
written as powers of ten. This examination of the operations of 
arithmetic shows that the familiar methods are obtained by deduc¬ 
tive reasoning from axioms. At the same time we note that the 
positional notation seems simpler than the sum of powers of ten 
only because it is shorter and more familiar. The longer form is 
more closely related to the basic axioms, and hence we put numbers 
in this form when we wish to examine methods of combining them. 


EXERCISES 

1. Add 678 and 423 by working with the numbers as sums of powers 
of ten. 

2. Multiply 615 by 34 by working with the numbers as sums of powers 
of ten. 

3. Subtract 672 from 845 by working with the numbers as sums of 
powers of ten. Be sure you see the justification for the borrowing 
rule of subtraction. 

4. Express 73.541 as a sum of powers of ten and fractions involving 
powers of ten. 

6. Add .542 and .735 by working with the numbers as sums of fractions 
with denominators as powers of ten. 
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6. Multiply .54 by .7, first expressing the numbers by means of fractions 
with denominators which are powers of ten. 

7. Multiply .328 by .57 by the method required in exercise 6. 

8. Writing 6J and 5J as 6 + 1 and 5 + J, multiply the two num¬ 


bers. 

9. Is 28 -s- 7 = 13? If not, then find what 
errors are made in the following compu¬ 
tation and its check: 

To divide 7 into 28 first divide the 8 by 
7, obtaining a quotient of 1 and a remain¬ 
der of 1. Bring down the 2 and we have 
21 as a new dividend. Divide 7 into 21 
and we obtain a quotient of 3 with no 
remainder. 

The division may be checked as follows: 
Since 28 7 = 13, then 7-13-28 by 

the definition of division. That is, if we 
add 7 thirteens, the sum should be 28. 
Place the 7 thirteens in a column. Adding 
the 7 threes, the result is 21. Now add 
the 7 ones and we obtain 7. 7 + 21 — 28. 
Therefore 28 + 7 — 13. 


7)28(13 

_7 

21 

21 


13 

13 

13 

13 

13 

13 

13 

21 

_7 

28 


4. Bases of Number Systems. Undoubtedly the student has 
already observed that the number ten plays an important rdle in 
our number system. We indicate the number of objects in a group, 
if the number is larger than 9, by the number of tens and units of 
objects in the group, or, if that is insufficient, the number of tens 
of tens, or, if necessary, the number of tens of tens of tens, and 
so forth. Ten is called the base of our number system. Why 
should the number ten be so preferred? The probable answer is 
that man counted in tens because the ten fingers on his hands sug¬ 
gested ten as a convenient unit. If each of us had twelve fingers 
instead of ten it is quite likely that twelve would have been chosen 
as the base of our number system, and that we should customarily 
represent quantities by the use of powers of twelve just as we now 
use powers of ten. Indeed, any natural number could have been 
chosen as the base of our number system, and it is quite possible 
that some other base might prove to be preferable to ten once we 
were familiar with it. Historically, we find that several other bases 
have been used. For example, the Romans used five, the Baby¬ 
lonians used sixty, and the Mayas of Yucatan used twenty. The 
operations used in connection with these other bases were not so 
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highly developed as are those now used in connection with ten, 
but, as in the case of ten, these bases were numbers in terms of 
which larger quantities could be expressed. 

It is interesting to consider the possibility of using a base other 
than ten. For example, let us try six. Suppose we had a group 
of objects before us, the number of which we represent, using base 
ten, by 15, which is 1 • 10 + 5. If we wish to express this quan¬ 
tity, using six as the base, we note that we have 2-6 + 3 objects 
and therefore the representation of the number of objects is 23, 
in which use of positional notation the base six is to be understood. 
The following table shows, side by side, the symbols used in desig¬ 
nating the number of objects in a group, in the bases six, ten, and 
twelve, respectively. Note that two new digits are needed when 


using base twelve. 

Base six 

Base ten 

Base twelve 

One object 

1 

1 

1 

Two objects 

2 

2 

2 

Three objects 

3 

3 

3 

Four objects 

4 

4 

4 

Five objects 

5 

5 

5 

Six objects 

10 

6 

6 

Seven objects 

11 

7 

7 

Eight objects 

12 

8 

8 

Nine objects 

13 

9 

9 

Ten objects 

14 

10 

t 

Eleven objects 

15 

11 

e 

Twelve objects 

20 

12 

10 

Thirteen objects 

21 

13 

11 

Fourteen objects 

22 

14 

12 

Fifteen objects 

23 

15 

13 

Twenty objects 

32 

20 

18 

Twenty-four objects 

40 

24 

20 

Thirty-six objects 

100 

36 

30 

Thirty-seven objects 

101 

37 

31 

Forty-seven objects 

115 

47 

3e 

One hundred objects 

244 

100 

84 

One hundred forty-four objects 

400 

144 

100 

Two hundred sixteen objects 

1000 

216 

160 


From this table we note one advantage of a large base over a smaller 
one, namely, that the larger quantities require fewer digits to 
represent them; for example, 47 in base ten is equal to 115 in 
base six. 

Let us examine the operations of addition and multiplication 
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with the base six. 
tiplication tables in 
base six, we have 

1 + 1=2 
1 + 2= 3 
1 + 3 = 4 
1 + 4= 5 

1 + 5 = 10 

2 + 2= 4 
2 + 3 = 5 
2 + 4 = 10 


We shall need to make our addition and mul- 
accord with the number symbols. Thus, m 


2 + 5 = 11 

2 

• 2 

3 + 3 = 10 

2 

• 3 

3 + 4 = 11 

2 

• 4‘ 

3 + 5 = 12 

2 

• 5 

4 + 4 = 12 

3 

• 3 

4 + 5 = 13 



5 + 5 = 14 




4 3 • 4 = 20 

10 3 • 5 = 23 

] 2 4 • 4 = 24 

14 4 . 5 = 32 

13 5-5-41 


Also 0 + a = a, 0 • a = 0, 1 • a = a, for all values of a. 

Now let us use these tables to calculate a simple example in 
addition. In the following arrangement of the work the reader 
will find the operation carried out both in the brief convemen 
form and in the longer form in which the numbers are written in 
powers of the base. 

231 2 • 10 2 + 3 • 10 + 1 

+ 315 3 • 10 2 + 1 • 10 + 5 

550 5 • 10 2 + 4 • 10 + 10 = 5 • 10 2 + 5 • 10 + 0 


Note that 10 is used here to represent the quantity ordinarily 
represented in the base ten by the symbol 6. This is correct, of 
course, since in base six 10 means 1 X six + 0. 


Similarly we may calculate a simple product as follows: 


152 1 • 10 2 + 5 • 10 + 2 

X 23 _ 2 - 10 + 3 

540 3 • 10 2 + 23 • 10 + 10 = 5 • 10 2 + 4 • 10 + 0 

344 2 • 10 3 + 14 • 10 2 + 4 • 10 = 3 • 10 3 + 4 • 10 2 + 4-10 

4420 3 • 10 3 + 13 • 10 2 +12-10 + 0, 

or, finally, 4 • 10 3 + 4 • 10 2 + 2-10 + 0. 

We note that the addition and multiplication tables are shorter 
for a small base than for a large one. This is the main advantage 
of a small base. Besides the general advantages or disadvantages 
of any given base, one base may be more suitable than another 
for a special purpose. For example, the representation of some 
fractions by decimals is simpler with twelve as the base than with 
the base ten. It should be noted that when a decimal is inter¬ 
preted in base ten, the first place after the decimal point represents 
tenths, the second place hundredths, and so forth; when a decimal 
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is interpreted in base twelve, the first place after the decimal point 
represents twelfths, the second place one hundred and forty-fourths, 
and so forth. Thus in base ten, 

.58 = 5 tenths + 8 hundredths, 


while in base twelve, 

.58 = 5 twelfths + 8 one hundred and forty-fourths. 


In both cases, however, 

.58 


1,1 
10 10 2 * 


since 10 = ten, when the base is ten, 

and 10 = twelve, when the base is twelve. 


The following table shows how fractions are represented by 
decimals in base twelve, and we note that in the case of the frac¬ 
tions £, i, the representation is simpler than it is when the base 


ten is used. 

Base ten (10 = ten) 


Base twelve (10 = twelve) 

i = 5 tenths = ft = .5 

i “ 

6 twelfths = A = .6 

4 - .3333. .. 

i- 

4 twelfths = A = .4 

i - .25 

i- 

3 twelfths - A = .3 

i = .1666... 

i- 

2 twelfths - A " .2 

i = .125 

*- 

1 twelfth 4- 6 one hundred forty-fourths 
1,6 

10 + 10* 16 

i - .1111... 

i- 

1 twelfth + 4 one hundred forty-fourths 

— + — = 14 

10 + 10* 


From this discussion of bases it is clear that other bases than 
ten are both possible and practicable, and, indeed, some base 
different from ten, for example, twelve, might prove to be more 
convenient than ten after we had become used to it. This point 
is illustrated by the examples of addition and multiplication in base 
six which have been worked out above. 

In the following examples and exercises, when necessary to avoid 
confusion, a subscript is used to indicate the base of the number 
to which it is attached. Thus 14 6 means 14 in the base six, that is, 
1 six + 4. These subscripts are to be interpreted as ordinary 
(base ten) numbers. 
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Example 1. Write 213 6 in base ten. 

Solution. 2136 = 2 • 6? 0 4- 1 • 610 + 3 

= 2 • 36io “I - 610 4~ 3 

= 81 io. 

Example 2. Write 35i 0 in base six. 

Solution. We note that 35io = 30io + 5 

= 5 • 610 + 5 . 

Now since 610 = 10 6 , 35io = 5 • 10e + 5 

= 55®. 

Example 3. Write 1135i 0 in base six. 

Solution. The multiples of powers of six representing this 
number are not observed as readily as in example 2. Hence we 
may proceed as follows. Divide 1135i 0 by 6 i 0 obtaining 

1135,0 = 189,o - 6,0 + 1. W 

Now dividing 189i 0 by 6 i 0> 

189i 0 = 31 io • 610 4~ 3. 

Hence substituting this result in (1), 

1135io = (31 io • 6 ,o + 3) 610 + 1, 

or 1135,o = 31,o ■ 6 fo + 3 • 6, 0 + 1. ( 2 ) 

Dividing 31,o by 6 ,o, 

31,o = 5 • 6,0 + 1. 

Substituting this result in (2), 

1135,0 = (5 • 6 ,o + 1) 6 j„ + 3 • 6 ,„ + 1, 
or 1135,o = 5 • 6 j„ + 1 • 6 j 0 + 3 • 6 ,o + 1. 

Since 6, 0 = 10 6 , we have 

1135,o = 5 • 10j + 1 • 10j + 3 • 10. + 1, 
or 1135io = 51316. 

The above steps may be arranged more conveniently as follows: 


6 

1135 

6 

189 

1 

6 

31 

3 

5 

1 


Here the remainders in the order obtained are the digits of the 
number in base six written in order from right to left. 
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III 


1 . 

2 . 


6 . 


6 . 

7. 

8 . 


EXERCISES 

Make an addition table for the base twelve. 

Using the table of exercise 1, compute: 319* + 242 12 , t07 u + 8 el u . 
A tvs . 5u6i2; 16e8i2. 

Using the addition table of the text, compute:114,+ 350,,554. + 134. 
+ 224«. Ans. 504,, 1400,. 

Using the multiplication table of the text, compute: 13.-4,, 54»-23, 
345c 25>. Ans. 100 6 , 2210,, 14441*. ’ *’ 


Using base ten, write the numbers representing the same quantities 
as the foUomng: 50., 345,, 400., 200 u , 2 t a , - 39„, 3el, 2 . Ans. 30 10 , 
137io, 144io, 288io, 34io, — 45, 0 , 565 1 0 . 

Write in base eight: 35 l0 , 100, 0 , 64 10 . Ans. 43,, 144,, 100,. 

Write in base six: 1492 10 , 1776 10 , 1937, 0 . Ans. 10524,, 12120., 12545,. 

Write the numbers in exercise 7 in base 12. Ans. m n , 1040,2, 
1155i2. 


9. Write in base two: 5i 0 , 810 , 16i 0 , 50i 0 . 

10. Write in base two: .5i 0 , .25i 0 , .125i 0 , .0625i 0 . 

11. Compute i • J by expressing these fractions as decimals in base 12 
and rewriting the product as a fraction in base 10 . 

12. What would be the advantages and disadvantages of two as a base? 

13. What would be the advantages and disadvantages pf twelve as a base? 

14. Explain the meaning of 3254 if the base is b. 


6. The Meaning of an Algebraic Expression. We have learned 
in article 4 how we may use positional notation to express quanti¬ 
ties by means of powers of any base. We found that the methods 
of addition and multiplication were not changed by changing the 
base. We might surmise that there are other processes which 
would be the same for all bases and hence could be applied without 
the knowledge of what base was being used. This is indeed the 
case.* If we were to study such processes it would be desirable, 
for reasons which will appear throughout the following discussion, 
to write, the numbers in the long form as sums of multiples of 
powers of the base. Thus if 4531 represents a number in an un¬ 
known base x f the longer form of this symbol is 4 • x 3 4- 5 • s 2 + 
3 • x + 1. The study of such expressions as this which involve 
unknown numbers, represented by letters, is the field of algebra. 
Expressions such as 4 x 3 + 5 x 2 + 3 x + 1 are called polynomials. 
However, algebra is not limited to the study of polynomials which 
are the generalizations of integers. Fractions and irrational num- 
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bers lead to generalizations, also, and these generalizations are 

included in the subject of algebra. m „lt;r,liea- 

We have seen that if the operations of addition and mult p 

tion are applied to integers, the results are integers. If “ v “°“ 
used we often obtain fractions, and if we extract roots, the results 
are frequently irrational numbers. Thus we may think o rac- 
tions formed by dividing polynomials, as the generalizations o 
arithmetic fractions. Likewise, we may think of a root of a poly¬ 
nomial as the generalization of root extraction in arithmetic. e 
following examples illustrate these generalizations: 

(a) 5 x 2 + 7 x + 3 becomes 573 when x = 10, for 

5 • 10 2 + 7 • 10 + 3 = 573. 

10 + 1 


(b) ^ X becomes ^ when x = 10, for — 
3 x + 7 37 o 


10 + 7 


21 

37 


(c) V3 x + 5 becomes when x = 10, for 

V3 • 10 + 5 =V35. 


The above expressions are examples of algebraic expressions, 
which will now be defined. In this definition the term algebraic 
operations means the six operations — addition, subtraction, mul¬ 
tiplication, division, involution (raising to powers), and evolution 
(extracting roots). 

Definition: Any expression which can he built up by a finite 
number of algebraic operations * on the numbers of arithmetic and on 
unknowns represented by letters , is called an algebraic expression. 

The simplest and most important type of algebraic expression 
is the polynomial, which has been mentioned earlier in this article. 
If, in the above definition, we restricted the algebraic operations, 
which can apply to unknowns, to addition, subtraction, and multi¬ 
plication, we would obtain the definition of a polynomial. That is, 
a polynomial can be expressed without an unknown appearing in 
the denominator or under a radical sign. 


EXERCISES 

1. Which of the following are polynomials: 3V3 x + 1, 3 x 2 + 1, 

_ _ i \/l2 r 

Vl2 + 3 *- 2 ’ z 2 + z — 2 ’ ix *" iz+1 ’ x 2 — z — 2" 

2. Compute the values of the expressions in exercise 1 for x = 3. 

* By a finite number of operations we mean a limited number of operations. 
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3. If, in V5 x + 9 » number is substituted for x, is the result neces- 
sanly irrational? Illustrate. 

4. If rational numbers are substituted for the unknowns in 3 xy + 2 


what kind of number results? Illustrate. 


x + y 


6. Operations with Polynomials. Our first example of a poly¬ 
nomial was the expression 4 x* + 5 x 1 + 3 x + 1 , considered as a 
number with unknown base x. Similarly, we think of all algebraic 
expressions, and polynomials in particular, as generalized repre¬ 
sentations of numbers. Thus, operations on polynomials are 
performed in the same way as the operations on numbers expressed 
in powers of a base, and must obey the associative, commutative, 
and distributive axioms. 

Consider, for example, the two polynomials, x 2 — xy + 2 y 2 and 
2i +y -i. To add them our process is as follows: 

x 2 - xy + 2 y 2 

2 x 2 + y '» - x 

3 x 2 — xy + 3 y 2 — x 

We put terms which are alike in their literal parts in vertical 
columns and add columns. This is allowed by the associative and 
commutative axioms of addition. The terms in a column can be 
combined by virtue of the distributive axiom. For example, 
according to this axiom, x 2 + 2 x 2 = x 2 (1 + 2) = 3i 2 . Addition 
of terms in this way gives the correct result whatever number is 
substituted for x. But we cannot combine 3 x 2 , 3 y 2 , — x, — xy, 
for no single term can be written which is correct for all values of 
x and y. 

To multiply polynomials, we keep in mind the fact that the 
polynomials are general numbers, and hence we may apply the 
axioms of numbers. The process is similar to that used in article 3. 
Suppose we multiply x 2 — xy by 3 xy — y 2 . Making use of the 
distributive and associative axioms, we arrange the work as follows: 

x 2 — xy 
3 xy — y 1 

- xV + xy 1 

3 x* y - 3 x 2 y* 

3 x* y — 4 x 1 y 1 + xy * 


(This is (x 2 — xy) ■ (- j/ 5 )) 
(This is (x* - xy) ■ (3 xy)) 
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As a check upon any operation with polynomials we may sub¬ 
stitute numbers for the letters. If the operation has been carried 
out correctly the result of substituting these numbers in the answer 
should agree with the result of applying the operation to the quan¬ 
tities obtained by substituting the same numbers in the given poly¬ 
nomials. Thus, if x = 2, and y = 1 in the above example, the 
product 3x z y — 4. x 2 y 2 + xy 3 = 3 - 8 • 1 — 4 • 4 • 1 + 2 • 1 = 10; 
the factor x 2 — xy = 4 — 2-1 = 2; the factor 3 xy — y 2 = 
3 • 2 • 1 — 1 = 5; and the product of these factors is 2 • 5 = 10, 
which agrees with the result of substituting 2 and 1 for x and y , 
respectively, in the product. This kind of check does not show con¬ 
clusively that the operation has been correctly performed, since 
the right answer must prove to be correct for every value of the 
unknowns. However, this method of checking will often disclose 
an error if one has been made. 

EXERCISES 

1. Add x 2 + 5 x — 6 and x 3 — x 2 + 7 x + 2. Check, letting x = 2. 

2. Add 2 xy + y 2 and x 2 — 3 xy. Check, letting x - 3, y - 2. 

3. Subtract x 2 — 7 x + 2 from 2 x 2 — 8 x + 9. Check, letting i-=3. 

4. Multiply 3i 2 -z + 2byi 2 -2i + 3. Check, letting x = 3. 

6. Multiply x 2 + xy + y 2 by x — y. Check, letting x - 4, y - 3. 

7. How to Factor Polynomials. We have just learned how to 
multiply polynomials. Often it is useful to reverse this process 
so as to express a single polynomial as the product of two or more 
polynomials. The process of transforming a polynomial in this 
way is called factoring. It is an algebraic process closely resembling 
the arithmetic process of factoring an integer. Thus to factor 30 
we express it as the product of other integers: 30 = 2 • 3 • 5. 
Similarly we may note that x 2 y — xy is the product of other poly¬ 
nomials: x 2 y — xy = x • y • (x — 1). 

Factoring of integers is performed by using prime numbers as 
trial divisors, one after another until the final quotient is a prime 
number. Thus 42 -s- 2 = 21; 21 3 = 7; therefore 42 = 2 • 3- 7. 

The problem of factoring polynomials is more complicated mainly 
on account of the great variety of forms of polynomials. In the 
remainder of this article methods of factoring some of the more 
common types of polynomials are given. 

The simplest method of factoring may be used when all the 
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terms of our polynomial contain the same number. (We use the 
word “number” here in a broad sense to include letters, arith¬ 
metic numbers, and products containing both; for example, x, 3 , 

3 ax.) Thus ax + bx may be written a s x (a + b) by virtue of 
the distributive axiom. Likewise 

2 ax + 2bx — 4cx = 2x(a + b — 2 c). 

The method is this: If all the terms of a polynomial contain the 
same number , we may divide each term by that number and write 
the polynomial as a product of that number and the sum of the quotients 
which remain after division. 

A polynomial which is the difference of two squares is factored 
by an easy rule. For example, x 2 — a 2 may be written as 
(x — a) (x + a). The justification is found in the fact that mul¬ 
tiplying (x - a) by ( x + a) gives x 2 - a 2 . The method is this: 
To factor the difference of the squares of two numbers take the sum 
of the numbers as one factor and the difference of the numbers as 
the other. 

Some trinomials (polynomials containing three terms) may be 
factored as follows: x 2 — 7 x + 12 may be written as (x — 3) 
(x — 4) as may be seen by multiplying x — 3 by x — 4. To 
factor other trinomials let us observe that 

(x + a) (x + b) = x 2 + (a + b) x + ab. ( 1 ) 

Then, when we wish to write a trinomial such as x 2 — 7 x + 12 as a 
product, relation ( 1 ) tells us that if we can break up 12 into factors 
such that their sum is — 7, the trinomial may be written as x 
plus the first factor of 12 , multiplied by x plus the second factor. 
It is readily seen that — 3 and — 4 are suitable factors here. In 
the case of x 2 + 10 x + 9, the two factors of 9 which will serve 
our purpose are 1 and 9, and the factors of the trinomial are there¬ 
fore x + 9 and x + 1. 

Very often an expression appears to be unfavorable, but is 
factorable if we are willing to use irrational or imaginary numbers 
in our factors. Thus x 2 — 2 cannot be factored using only integers 
in the factors, but it can be factored into ( x — V 2 ) (x + V2 ). 
Likewise x 2 + 1 can be factored into (x + V—~~1) (x — V-l) if 
we are willing to use imaginary numbers. 
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EXERCISES 



Factor into polynomials with rational integral coefficients: 


(a) 2 ay + 2 by. 

(b) i 2 + 3 x + 2. 

(c) x 2 - 7 x + 10. 

(d) x 2 - 25. 

(e) x 2 + 8 x + 16. 


(f) x 2 + 3 x - 10. 

(g) i 4 - 25. 

(h) 2 x 2 - 2 y*. 

(i) x s + 5 x 2 + 6 x. 

(j) (x + 3)* - 4. 


2. Calculate by using your knowledge of factoring: 

(a) 7 • (25) 2 - 8 • (25) 2 + 1 • (25) 2 . (c) (25) 2 - (23) 2 . 

(b) 3 ! (25) 2 - 4 - (25) 2 . (d) (15) 2 - (14) 2 . 


8. The Use of Algebraic Expressions. The development of 
algebraic expressions has a practical use when it is applied to 
solving problems. The common way to solve problems in ele¬ 
mentary arithmetic is to set down the various known numbers, 
with the meanings attached to them in the problem, and then to 
proceed to combine them in the proper way to give the required 
result. In so doing, the unknown result must always be kept in mind 
as a goal to be attained. The algebraic method of solving problems 
consists in assigning a letter to represent the unknown number which 
we are trying to find. This makes it possible to apply to the situation 
in a given problem mathematical statements of a much less re¬ 
stricted kind than are possible without this unknown letter. For, 
in the arithmetic method we can only state that the required answer 
is equal to the result of a specified series of operations on the known 
numbers. But when the letters representing the unknowns are 
combined with the known numbers we are able to form algebraic 
expressions and make statements about them, in the form of 
equations. By solving these equations we can solve the problem 
although we may not be able to find the series of operations neces¬ 
sary to produce the answer to the problem by the arithmetic method. 

Thus, suppose we wish to divide SI.00 into parts and give it to 
four boys so that John receives 2 cents more than Peter, James re¬ 
ceives 2 cents more than John, and Harry receives 2 cents more 
than James. Letting 

x = the number of cents Peter is to receive, 
we can say that x + 2 = the number of cents John is to receive, 
x-\-2-\-2 = x-\-4: = the number of cents James is to receive, 
and x + 4 + 2 = i + 6 = the number of cents Harry is to receive. 
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Since aU four boys together receive 100 cents, we can state that 
x + (a; + 2) + (x + 4) + (x + 6 ) = 100. 

In order to discuss algebraic methods of solving problems we 
shall need the 

Definitions: An algebraic equation is the statement that two 
given algebraic expressions are equal. 

The two expressions which are set equal to each other are called 
members of the equation. 

A number which, when substituted for the unknown in an equation 
in one unknown, reduces both members to the same number, is called 
a solution , or rooty of the equation. 

If an equation contains two unknowns , any two numbers , which , 
when substituted for the unknowns , reduce both members to the same 
number , constitute a solution of the equation. 

Similar definitions can be given for solutions of equations in 
three, four, or any specified number of unknowns. 

We notice from the preceding discussion that a given problem 
may lead us to an equation (sometimes there are several equations), 
a solution of which is the required answer to the problem. This 
method of solving a problem falls into two distinct parts, namely, 
(1) the formation of an equation (or equations) which is true for 
the given situation; (2) finding the solutions of this equation (or 
equations). The study of methods of finding solutions of the 
most common types of equations will be taken up in articles 9-12. 
Before starting this study we ought to gain practice in translating 
typical situations which occur in problems, into algebraic symbols, 
thus forming the algebraic expressions which are used in the equa¬ 
tions. 

It must be understood that all algebraic expressions relating to 
a problem have only numerical significance, and have nothing 
to do with the physical interpretation of the quantities involved. 
In the following examples, such a statement as C = cost in cents 
is to be understood to mean C = the number of cents in the cost, 
and all such denotations are to be interpreted in a corresponding 
way. 

Example 1. The cost in cents of sending a parcel by parcel post 
to the fourth zone is obtained by multiplying the number of pounds 
the parcel weighs by 4 and adding 5 to the result. What is the 
cost of sending N pounds to the fourth zone? 
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Solution. 

Therefore 


We have N = the number of pounds to be sent. 

4 N = the result of multiplying the number 

of pounds by 4. 

4 N + 5 = the number of cents it costs to send 
this parcel to the fourth zone. 

Example 2. Write in symbols: The cost of a telegram in cents, 
for more than ten words, is the number of words in excess of ten 
multiplied by 2, plus 15. 

Solution. Let C = the cost in cents 
and N = the number of words sent. 

Hence W — 10 = the number of words in excess of 10, 

and 2 (AT — 10) + 15 = the cost in cents. 

Therefore C = 2 (N — 10) + 15. 

Example 3. Write an expression representing the area of a 
rectangle inscribed in a circle 16 inches in di¬ 
ameter. 

Solution. Let A = area of rectangle in sq. 
in., x = width of rectangle in inches. Since 
the diagonal of the rectangle is a diameter of 
the circle, by reference to Fig. 5, V256 — x 2 = 
length in inches. Therefore, since the area is 
equal to the product of the length and the width, 

A = xV'256 - x*. 

Example 4. If a man travels an unknown distance at 25 miles 
per hour and then returns at 30 miles per hour, express the total 
time elapsed. 

Solution. Let D = the unknown distance in miles. 

D 



Figure 5 


Then 


and 


25 

D_ 

30 


= the number of hours needed to travel 
D miles at 25 miles per hour, 

= the number of hours needed to return at 
30 miles per hour. 

Therefore ^ ^ = the total time needed to go and return. 

25 30 

EXERCISES 

1. How far does an automobile go in x hours if its speed is 40 miles 
per hour? How far in x 4- 1 hours? 
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2. The speed of a given airplane is x miles per hour. Express the speed 
of a train which is going one half as fast as the airplane. 

3. What is 3% of $100? Express 3% of n dollars. Express r% of $100. 

4. If an article is bought for x dollars and sold for $100. how much 
profit is obtained? 

5. Two men travel in opposite directions from the same place, one at 
x miles per hour and the other at y miles per hour. How fast are 
they separating? 

6. If a boat which would regularly make 10 miles per hour in still water 
goes downstream in a river whose current is x miles per hour, what is 
its effective speed? If it goes upstream in the same river, what is its 
effective speed? 

7. How many pounds of butter fat are there in x pounds of milk which 
is 3% butter fat? 

8. Write in symbols: The cost in cents of sending n ounces of mail first 
class is equal to the number of ounces multiplied by 3. 

9. Write in symbols: The time required in order to roast beef is 15 min¬ 
utes for each pound and then 20 minutes more. 

10. Write in symbols: The maximum number of feet which a projectile 
will travel is equal to the square of the number of feet per second 
with which it starts multiplied by .08. 

11. Write an expression for the height reached by a ladder 30 feet long 
braced against a vertical- wall with the foot of the ladder at an 
unknown distance away from the wall on level ground. 

12. Write an expression for the total income from $10,000 if part of this 
sum is invested at 3% and the remainder at 2%. 

13. What is the combined income from $1000 at r per cent and $2000 at 
(r — 1 ) per cent? 

14. What is the selling price of an article bought for x dollars and sold 
at a profit of n dollars? 

15. What is the selling price of an article bought for x dollars and sold at 
a profit of r per cent of the cost? 

9. Equations of the First Degree in One Unknown. The simplest 
of all types of equations is the equation of the first degree in one 
unknown. Such an equation contains a term in which the unknown 
is raised to the first, but no higher, power. Whenever we solve 
a problem by arithmetic we solve such an equation, but one of an 
extremely simplified type. Thus, suppose we are asked to find 
the cost of mailing a parcel, weighing six pounds, to the fourth zone. 
The rule for computing the cost is given in example 1 of article 8. 
From this rule we write 

4 • 6 + 5 = 29; that is, the cost is 29 cents. 
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In computing this result arithmetically, we are solving the equation 

C = 4-6 + 5. 

If, on the other hand, it is given that the cost is 29 cents but the 
weight is unknown, we have to solve the equation 

29 = 4 N + 5, or • 4 N + 5 = 29. 

To solve this equation we may apply the axioms of algebra. First 
we subtract 5 from both members, obtaining 

4 N = 24. 

This operation is justified by the axiom which states that if equals 
are subtracted from equals, the results are equal. It is often 
called transposition. We now divide both members by 4, obtaining 


N = 6. 

This operation is justified by the axiom which states that if equals 
are divided by the same number the results are equal. 

The method described above can be generalized by merely 
writing out the corresponding steps for the most general equation 
of the first degree in one unknown. Such an equation can contain 
terms involving the unknown to the first degree and terms in which 
the unknown does not appear, but no others. After transposing 
and combining like terms, if necessary, the equation is reduced 


to the form 


ax = b, 


( 1 ) 


in which x stands for the unknown, and a and b stand for any num¬ 
bers (fixed in a given problem), except that a cannot be zero. If 
a is zero, (1) is not an equation unless b is zero also, in which case 
we have no equation of the first degree, but merely the trivial 
statement 0 = 0. To solve equation (1) all that is necessary is to 
divide both members by a, which is allowed by one of the axioms of 
algebra since a is not zero. Thus 

b 

x = - • 
a 

Hence, since the general equation of the first degree in one un¬ 
known, (1), has the single solution, (2), we know that every equa¬ 
tion of the first degree in one unknown has one and only one solu¬ 
tion. 

We are now in a position to solve such problems as lead to equa¬ 
tions of the first degree in one unknown. The given situation of 
the problem will require that two quantities be equal; and when 
these quantities have been expressed in symbols, as illustrated in 
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article 8, the statement that they are equal is the equation whose 
solution is the answer to the problem. The following examples 
illustrate the procedure to be followed. 

Example 1. A freight train contains 60 cars. It is desired to 
divide it into two trains, one of which shall contain 3 times as 
many cars as the second. How many cars will there be in each 
train? 

Solution. Let x = the number of cars in the smaller of the 

two new trains into which the original 
train is to be divided. 

Then 3 x = the number of cars in the larger of the two 

new trains, 

and x + 3 x = the number of cars in both of the two new 

trains. 


Also 60 = the number of cars in the original train. 

Our equation is obtained by stating that the number of cars in 
the two new trains is the same as that of the original train. 

That is, x + 3 x = 60, 

or 4i = 60. 

Dividing by 4, x = 15, 

and hence 3 x = 45. 

Therefore one train should contain 15 cars and the other 45 cars. 


Example 2. The capacity of the radiator of an automobile 
engine is 4 gallons. The radiator is filled with a mixture which 
is 20% alcohol, and it is desired to fill it to capacity with 50% 
alcohol by drawing out some of the present mixture and refilling 
with pure (100%) alcohol. How much should be drawn out? 

Solution. Let x = the number of gallons to be drawn out. 

Then, also, x = the number of gallons which can be added. 
Also 4 — x = the number of gallons of the original mix¬ 

ture which is left, 

and .20 (4 — x) = 20% of (4 — x) = the number of gallons of 

alcohol left in the radiator. 

Now 4 = the number of gallons in the refilled radiator, 

and .50 (4) = 50% of 4 = the number of gallons of alcohol 

in the refilled radiator. 

We obtain an equation by stating that the number of gallons of 
alcohol left in the original mixture plus the number of gallons 
added is the same as the number of gallons of alcohol in the re¬ 
filled radiator. Thus, since .20 (4 — x) gallons of alcohol remained 
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in the radiator and x gallons are added, the total number of gal ons 
of alcohol in the refilled radiator is .20 (4 — x) + x. But t is 
must be equal to .50 (4). 

Thus .20 (4 - x) + x = .50 (4), 

or .8 — .2 x d - x = 2. 

This reduces to .8 x = 1.2. 

1.2 

Dividing by .8, x = 


or * x = 1.5. 

Therefore 1.5 gallons should be drawn out. 

Example 3. A swimming tank can be filled by one pump in 
40 hours and by a second pump in 60 hours. How long will it 
take to fill the tank using both pumps together? 

Solution. We may be tempted to add 40 and 60, and conclude 
that the two pumps will require 100 hours. This answer is ridicu¬ 
lous, however, for surely both pumps will fill the tank in less time 
than either one working alone. That is, surely the answer is less 
than 40. Instead of guessing, let us use reasoning. 

Let x = the number of hours required if both pumps are used. 
We note that = the part of the tank filled by the first pump 

in one hour. 

Hence x • -fo = the part of the tank filled by the first pump 

in x hours. 

Likewise gV = the part of the tank filled by the second pump 

in one hour, 

and x • -fa = the part of the tank filled by the second pump 

in x hours. 

Therefore x • + x • ^ = the part of the tank filled by both 

pumps in x hours. 

But in x hours the tank is exactly filled. 

Hence x • ^ -f x • ^ = 1. 

The number 1 on the right refers to 1 tankful. Multiplying 
both members by 120 to clear of fractions, which is allowed by one of 
the axioms of algebra, we have 

3 x + 2 x = 120, 
or 5 x = 120. 

Hence x = 24. 

Therefore the two pumps working together will fill the tank in 
24 hours. 
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EXERCISES 

of the foUowing problems state clearly what your unknown 

tiv* d 4, f ’ What f th ® t T nS and ‘ the me mbers of your equation mean, and 
give the reason for each step of the solution: 

1. Eight per cent of a fertilizer is known to be nitrogen. If 20 pounds 

of t n h/? 8 ^ n i are need ( e f, to f fertilize a certain field, how many pounds 
of the fertilizer must the farmer buy? 

2 ' o T, Sel1 1 piece °f property for $4600. How much should he 
pay for it to make a profit of 15% of the purchase price? 

3. A ball is thrown downward from a balloon with an initial speed of 

l° n u s ^° f nd : During each second of flight the speed of the 

ball increases 32 feet per second. How many seconds after the ball is 
released is its speed 436 feet a second? Am. 10.5 seconds. 

4. Going from town A to town B, a man drives his car at 35 miles an 
hour and coming back he drives it at 25 miles an hour. The trip 
takes 6 hours. Find the distance between A and B. A ns. 87 J miles 

6. A motor boat traveling at the rate of 12 miles per hour can cross a 
lake m 15 minutes less tune than when traveling at the rate of 8 miles 
per hour. What is the width of the lake? A ns. 6 miles. 

6. A town whose population is 50,000 grows at the rate of 600 inhabit¬ 
ants a year. Another town with a population of 35,000 grows at the 
rate of 800 inhabitants a year. At the end of how many years will 
the two towns have the same population? 

7. A man has $3000 invested at 4%. How much must he invest at 7% 
to make the total investment yield 5%? Ans. $1500. 

8. How much water must be added to 50 gallons of a solution which is 
12% alcohol to produce a solution which is 8% alcohol? 

9. It is desired to obtain 100 pounds of milk which is 4% butter fat by 
mixing milk which is 4.3% butter fat with milk which is 3.8% butter 
fat. How much of each will be needed? 

10. By timing, a man knows that pipe A can fill a tank in 5 hours and 
pipe B can fill it in 3 hours. How many hours would be required to 
fill the tank using both pipes? 


11. One machine can plow' a field in 4 days; another can do it in 6 days. 
How long would it take both machines working together? 

12. A can do a job in 5 days, while A and B can do it together in 3 days. 
How long would it take B alone? Ans. 7£ days. 

13. A piece of work was to have been done by 4 men in 6 days, but at 
the end of one day 2 men leave. After these two men leave how long 
does it take the remaining two men to complete the work, if it is 
assumed that all of the men have equal capacities? Ans. 10 days. 

14. The height of a certain flagstaff is unknowm, but a rope hanging from 
the top is 2 feet longer than the staff. When the rope is pulled taut 
it reaches a point on the ground 18 feet from the foot of the flagstaff. 
How long is the flagstaff? 
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16. An airplane traveling 180 miles per hour overtakes in 2 hours a second 
airplane which is traveling 140 miles per hour. How far apart we 

they at the start? Q „ pr _ 

16. An express train leaves station A and travels to station B ^at an ave 

age speed of 40 miles per hour. A local tram leaves A at the same 
time as the express train and travels to B at an average speed of 
30 miles per hour, arriving one half hour later than P 

Find the distance from A to B. Ans. 60 miles. 

17. A sound made at one end of a steel tube travels in the afr at H 00 feet 
per second and in the steel at 16,500 feet per second As a result ot 
these different speeds, at the other end o the tube two sounds are 
heard, 5 seconds apart. How long is the tube? Ans. 5892 T feet. 


10. Equations of the Second Degree in One Unknown. In 
article 9 we have dealt with problems leading to equations of the 
first degree. Such equations were formed by setting equal to each 
other, two polynomials, neither of which contained powers of the 
unknown higher than the first. Many practical problems lead to 
equations in which powers of the unknown appear which are 
higher than the first. If an equation is formed by setting two 
polynomials equal to each other, such that after simplification the 
equation contains a term of the second degree in the unknown, but 
none of higher degree, the equation is said to be of the second 
degree, or a quadratic equation. The equations x 2 — 7 x + 5 =0, 
2 ** = 3 + 5 x, and 2 x 2 - 3 = 0 are examples of quadratic 

equations. 

Just as any equation of the first degree in one unknown can be 
reduced to the form ax = 6, which is equivalent to ax — b = 0, 
this latter equation being a polynomial of the first degree set equal 
to zero, so any equation of the second degree in one unknown can 
be reduced to the form of a polynomial of the second degree set 
equal to zero. Thus 3 x 2 + 5 x -2 = x 2 -2x-lis reduced to 
2 x 2 + 7 x — 1 = 0 by subtracting x 2 - 2 x — 1 from both mem¬ 
bers. By the further step of dividing both members by the co¬ 
efficient of x 2 , we can reduce any quadratic equation to the form 

x + px + q = 0 , ( 1 ) 

in which p and q stand for any fixed numbers. Equation (1) may 
be taken as the general form of an equation of the second degree in 
one unknown, since any such equation can be reduced to this form. 

Before considering practical problems which involve quadratic 
equations, we should learn how to find the solutions of such equa- 
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tions. When the equation has been reduced to the form (1) it 

may happen that x* + px + q is factorable into rational factors 
r or example, consider the equation 

2 - 14 i + 20 = 0. ( 2 ) 

Dividing by 2, we reduce this equation to form (1) in which 
P = — 7 and q = 10, 

^ ~ 7 x + 10 = 0 . ( 3 ) 

From one of the cases of.factoring studied in article 7 we know that 

* • 7 /f + , 10 ~ ~ 5) (x — 2). Therefore we write equation 

(3) in the form 

(x - 5) (x - 2) = 0. ( 4 ) 

We are seeking all values of * which satisfy (2), but we shall accom¬ 
plish the same end if we can find all values of x which satisfy (4). 
For, since 


2 - 14 a; + 20 = 2 (x 1 - 7 x + 10) = 2 (z - 5) (x - 2), 

if a value of x can be found which reduces ( x — 5 ) {x — 2) to 0 
it must reduce 2 x 2 - 14 x + 20 to 2 - 0, or 0. Equation (4) is in 
the form of the product of two factors set equal to 0. Our knowl¬ 
edge of arithmetic tells us that if one factor of a product is 0 the 
product must be 0. Thus the first factor of (4) is 0 when x = 5; 
and the second factor is 0 when x = 2. Hence (4), and therefore 
(2), has the numbers 5 and 2 as solutions. As we shall see later, 
a second degree equation in one unknown always has two solutions. 

When the equation to be solved has the special form in which 
no term of the first degree appears, we can always solve it by the 
method of factoring. For example, let us solve the equation 

2 x 2 - 50 = 0. (5) 

Dividing both members by 2, we obtain 

x 2 - 25 = 0. (6) 

Since the left member of (6) is the difference of two squares, the 
equation may be written in factored form, 


(x - 5) (x + 5) = 0. (7) 

Reasoning as we did with equation (4), we conclude that the solu¬ 
tions of (7), and hence of (5), are 5 and — 5, since x = 5 makes 
the first factor equal to 0, and x = — 5 makes the second factor 
equal to zero. 

In the above example the factors have rational and integral co¬ 
efficients, and hence the solutions are rational and integral. The 
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same method can be applied to any quadratic equatio will 

degree term, but we must expect that in some cases the 

involve irrational numbers, while in other cases imaginary number 


will occur. 

Thus the equation x 2 — 5 = 0 

can be written (x — \^5 ) (x 4- V^5) = 0. 

Therefore the solutions of (8) are V^5 and —Vo. 

The equation x 2 + 1 = 0 

can be written x 2 — (— 1) = 0, 

and in factored form (x — V — 1) ( x -f- V' — 1 ) = 

The solutions of (9) are, therefore, V — 1 and — v — 1. 

We have just solved three equations of the form 

x 2 - b = 0, 


(8) 

(9) 


( 10 ) 


in which b was equal to the square of an integer, a positive number 
not such a square, and a negative number, respectively. By solving 
( 10 ) we shall obtain a general result applicable to any equation of 
the same form. Thus we write (10) in factored form 


(x - Vb ) (x + Vb ) - 0, 

and have, as solutions of (10), the numbers Vb and —Vb. These 
numbers are rational if b is the square of a rational number, irra¬ 
tional if b is positive but not such a square, and imaginary if 6 
is negative. 

We shall now apply a similar process to the general quadratic 
equation + px + q = 0, (D 

and in this way obtain a general result applicable to any quadratic 
equation. As in the simpler case of equation (10), the key to the 
method lies in finding a means of factoring the left member, 
x 2 + px + q. This can be done by transforming this polynomial 
into the difference of two squares. Before factoring x 2 + px + q 
in this way, however, let us consider an example with numerical 
coefficients, say x 2 + 2 x — 3. If we write the first two terms alone, 
x 2 + 2 x, we note that these terms are the first terms of the poly¬ 
nomial x 2 + 2 x + 1, which is called a perfect square since it is 
equal to (x + l) 2 . We can obtain this perfect square in our original 
polynomial by simply adding 1 and subtracting 1. Thus 
x 2 + 2 x - 3 = x 2 + 2 x + 1 — 1 — 3, 


x 2 + 2 x + 1 - 1 - 3 = (x + l) 2 - 4. 


and 
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Hence we have changed the polynomial x 2 + 2 x - 3 into the 
difference of two squares, as desired. The factors are, therefore, 

{( * + } *7 21 and {(X + 1)+ or {* - 1} and {x + 31. 

Using the same method let us now change the polynomial 
x + px + q, into the form of the difference of two squares. As 
m the case of the numerical example, we examine x 2 + px to find 
what perfect square these terms belong to. Suppose they belonged 
to the square of x + a, which is x 2 + 2 ax + a 2 . Then p would 
have to be equal to 2 a, or, in other words, a would have to be 

equal to | • Consequently, a 2 would be equal to This suggests 

that we should add and subtract in the polynomial, x 2 + px + q, 

just as we added and subtracted 1 in the numerical example. Thus 

x 2 + px + q = x 2 + px + + q 

4 4 

J + pz + 1 -(* + 1 )’-(?-») 

. (* +1)’ - 1-^1 

I* actoring the right-hand member which is seen to be the difference 
of two squares, we have 


But 


Hence 


* + ** +? - (*+1 -^) (*+1 


Since 


JEp _ VZEB. _ we have 

V 4 V4 2 


X 2 + px + q 


(’ + f- 

( I + 


Vp 2 — 4 g 


— Vp 2 —4 a 


)(■♦* 

)(- 


+ 


Vp 2 —4 


p + Vp 2 —4 9 


) 


; ) 


2 


2 
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Now, since we have succeeded in factoring the ex P r ession 
+ * we shall be able to write down the solutions of the 

general equation of the second degree, 

x 2 + px + q = 0. W 

Writing the equation in factored form, we have 

V± vg=-m 


(* 


+ 




5 )(’ 


+ 


0. 


The first factor is equal to 0, that is, 


x+ v -V7E H_ 0i 


P - Vp 2 -i q 

if * = -"- 2 - 

The second factor is equal to 0, that is, 


(ID 


x + 


V 


+ Vp s -4 


0, 


if 


p + vy-fg . 
X ~ " 2 


( 12 ) 


Thus we have found the two solutions of the general second degree 
equation. We may consider ( 11 ) and ( 12 ) as formulas * for the solu¬ 
tions, from which we can obtain the solutions of any numerical 
equation by replacing p and q by their values in the given equation. 
For example, the solutions of 

i 2 + 5i + 3 = 0 

are found by putting p = 5, q = 3 in ( 11 ) and ( 12 ). The 

5 - V25 - 12 5 -Vl3 


solutions are x = — 


and 


x = — 


5 ■+ V'25 - 12 


2 

5 + VT3 


2 2 
From the above discussion it follows that a quadratic equation 
always has two roots. In fact it has two distinct roots unless ( 11 ) 
and ( 12 ) yield the same numbers. This can happen only if the 

* In man y books the formula for the roots of a quadratic equation is given as 

~ = ~ k ^ . This formula is obtained by applying the method here presented to the 

2 a be. 

equation ax * + 6x+ c = 0. If we put p = -, and q =* equations (11) and (12) lead to the same 
formula. a a 



quantity Vp 2 -4 q is equal to 0, that is, if p* _ 4 0 = 0. In this 
case the two factors of 3? + px -f- q are the samp onrl , 

mgly, the two roots of the equation are equal 
,i n ? ther “POftont fact about the quadratic equation has 

?hat n aP H 6a K m ?- e CaSC ° f equation ( 9 ). namely, the fact 
that a quadratic equation with real coefficients may have imag¬ 
inary roots. In fact we note from ( 11 ) and ( 12 ) that the roots will 

W r neV6r P " VJ S DegatiVe - This su S8ests a reason 
that mathematicians were led to study imaginary numbers. 

By introducing such numbers into our number system it is 

possible to have solutions for equations which otherwise would not 
possess any. 


EXERCISES 


Solve: 

1. x* - 4 = 0. 2. X 2 - 3 = 0. 

3. 2 x - i - 0. Am. x - ± *. 4. ** - 6 x + 8 = 0. 

6. x 2 + 5 x - 14 = 0. A ns. x = 2, x = - 7. 

6. 2i 2 +6z + 4*0. Ans. x — — 1, x — — 2. 


7. + x - 3 - 0. 

8. x 1 + 4 - 0. 


Ans. x = — 


l=t VT3 


9. x 2 + 2 x + 3 « 0. 

10. x 2 - x - 2 = 0. 


12. 5 x* - 10 x + 5 * 0. 

14. 30 - 9 x - 3 x 2 = 0. 16. 3 x 2 + 


11. 3 x 2 + 12 x - 3 - 0. 
13. 9 x - 14 - x 2 . 

10 x — 4 = 17 x + 14 + 2 x 2 . 


11. Problems Leading to Quadratic Equations. Now that we 
know how to find the solutions of quadratic equations, we are 
ready to solve problems which involve quadratic equations. The 
process of setting up the equation whose solutions will furnish the 
answer to our problem is precisely the same as the corresponding 
process when the equation is of the first degree. 

Example 1. The number of feet which a body will fall when 
dropped, if we neglect air resistance, is 16 times the square of the 
number of seconds it has been falling. (For example, if a body 
has been falling for 5 seconds, the distance it has fallen is 16 • 5 2 , 
or 400, feet.) If a bomb is dropped from an airplane 6400 feet 
high, how long will it take to reach the ground? 
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Solution. Let t = the number of seconds it takes the bomb to 

fall to the ground. . ... 

Then 16 e = the number of feet the bomb falls in tnis 

time, t seconds. 

But, since the airplane is 6400 feet above the ground, 

6400 = the number of feet the bomb falls in t seconds. 

Hence 16 t 2 = 6400. 

Subtracting 6400 from both members, 

16 t 2 - 6400 = 0. 

Dividing both members by 16, 

t 2 - 400 = 0. 


In factored form this equation is 

(t - 20) (t + 20) = 0. 

Therefore the solutions of the equation are t = 20 and t - 20. 

We conclude that it will take the bomb 20 seconds to faU to the 

earth. . 

The second solution of this equation, — 20, has no physical mean¬ 
ing in the situation involved, since a negative value of t would 
mean a number of seconds prior to the instant at which the bomb 
is dropped, and the law governing the motion of the bomb by which 
we obtained our equation only applies to the motion after the 
instant the bomb is dropped. This example is an illustration of the 
following noteworthy statement. Although an equation is ob¬ 
tained by translating the situation in a given problem into alge¬ 
braic symbols, and therefore may be expected to give the correct 
answer to the problem, there may be some solutions of the equation 
which have nothing to do with the problem. 

This is not always the case, however, since in 
some cases all solutions of an equation satisfy 
the problem which gave rise to the equation. 

Example 2. A farmer starts cutting grain 
along the boundary of a rectangular field 60 
rods wide by 120 rods long. How wide a strip 
around the field must be cut so that the area 
of the strip is 3200 square rods? 

Solution. Let x = the number of rods in the 
width of the strip. 

Then, from Fig. 6, 60 — 2 x = the number of 

rods in the width of the 
plot left uncut, 


60 



Figure 6 
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and 


Now 

and 


120 2 x - the number of rods in length of the 

plot left uncut. 

120 • 60 = the number of square rods in the 
original field, 

(60 - 2 x) (120 — 2 x) = the number of square rods in the 

plot left uncut. 

Therefore 60 • 120 - (60 - 2 x) (120 - 2 x) = the number of 

c . .. , square rods in the strip which is cut. 

bince the area of the strip which is cut is 3200, we have the equation 

60 • 120 — (60 — 2 x) (120 - 2 x) = 3200. 

The reader can simplify this equation and obtain 

x 1 - 90 x + 800 = 0. 


The solutions of this equation are 10 and 80, the second of which 
has no significance in the problem since it would be impossible to 
cut a strip 80 rods wide around a field only 60 rods wide. Therefore 
we conclude that the farmer should cut a strip 10 rods wide. 


EXERCISES 

In each of the following problems state clearly what your unknown 
stands for and what the terms and members of your equation mean: 

1. Using the method of example 1, find how long it would take a base¬ 
ball dropped from the top of Eiffel tower, 1000 feet high, to reach the 
ground. 

2. The height above the ground, h, which a ball has at the end of t sec¬ 
onds from the instant it is thrown upward is given by the formula 
h - - 16 P + 100 t. How long will it take for the ball to rise 100 
feet? Do both solutions have meaning in this problem? If so, 
explain them. After how many seconds from the time the ball starts 
does it return to the ground? (Hint: When the ball is at the ground, 
h = 0.) 

3. The decrease t in degrees between the boiling point of water (212°) 
at sea level and that at an elevation h feet above sea level is given by 
the equation l 2 + 517 t - h = 0. Find- t when h = 7980. Ans. 
t = 15°. 

4. A rectangular flower bed is 6 feet wide by 9 feet long, and it is desired 
to double its area by adding a border of uniform width. How wide 
should this border be made? Ans. 1§ feet. 

5. Two circular water mains with diameters of 18 inches and 24 inches, 
respectively, are to connect with a large circular main having a cross- 
section area equal to the combined area of the two. Find the diam¬ 
eter of the large main. (Area of a circle = \ ir d 2 , where d = the 
diameter.) Ans. d = 30 inches. 
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6 . 


7. 


8 . 


A boat which regularly goes 9 miles per hour in still 
25 miles downstream and 25 miles back in 6} hours. Wha 
of the current in the stream? Ans. 3 miles per hour. 

Given that s = 16 t 2 , where 5 is the distance in feet which a body aus 
in t seconds, and that sound travels at 1104 feet a second. ° 
below the top of a well is the surface of the water if the sp as 
stone dropped into it is heard 3A seconds after the ins an 
dropped? (Hint: Let the unknown be the number of seconds 
required for the fall.) 

A man inherits $25,000; but a percentage is deducted for inheritance 
tax, and then a percentage of the remainder at a rate one per oen 
higher than that of the inheritance tax is deducted for fees, leaving 
a balance of $22,800. Find the rate and amount of the tax, and the 
rate anc^amount of the fees. Ans. Rate of tax is 4%. 


12. Equations of Higher Degree in One Unknown. Just as we 
have first and second degree equations in one unknown arising from 
physical situations, so we may have equations of higher degree. 
The general form of the third degree, or cubic, equation is that of a 
third degree polynomial in x set equal to zero, namely 

x 3 bx 2 -f cx + d = 0, 


where the coefficients 6, c, d may be any numbers. 

The first degree equation ax = b has for its solution x = - and the 

quadratic has the roots x = — ^-— • The cubic also has 

a formula for its roots, but it is quite complicated and we shall not 
discuss it here. This statement applies also to the fourth degree 
equation j + bx * + cx ’ + dx + e = 0. 


For a long time mathematicians attempted to discover an alge¬ 
braic formula giving the roots of the general equation of the fifth 
degree x * + hx < + cx 3 + + ex + / - 0, 

but in 1824, at the age of twenty-two, Abel, the great Norwegian 
mathematician, demonstrated that this could not be done. Nor can 
it be done for the general equations of higher degree than the fifth. 

The preceding remarks are not to be taken to mean that we cannot 
solve equations of higher degree than the fourth. It means merely 
that we have no formula into which we may substitute the coeffi¬ 
cients of the general equation of the given degree (higher than 4) to 
obtain the roots. For equations of various specialized types this is 
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possible; for example, in the case of x" - a = 0. Moreover we do 
have methods of finding the numerical values of the roots of any 
equation to as many decimal places as we wish. We shall illustrate 
the solution of only those equations of higher degree for which the 
roots are easily found either by inspection or by trial and error. 

Example 1. To solve the cubic equation x’ - x = 0 we attemDt 
to factor the left-hand side. This can be done and we obtain 

x(x - 1) (x + 1) = o. 

We see that any one of the values, 0 , 1, - 1, substituted for x makes 
the product zero. Hence these are the roots. We also could have 
solved this equation by substituting values for x directly into 
x - X - 0 until we found those which satisfy the ecfhation. 

Example 2. To solve x 4 - 2 x* - x* + 2 x = 0, we substitute 
values of x to find those which satisfy the equation. Since x occurs 
in every term on the left side, the value x = 0 makes every term 
zero, and this is certainly one root. By substituting 1 for x we 
obtain 1 - 2 - 1 + 2 - 0, or 0 = 0. Hence x = 1 is another 
root. By the same process we find that x = - 1, and x = 2 are also 
roots. We might have proceeded instead as follows; 

x 4 - 2 x*-x' + 2x = (x 4 -2x*) - (x* - 2x) 

= x* (x - 2 ) - x (x - 2) 

= (x - 2) (x* - x) 

= x (x s - 1) (x - 2) 

= x (x - 1 ) (x + 1) (x - 2). 

The equation is written in factored form thus: 


x (x - 1) (x + 1) (x - 2) = 0. 

From this form of the equation we again see that the roots are 0, 1, 
— 1, 2. Since this method depends upon factoring, it would not 
have succeeded if one or more coefficients had been different. 

We have already seen that first degree equations have exactly 
one root and second degree equations exactly two. The student 
may be wondering if every equation of the third degree has three 
roots; if every one of the fourth degree has four roots; and, if so, 
whether every algebraic equation has roots equal in number to its 
degree. The answer is that an equation of degree n has exactly n 
roots. Although we shall not prove this theorem, we may state 
a fact on which the proof depends; namely, that every equation 
of degree n can be written as a product of n factors which is set 



equal to 0, just as the fourth degree equation x — 2 x * 

2 x = 0 of example 2 can be written as x (x — 1) (x + 1) • 

Each factor of the equation of degree n gives rise to a value o x 
which makes the product zero. 

Example 3. Consider the sixth degree equation x* — 1 = °* 
We see that 1 and — 1 are roots by substituting them in the equation. 
Trial will not reveal any other real roots. This is not inconsisten 
with the theorem of the last paragraph since this theorem states 
only that there are six roots in all, but they are not necessarily 
distinct, nor must they be all real. Either 1 or — 1, or both, 
must be a repeated root, that is, (x — 1) or (x + 1) must be re¬ 
peated factors, or else, as indeed turns out to be the case, the remain¬ 
ing four roots are imaginary. It is thus interesting to note that 
such a general theorem as that stated .in example 2 could not be 
possible if imaginary numbers were not included in the number 
system. 

EXERCISES 

1. Are the numbers 3, —2, 1 roots of the equation 2 x 3 — 3 x 2 - 7 z + 8 
= 0? Find a root by inspection. 

2. Find all the roots of x 3 —1=0. (Hint: x 3 — 1 = (x — l)(x 2 + x+ 1).) 
The roots of this equation arc the cube roots of 1. 

3. How many roots has the equation x 5 — 32 = 0? Find one. 


13. First Degree Equations in Two Unknowns. Thus far we 
have confined our attention to equations in one unknown. But 
it is often more convenient to introduce two or more unknowns, 
and to express the quantities in the given situation by algebraic 
expressions involving both of these unknowns. The equations which 
result are commonly polynomials in two unknowns set equal to zero, 
just as our equations in one unknown were polynomials in one un¬ 
known set equal to zero. Examples of equations in two unknowns 
are 3 x + 2 y - 5 = 0, x 2 -f y 2 - 1 =0, and xy - 3 y + 7 = 0. 

We shall consider in this article problems involving the solutions 
of equations of the first degree in two unknowns. An example of 
such an equation is 3 x + 2 y — 5 = 0. The other equations given 
above are of higher degree. 

Suppose a particular problem led us to the equation 3 x + 2 y 
= 0. In accordance with the definition in article 8 a solution of 
such an equation consists of two numbers such that when one of 
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them is substituted for x and the other for y, the left-hand side of 
the equation will be zero. Clearly, x = 2, y = - 3 is a solution; 
*V = -s ™ another; and we can write down as many solu¬ 
tions as we please. But to have an unlimited number of solutions 
is sometimes almost as bad as to have none at all. Which solution 
should be applied to the problem? We cannot answer this unless 
we have more information about the unknowns. Thus, if we 
know that the unknowns must also satisfy the equation x - y = 3 
we can find definite values for them. There are exceptional cases in 
which solutions cannot be found satisfying each of two first degree 
equations in two unknowns, but ordinarily there can be found 
exactly one pair of numbers which constitutes a solution common to 
both. This would be the answer to the problem. The method of 
finding that solution is best shown by an example. 

Example 1. Find the common solution of the two equations 
2 x + 3 y = 5 and 4z + j + 6 = 0. 

Solution. We first write our equations thus: 

2 x + 3 y = 5 

4 x + y = -6. W 

Now we multiply the second equation by 3 and have 

2x + 3 y = 5 

12x + 3 y = -18. 

Subtract the second equation from the first. The result will be an 
equality by the axiom relating to subtracting equals from equals. 

““ . -10*- 23, 

10 x = -23, 
x = -H- 

To find the value of y, we multiply the first of equations (1) by 2 

“ dsel 4x + Gy — 10 

4x-f y = —6. 

Again we subtract the second equation from the first and obtain 

5y = 16, 

V -¥• 

The common solution of both equations, therefore, is x = — 

If = ¥■ 

The method of solving we have used may be put in words as fol¬ 
lows: By multiplying either or both of the given equations by proper 
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constants, make the coefficients of x (or of y) alike in both equations. 
Subtract the second equation from the first. This eliminates one 
unknown and the resulting equation can be solved for the other 
unknown. Then solve for the unknown not yet found by a similar 
procedure, reversing the roles of the unknowns. A procedure 
that is often more convenient in solving for the value of the second 
unknown is to substitute the value found for the first unknown into 
either of the given equations. 

Example 2. The following information is available from the 
annual report of a company. The book value of its common and 
preferred stock is $30,000; the market value is $20,000. If the 
market value, per share, of common and preferred is $20 and $120, 
respectively, and the book value $50 and $100, respectively, find the 
number of common and preferred shares issued. 

the number of common shares issued, 
the number of preferred shares issued. 

20 x = the market value of all common shares, 

120 y = the market value of all preferred shares. 
20,000 = the market value of all shares. 

20 x + 120 y. 

the book value of all common shares, 

100 y = the book value of all preferred shares, 
the book value of all shares. 

50 x + 100 y. 

We may simplify these equations by dividing both members of 
the first equation by 20, and dividing both members of the second 
equation by 50. Then the two equations which must be satisfied 
by the same pair of values are 

x + 6 y = 1000 
x + 2y = 600. 

Subtracting, we have 4 y = 400. 

Hence y = 100. 

To find x, let us substitute the value of y just found in the second 
equation. Thus 

x + 200 = 600, 

or x = 400. 

Hence, we conclude that 100 shares of preferred stock and 400 shares 
of common stock were issued. 


Solution . 

Let x 

and 

y 

Then 

20 x 

and 

120 y 

But 

20,000 

Therefore 

20,000 

Likewise 

50 x 

and 

100 y 

But 

30,000 

Therefore 

30,000 
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EXERCISES 

l^Kolr 118 StatC Wha * your unknowns stand for, and what the terms 
ana members m your equation mean: 

1. A man has $35,000 invested, part at 3*% and the rest at 4% The 
total income from these investments is $1300. Find the amount in¬ 
vested at each rate. 

2. In a certain determination of the temperature of the sun, the Fahren¬ 
heit reading was 5500 more than the Centigrade reading. The rela- 
Uon between Fahrenhe't and Centigrade temperatures is F = | C + 32 
Fmd the Fahrenheit and Centigrade readings. 

3 . A grocer has tea selling at 65 cents a pound and tea selling at 45 
cents a pouncL How many pounds of each should he use to form a 
mixture of 100 pounds to sell at 53 cents a pound? Ans 40 lbs of 
65-cent tea, 60 lbs. of 45-cent tea. 

4. A crew, which can row at the rate of 12 miles per hour downstream 
with the current aidmg it, finds that it takes twice as long to row a 
given distance up the river as it does to row the same distance down¬ 
stream. Find the rate of the stream. Ans. 3 miles per hour. 

6 . If a man’s rate of rowing in still water is twice the rate of a given 
stream and it takes him 6| hours to row 10 miles upstream and 10 
miles back again, find the rate of the stream and the man’s rate in 
still water. Suppose there were no current in the stream and the 
man rowed at his usual rate up 10 miles and back, would he take 
more or less time than under the original circumstances? Justify 
your answer. J 

6. A 10-gallon mixture of 45% alcohol is to be made from one of 95% 
alcohol and another of 15% alcohol. How many gallons of each will 
be required to make the desired mixture? 

7. How much milk containing 3% butter fat and cream containing 30% 
butter fat must be mixed together to make 1000 pounds of milk con¬ 
taining 5% butter fat? 

8. How many grams of bread and butter, respectively, are required to 
supply 82 grams of protein and 90 grams of fat if the percentages 
present in a gram of each food are as follows: 



Protein 

Fat 

Bread 

8 

1 

Butter 

2 

80 


Ans. 1000 grams of bread, 100 grams of butter. 

9. A marksman fires at a target 610 yards distant. He hears the bullet 
strike four seconds after he fires. An observer 500 yards from the 
target and 300 yards from the marksman hears the bullet strike three 
seconds after he hears the report of the rifle. Find the velocity of 
sound and the velocity of the bullet. Ans. 410 yds./sec., 243 
yds./sec. 







14. Two Comments on the Algebraic Equation. The presen 
discussion of the algebraic equation will be brought to a c ose 
with two remarks which may help to throw light on what we 
have been doing. The first has to do with the distinction be¬ 
tween an equation and an identity. Some equations in algebra 
are satisfied by all values of the unknowns. Examples of these are 
(2 + l) 2 = x 2 -f 2 x + 1 and (x + 1) (x - 1) = x 2 - 1. In each 
case the expression of the right-hand side of the equation is simply a 
different way of writing the expression on the left-hand side. r l here 
is only a difference of form. Both sides are equal for whatever value 
we substitute for x. Such equations are called identities. Often 
they are indicated by the use of the symbol = instead of =. An 
equation which is not an identity is called a conditional equation. 
Examples of conditional equations are 2 x — 6 = 0, x + 7 x + 
12 = 0, 3x - 2 y = 0. Each of these is satisfied only by special 
values of the unknowns, even though, in the case of the last equa¬ 
tion, there is an unlimited number of such special values. We 
could not expect, however, that any pair of values of x and y , chosen 
at random, would satisfy the equation. 

Secondly, let us observe carefully an important fact about the 
application of the algebraic equation to problems. In those cases 
to which it is applied, we have a physical situation involving 
some known and some unknown physical quantities. The equa¬ 
tion we set up from that physical situation is a relation among 
the numerical values involved and not a relation among the physi¬ 
cal quantities. The equation states that two numerical values 
are equal. Thus the equation deals with only one aspect of the 
situation — the quantitative one. A similar point was made in 
Chapter II, article 14, in connection with the use of numbers in 
simple arithmetical work. Furthermore, the equation may be 
satisfied by values which are not admissible as solutions of the 
problem from which the equation arose. This fact was exemplified 
by several of the examples and exercises in article 11, in which 
problems gave rise to quadratic equations. 

15. Summary. In this chapter we observed how the familiar 
methods of operating with numbers are justified by positional 
notation. We then saw how algebraic expressions, built up from 
numbers and letters, arise as a generalization of the notion of a 
number written in its expanded power form. Among these alge¬ 
braic expressions the most important is the polynomial. We 
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leaned how to operate with polynomials, and were then able to 

nrohf bra,C ^ m S ° lviDg problems ' We found that many 
^ to u ec I ua , tlons in one or two unknowns and that it 

The l‘ b K . ! ValueS ° f these ^knowns by simple steps. 

The algebraic methods used, namely, the use of symbols for the 

unknowns, the equation form of writing our work and the axioms 
the n prob?ems Permitted C ° DC1Se ’ rapid ’ and “telligible disposition of 

Many of the ideas learned in this chapter will arise again and 
again in the following chapters, even when the subject under dis¬ 
cussion is not algebra. The reason is that algebra deals with the 
fundamental operations of addition, subtraction, multiplication 
division, raising to powers and extraction of roots, and hence it is 
the basis of all work with number, even though our numbers often 
appear disguised as algebraic expressions. 


REVIEW EXERCISES 

1. Explain the meaning of positional notation in the number 39 831* 

in the number 25.83. * 9 

2. What is the reason for 11 carrying’ 1 in the operation of addition? 

3. Which of the two symbols, 3215, 0 and 3215,2, represents the larger 
number quantity? Explain. 

4 * W^ 0 ? 1 W0U ^ y ° U prefcr ^ tbe base of tbe n ^mber system, 12 or 24? 

6. Explain the statement that a polynomial in one unknown is a gen¬ 
eralization of a whole number. 

6. What is the meaning of an algebraic equation? 

7. Why is an equation often a more suitable way of stating the situation 
in a given problem than verbal language? 

8 . Why is the method of solving problems by means of equations more 
powerful than the methods of arithmetic? 

9. What is meant by a solution of an equation in one unknown? 

10. What is meant by a solution of an equation in two unknowns? 

11. Does every equation of the first degree in one unknown have a solu¬ 
tion? If so, how many solutions does it have? Justify your answer. 

12. Does every equation of the second degree in one unknown have a 
solution? If so, how many solutions does it have? Justify your 
answer. 

13. Explain the statement that an equation applies only to the quanti¬ 
tative aspect of a problem. 

14. Suppose an equation which arises from a given problem has two 
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solutions. Do both solutions necessarily apply to the problem? 
Explain and illustrate. 

16. Explain the difference between a conditional equation and an 
identity. Illustrate each. 

• 
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THE USE OF EXPONENTS IN COMPUTATION 


In f 0duC ‘ i ° n ' The first P art of Chapter III contained an 

^ no n siHon«r t C t maD T ° f WritiDg aDd °P eratin 8 with numbers 
m positional notation, by expressing the numbers as sums of 

multiples of powers of ten. Writing numbers in this form clarified 
the operations with them, but it had no practical value in shorten¬ 
ing these operations or in making them easier. Indeed, the multi¬ 
plication of two numbers expressed in powers of ten was quite long 
and clumsy when the numbers contained several digits. The main 
purpose of the present chapter is the development of a method of 
writing numbers which will have great practical value in facilitat¬ 
ing the ordinarily tedious operations of multiplication and division 
To do this we start again with the consideration of powers of a 
base, but we proceed in quite a different direction from that fol¬ 
lowed in Chapter III. There we made use of different bases, 
always keeping the same exponents, namely, 1, 2, 3, and so on’ 
We now hold to the one base, 10, but consider the possibility of 
using exponents of types not heretofore allowed or even defined. 

An example will give some idea of the goal toward which we are 
aiming. We can multiply 

1000 X 10,000 


by changing each number to a power of 10 and then combining the 
powers by the first theorem of exponents. Thus, 

1000 = 10 3 , 10,000 = 10 4 , 

and hence 1000 X 10,000 = 10 3 X 10 4 = 10 7 . 

Since, by the definition of positive integral exponents, 

10 7 = 10 , 000 , 000 , 

we write 1000 X 10,000 = 10,000,000. 

This example is trivial since anyone can multiply these numbers 
mentally. However, we shall presently learn how to find the 
product of any two numbers in precisely the same simple manner 
as the above, namely, by adding two exponents. For this purpose 
we shall need some new types of exponents, which will now be 
discussed. 
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2. New Types of Exponents. In Chapter II, article 8, we learned 
that mathematicians have agreetj. to use the notation b to mean 
b • b • b • b • b. This meaning of a power with a positive integral 
exponent permitted us to prove some theorems useful for carrying 
on operations with numbers expressed as powers of a base. *or 
convenience, we repeat the 

Theorems: If b and c are any numbers , and m and n are positive 
integers , then 


I. b' 
I la. b' 


lib. b m - 



if m > n, 
if n > m, 


,mn 


III. ( b m ) n = b' 

IV. • (bc) m = b m • c m . 

The theorems just stated were proved in Chapter III, article 2. 
But mathematicians, like scientists, want their theorems to cover 
as many situations as possible. The theorems on exponents would 
be more general if m and n, instead of being restricted to positive 
integers only, could be any rational numbers. That is, we would 
like to be able to say, for example, that 

5° X 5 2 = 5 0+2 = 5 2 , 

5“ 2 X 5 a = 5“ 2 + j = 5 l , 

5* X5* = + * = 5 1 . 


But these statements are meaningless at present because we have 
not given definitions for 5°, 5“ 2 , 5*, and 5», and if we assign mean¬ 
ings to them by giving them definitions, we do not know that we 
can apply to them the theorems that have been derived for positive 
integral exponents. We might be tempted to interpret 5 -2 as the 
product consisting of — 2 factors each of which is 5, just as we 
interpret 5 2 as the product of 2 factors each of which is 5. But 
the idea of a negative number of factors is absurd. Similar at¬ 
tempts to interpret 5° and 5* would also lead to absurd statements. 

Since these symbols 5°, 5“ 2 , 5*, and 5' have had no meaning 
given to them by any definitions up to this point, we are at liberty 
to give them any meanings which we think will prove convenient. 
Therefore, let us recall that we would like the first statement above 
to be true; that is, we would like to be able to multiply 5° by 5 2 and 
get 5 2 . If this is to be the case, 5° must be defined so that it is equal 
to 1. That is, let us define 5° to mean the number 1. Similarly, let 
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us agree that 2°, (£)°, (- 4)°, and any number to the zero power 
means the number 1. Thus we make the following general 
Definition I: For any value of b, b° is defined to be equal to 1. 
Next, let us decide what definition to choose for an expression 
with a fractional exponent. If the first theorem on exponents is 
to apply, we must have, for example, 

5* X 5» = 5i+i = 5‘. 

5* X 5* X 5* = 5» + » + * = 5‘. 

5? X 5* X 5* = 5» + i + i = 5*. 

Since the number which multiplied by itself produces 5 is the 
square root of 5, a general definition of fractional exponents should 
be such that /- 

5* = V5. 

Similarly, the definition should be such that 

and that 5* = v / 5*. 

These statements are satisfied if we make the 

Definition II: If b is any number and m and n are positive integers , 
b m/n is defined to be the principal value of 
By the principal value of a root is meant the following: If p is posi¬ 
tive, the principal value of y/p is the positive real value associated 
with this symbol; thus the principal value of v'Tfi is 2, although 
there are three oth er n umbe rs wh ose fourth powers are equal to 
16, namely, — 2, V— 4, —V — 4. If p is negative and n is odd 
the principal value of y/p is the n egativ e number associated with this 
symbol, or in other words — V 4 — p; for example, V / — 8 = — 2, 
which is the same thing as — y/%. If p is negative and n is even, 
y/p is imaginary, and in this case any value of y/p may be taken 
as the principal value. In most of the work in this book, p will 
be positive, and hence p I/n , which equals \/p according to Defini¬ 
tion II, will be positive. 

By definition II, we have for example, 

8* = = ^64 = 4. 

45 = ^ 4 * = = 8 . 

6* = W = ^36. 

4* = y/4 = 2. 

(- 27)1 = 27 = —'V / 27 = -3. 
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Definition II has been made in such a way that the first theorem 
on exponents applies to fractional exponents. Hence we may write 

6 * = 6 * • bK 

Then since 65 = v^, 

we have 6 * = \^b • v / 6 

= (<my. 

Similarly we could show that 

b m/ " = (V5) m . 

Therefore, from definition II, 

VS* = ( S'S)". 

For example, 

v'F = (v'lj) = 2* = 4. 

Finally, let us decide upon a definition for an expression with a 
negative exponent. If we wish the first theorem on exponents to 
apply in the case of the product 5 “ 2 X 5 2 , we must have 

5 ~ 2 X 5 2 = 5 " 2 + 2 = 5°. 

But 5° = 1 by definition I. Hence, if we want the first theorem on 
exponents to apply in this case, we must have 

5" 2 X 5 2 = 1. 

That is, 5 2 must be the number which, when multiplied by 5 2 , 

produces 1. Since -j is the number which does this, it will be 

^ 1 
necessary to define a negative power in such a way that 5 “ 2 = - 3 » 

5 

if we wish the first theorem on exponents to hold. Thus we state 

Definition III . If b is any number other than 0, and n is a positive 
rational number , 

b n 

We have required 6 to be different from 0 in order to avoid the 
meaningless expression -• The following examples of negative 
powers may help to make the definition clear. 

2- * I. 


2--UI. 
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4-1 = 1 = J__ 1. 
4i V4~2 



3’ 


The definitions given above, together with the definition in 
Chapter II, article 8, assign meanings to every kind of expression 
involving a rational number as an exponent, with the one obvious 
restriction upon the number to which the exponent can be applied 
which was mentioned in definition III. The discussion leading to 
these definitions tells us immediately that theorem I on positive 
integral exponents also holds for all rational exponents. It would 
not be difficult to supply detailed proofs that each of the other the¬ 
orems of Chapter III, article 2, applies to all rational exponents. 

It may be recalled from Chapter II that the operations of mul¬ 
tiplication and division by the same numbers counteract each 
other. This fact can now be stated in a new way by means of 
negative exponents, as follows: 

a ■ b + b = a ■ b l • 6 -1 = a • h° = a. 

In the same way the operation of raising a number to the nth 
power and that of extracting the nth root offset each other. 
This fact is brought out clearly by means of fractional exponents 
as follows: 

0^ = a"'" = a. 


Example 1. Compute 2 X 2 
Solution. 


-i 


2~ 1 X 2“* = + by theorem I, 


-4 


= 2 

= by definition III, 
2 


= — i by the definition of Chapter II, 
lb article 8. 


Example 2. Compute 5* X 5 ? X 5°. 

Solution. 5* X 5* X 5° = 5* + * + 0 = 5 1 = 5, by theorem I. 

2 x 9 y 

2-W 


Example 3. Simplify 


by removing negative exponents. 
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Solution. 


2 x*y 


2- l x -y 


2 z*y 


1 1 

2 * x 2 
2 x'y 

JL 

2 x 2 
2 x'y 


, by definition III, 


by the definition of the product 
of fractions, 

2 x* 

—by the definition of the quo- 
^ tient of fractions, 


= 2 x'y • 2 x 2 y 2 , by definition III, 
= 2 2 • x b y~ l , by theorem I, 


2 2 -x 6 

2/ 


, by definition III. 


EXERCISES 

1. What is the meaning of 5“ 2 , (J)°, 5*, 8 "*, (-27)*? 

2. On what definitions do the meanings of the expressions of exercise 1 
depend? 

3. Compute the values of the following, stating what definition or 
theorem is used in each step: 

(d) 16* 

(h) ——i 
(32)* 


4. Simplify by removing zero and negative exponents: 

(a) 2 a " 2 (b) 3 z “ 2 (c) (3x )" 2 

K 0-—1 

(<*) ^=T (e) *-'b*c-* 


(a) 2 ~‘ 

(b) 4* 

(c) 8 * 

(e) (i)- J 

(f) io-' 

(g) 2 * • 8 * 

... 8 * 

W i* 

(i) (3*)* 

(k) 2 * - 3 ‘ 

W 2 - 3 . 3-2 


(f) {a"x-'y^Y 


(g ) - 4 *y 

3 V 1 


6 . Replace the radicals by fractional exponents: 

(a) V2 ( 6 ) v ^ 2 (c) (^a ) 6 (d) V27 i 

6 . List the various types of powers with rational exponents and state 
the meaning of each. 


3. Scientific Notation. We shall now make use of exponents to 
express numbers which require a large number of digits when 
written in the usual form, in a way that will be found very useful 
in many computations. 
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Definition: A number is said to be expressed in scientific notation 

~ To 016 0/ a 1 W - « 

* XpreS ? 253 f 11 notation, we first move the decimal 

point two places to the left, thus bringing it between the 2 and 
the 5, giving 2 53 a number between 1 and 10. This operation is 
eqmvalent to dividing by 100 or 10’. Hence 253 is the product 
of the two factors, 2.53 and 10’, and we write 

253 = 2.53 X 10’. 

To express .000832 in scientific notation, we first move the decimal 
point four places to the nght, thus bringing it between the 8 and 
the 3, giving 8.32. This operation is equivalent to multiolvinv 
.000832 by 10000, or 10 4 , or, what amounts to the same thing^ by 
dividing by .0001 or lO"*. Hence .000832 is the product of two 
factors, 8.32 and 10 , and we write 


.000832= 8.32 • 1(T\ 

The procedure for writing a number in scientific notation mav 
be described by J 

Rule I: To write in scientific notation a number which is given in 
ordinary positional notation: (1) Move the decimal point to the posi¬ 
tion immediately to the right of the first digit which is not 0 (read¬ 
ing from left to right), thus obtaining a number which lies between 
1 and 10; (2) Multiply this number by 10 with an exponent numeri¬ 
cally equal to the number of places the decimal point has been moved, 
making the exponent positive if the decimal point has been moved to 
the left and negative if it has been moved to the right. 

If a number is in scientific notation and we wish to change it to 
the ordinary form, we may follow 

Rule II: To express in ordinary positional notation the number 
which in scientific notation is M ■ 10", where M is between 1 and 10, 
and n is a positive integer, move the decimal point n places to the right 
in M. If the given number is M ■ 10 - ", where M is between 1 and 10, 
and — n is a negative integer, move the decimal point n places to the 
left in M. 

There are two reasons for writing numbers in scientific notation. 
First, it is more concise to write a- number in scientific notation 
than in positional notation if in the latter notation there are many 
zero digits at either end of the expression. Second, multiplication 
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and division of numbers written in scientific form can be simplified 
by making use of the theorems on exponents. The following exer¬ 
cises will illustrate the first of these statements and will provide 
practice in changing numbers from one form to the other. The use 
of scientific notation in multiplication and division will be illustrated 
in the exercises at the end of article 4. ' 




EXERCISES 

1. Express the magnitude given in each of the following in scientific 

notation: 

(a) The number of atoms in 1.008 grams of hydrogen is supposed to 
be 606,000,000,000,000,000,000,000. 

(b) An estimated age of the earth is 694,000,000,000 days. 

(c) The distance light travels in a year is approximately 5,870,000,- 
000,000 miles. (This distance is called a light-year.) 

(d) The diameter of the Einstein universe according to the theory of 
relativity is 2,000,000,000 light-years. 

(e) The distance of the earth from the sun is approximately 
149,000,000 kilometers. 

(f) The distance of the moon from the earth is approximately 
240,000 miles. 

(g) rhe diameter of the smallest visible particle is approximately 
.005 centimeters. 

(h) The thickness of an oil film is about .000,000,5 centimeters. 

(i) The diameter of the orbit of an electron of a hydrogen atom 
is supposed to be .000,000,000,53 millimeters. 

(j) The mass of a water molecule is supposed to be .000,000,000,000,- 
000,000,000,03 grams. 

2. Express the magnitude in each of the following in positional notation : 

(a) 1 he radius of the sun is approximately 6.9 X 10 5 kilometers. 

(b) The radius of the star Betelgcuse is approximately 1.12 X 10 8 
miles. 

. (c) The speed of the earth in its orbit is approximately 9.768 X 10 4 
feet per second. 

(d) The mass of the earth is approximately 6.6 X 10 21 tons. 

(e) The greatest rate of plant growth is approximately 3 X 10“ 2 
millimeters per second. 

(f) The diameter of the average red blood corpuscle is 8 X 10“ 5 
centimeters. 

(g) The length of time that a motion-picture image is on the screen 
is approximately 6.4 X 10“ 2 seconds. 

(h) The speed of the planet Mercury in its orbit is approximately 
2.76 X 10 4 kilometers per second. 
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4 Estimation of Error in Calculations. For convenience, when 
great accuracy is not required, quantities are often expressed in 
round numbers which means that some of the digits on the 
right-hand end of the number have been replaced by zeros. For 

CXa Z P n e ’ T so “ etlmes P ve th e length of the diameter of the earth 
as 8000 miles. If a more accurate figure is required we may use 7900, 
and if still greater accuracy is desired we may use 7930, or 7927. We 
say that the length of the diameter of the earth is 8000 miles to the 
nearest thousand miles, 7900 miles to the nearest hundred miles, 
7930 miles to the nearest ten miles, and 7927 miles to the nearest 

^ n e ...J hUS , aCCU 1 ra i cy ™ th wh ich we express this particular 
quantity is determined by the number of non-zero digits in it 

Tins manner of indicating the accuracy of a numerical expression 
is made more precise by means of the idea of significant figures, 
which can be defined as follows: 


DcfimUon; The significant figures in a given number consist of 
( }) f ™n-zero digits, (2) all zero digits lying between non-zero 
digits, (3) zeros placed at the immediate right of the non-zero digits , 
if so specified. 


In each of the following numbers the significant figures are 
those beneath the bar: 32,000, .000051, 500.02, 4030. The final 
zero in the last number could be significant if so stated, as could 
also one or more of the zeros in 32,000. 

Those digits specified in the definition are called significant 
figures because of their special meaning in a number which repre¬ 
sents a measured quantity. Such a number is necessarily a round 
number since it is impossible to measure any quantity with com¬ 
plete accuracy, and hence some digits (often at the right of the 
decimal point) are assumed to be zeros, although they would be dif¬ 
ferent from zero if the value were exact. For one measurement to be 
expressed more accurately than another it is necessary that more 
digits be determined in the one than in the other. Thus 7930 
represents the number of miles in the diameter of the earth more 
accurately than does 7900, since it gives the distance to the nearest 
ten miles while the second figure gives this distance only to the 
nearest hundred miles. The error in 7930 is not greater than 5, 
for if it were we should have written 7920 or 7940 instead of 793o! 
The error in 7900 may be any amount up to 50. It can happen, 
however, that a length is nearer 700 miles, for example, than to 
710 miles or to 690 miles. In this case it should be stated that 



ART. 41 


ESTIMATION OF ERROR 


107 


700 miles represents the length to the nearest ten miles rather 
than to the nearest hundred miles, as would be indicated by the 
number 700 if nothing further were said about it. The first of the 
two zeros at the right end of the number would here be considered 
significant. From this discussion it is seen that we have defined 
as significant figures precisely those digits which are determined 
by measurement. 

When considering the error in a measured quantity, that which is 
important is usually the relative error, rather than the amount 
of error. By relative error we mean the ratio of the amount of 
error to the true value of the quantity measured. This is often 
expressed by a percentage and is then called the percentage of error. 
Thus, suppose a length is found to be 3200 feet, with accuracy to two 
significant figures. If this length is really 3240 feet, the error is 

40 feet while the relative error is » or —» and the percentage of 

3240 81 

error is about \\%. Suppose another length is found to be .32 
feet to two significant figures and that this length is actually 
.324. In this case the amount of error is .004 feet, but the relative 

error is * or — > as before. In these two examples there is agree- 

ment in the significant figures of the measurements, the true values, 
and the errors respectively, leading to the same relative errors in 
the two cases. From the fact that the decimal point appears in 
different places in the two examples, it is clear that the position 
of the decimal point has nothing to do with the relative error. 

The knowledge of the number of figures which are significant tells 
us the maximum relative error possible. The following table shows 
a list of measurements assumed to be accurate to two significant 
figures, maximum errors which cannot be more than 5 in the first 
digit after the two significant figures, and maximum relative errors. 
The maximum relative error is found by dividing the maximum 
error by the measurement minus the maximum error, that is, 


max. rel. error = 


max, error _ 

measurement — max. error 


The reason for subtracting the maximum error from the measure¬ 
ment is that this gives the smallest value possible for the true 
value, and since this quantity appears in the denominator, the 
relative error is thereby made as great as possible. 
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Measurement 
(Accurate to 
Two Signifi¬ 
cant Figures) 

83000 

10000 

.0011 

2.3 

0.99 


Max. Error 
(5 in Third 
Figure) 


Maximum Relative Error 



500 


83000 - 500 
500 

10000 - 500 
.00005 

.0011 - .00005 


g 25 ~ approximately. 
= 5.3%, approximately. 


.00005 


5 

105 


.00105 
= 4.8%, approximately. 

2^25 = 225 = 2,2 °? 0 ' a PP roxima tely 
.005 5 

1)85 " 985 ~ a PP roxima tely. 


When numbers representing measurements — and hence accurate 
to a stated number of significant figures — are used in calculation, 
the results may contain more non-zero digits than appeared in 
the given measurements. It is a natural question whether these 
additional digits should be retained or rounded off, that is, re¬ 
placed by zeros. In general we have no right to expect that the 
relative error will be less in a calculated result than it is in the 
least accurate of the numbers used in the calculation, and hence 
it is reasonable to round off final results to the smallest number 
of significant figures in any of the given data. There are some 
obvious exceptions to this rule, such as 28430 + 3 = 28433, which 
is clearly accurate to at least three significant figures. 

It is often necessary to consider significant figures in connection 
with scientific notation, since the digits used in the coefficient of 
the power of 10 in the scientific notation are precisely the significant 
figures of the number. This is the case even when one or more 
zeros at the right of the non-zero digits are significant. ' These 
zeros should appear in the coefficient of the power of 10 if, and only 
if, they are significant; hence their inclusion in this coefficient will 
show that they are significant without further statement. For 
example, if the number 94200 is accurate to four significant figures, 
its form in scientific notation is 9.420 X 10 4 . 

The following examples and exercises illustrate the rounding of 
results to the number of significant figures which may be expected 
to be accurate. They also illustrate the advantages of scientific 
notation in computation which were mentioned in article 3. 
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Example 1. The distance of the earth from the sun is approxi¬ 
mately 93,000,000 miles. If light travels 186,000 miles per second, 
how many minutes are required for the light of the sun to reac 
the earth? 

Solution. Expressed in scientific notation, the number ot mile 
from the earth to the sun is 9.3 X 10 7 , and the number of miles 
which light travels in a second is 1.86 X 10 6 . Therefore the num¬ 
ber of seconds required for the light of the sun to reach the earth is 

9.3 X 10 7 
1.86 X 10 6 ’ 

which is equal to 5 X 10 2 , or 500, in which the first two figures are 
significant. Hence the number of minutes required for the light 
of the sun to reach the earth is 


500 

60 


8.3 to two significant figures. 


Example 2. In exercise 1 (g) of article 3, it is stated that the 
diameter of the smallest visible particle is .005 centimeters. As¬ 
suming such a particle to be spherical, find its volume. 


Solution. Since the number of centimeters in the diameter is 


.005 or 5 X 10 3 , the radius is 


5 X 10 


-3 


cm. Using the formula for 


the volume of a sphere, V 


- 7 r r 3 , and putting ir 
3 


Volume in cubic cm. 


- X 3.14 X 

o 



3.14, we write 


4 X 3.14 X 5* X 10~ 9 = 3.14 X 125 X 10~ a 

3X2’ 3X2 

1.57 X 1.25 X 10* X 10~ a 1.9625 X 10 -7 

3 


= .6542 X 10 -7 = 6.542 X 10~ 8 


= 7 X 10 8 , to one significant figure. 


3 
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EXERCISES 

1. If light travels 1 86 x 10» miles per second, find how far it travels 
m one year of 365 days. The result is the distance known as a light- 
cXtinn* 1 13 “ he Un,t of distance ‘n many astronomical cal- 

2^-JSJSS. 1 (c) ’ “*“• 30 5 - 87 * 10,2 mi,es - 

2. The diameter of the universe, according to the conception of the 

Tz*;:'z h< ™ 

3 ' 0f th . e T.v 4 33 ? 108 mUes - If the a »n were hollowed 

out and the center of the earth were placed at the center of the sun, 

with the moon revolving in its orbit 2.4 X 10* miles from the center 
of the earthy would the moon be within or outside of the surface of 
the sun.' How far would it be from the surface of the sun? 

4 . The radius of the giant star Antares (in the constellation of Scorpio) 
is 2.1 X 10 miles. Suppose this star were hollowed out and our 
sun were placed at its center with the earth revolving in its orbit 
9.3 X 10 miles from the center of the sun. If a circle one inch in 
radius represents Antares, compute the radius of another circle repre¬ 
senting the orbit of the earth, and draw these circles with the same 
center. 


6. The star Betelgeuse is approximately 1.59 X 10 18 miles from the 
earth. Find how many years it takes light from Betelguese to reach 
us. Ans. 270, to two significant figures. 

6. 1 he star Arcturus is 38 light-years away. How many miles is this? 

7. The star nearest to us is about 2.45 X 10 13 miles away. Find how 
Jong it takes light to reach us from this star. 

8 . The speed of sound in water Is 1.46 X 10 s cm. per sec. If it takes a 
sound 2.00 X 10 2 seconds to travel from the surface of a body of water 
to the bottom and back, how deep is the water? Ans. 1460 cm., 
to three significant figures. 

9 . The diameter of a hydrogen molecule is 5.8 X 10“ 8 cm. If it were 
possible to place 10,000,000 hydrogen molecules in a single row just 
touching each other, how long would this row be? 

10 . How many molecules are there in one pound of pure cane sugar if 
one molecule weighs 5.7 X 10" 22 gm.? Use the relation 1000 gm. = 
2.2 pounds. Ans. 8.0 X 10 23 molecules, to two significant figures. 

11 . What is the maximum relative error in using 186,000 miles per second 

. as the speed of light, if it is known that this figure is accurate to the 

nearest 1000? 

12. The radius of the sun is given in exercise 3 as 4.33 X 10 B miles. If a 
closer measurement of 4.3225 X 10 5 miles is accepted as the true 
value, what is the relative error made in using 4.33 X 10 5 miles? 
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5 . Logarithms. It is observed that theorems on exponents 
simplify calculations when numbers are written in scientific no¬ 
tation. Thus the product of (3.4 X 10 6 ) X (2.2 X 10 2 ) is 
3.4 X 2.2 X 10 7 ; but we still have to multiply 3.4 X 2.2 by the 
usual process, obtaining 7.5 to two significant figures. The com¬ 
plete product is 7.5 X 10 7 . It would be much easier if we could 
express 3.4 as a power of ten, and 2.2 as a power of ten, and then 
merely add all of the exponents together, obtaining a single power 
of ten as a result. This would be especially helpful in the multipli¬ 
cation of numbers with several significant figures, with which the 
usual multiplication is quite long, and even more helpful in find¬ 
ing the product of several factors, for then a large number of 
exponents could be added in one operation, while the product of 
several factors has to be found by multiplying by one factor at a 
time. 

This end can be realized by means of logarithms, which will be 
explained in this article. John Napier (1550-1G17), a Scottish 
theologian, first invented a system of logarithms and published it 
at a time when it was very useful to such men as Kepler and Galileo 
in the laborious computations of their astronomical work. Loga¬ 
rithms are studied chiefly because their use affords great savings in 
the time and labor needed for computations. Moreover, instru¬ 
ments for rapid calculation — notably the slide rule — are based 
upon logarithms, and hence the use of these instruments can be 
understood better if logarithms are studied. 

Since the purpose of the following discussion is the development 
of a means of simplifying calculation, only positive numbers will 
be considered. This will be sufficient for all needs, for when we 
have to work with negative numbers we always calculate with 
positive numbers and adjust the sign according to the well-known 
rules stated in Chapter II. 

Suppose we agree, first of all, to write every number in scientific 
notation. Thus 501,000 is written 5.01 X 10 6 . Now if by some 
method we found that 5.01 = 10' 7 (10‘ 7 = 10 T ^), we could write 
5.01 X 10 6 = 10‘ 7 X 10 6 = 10 5 7 . As a second example, consider 
the number .000631. In scientific notation this number is expressed 
6.31 X 10 ” 4 . If we had some way of finding that 6.31 = 10' 8 , we 
could write 6.31 X 10“ 4 = 10' 8 X 10“ 4 = 10‘ 8 “\ In a similar way 
we could write any number as a single power of ten if we could 
express numbers between one and ten in that form. If the powers 
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as IZr ab ° Ve are COrreCt ’ we can mult »ply 501,000 X .000631 
501,000 X .000631 = 10 s ' 7 X lO’ 8-4 


10 


, 6.7 + .8 — 4 


10 


, 6 . 6-4 


= 10 7 ' 6 
= 10- 6 X 10 7 


Now i f we have a way of determining the value of 10 ‘, we shall be 
able to write the product in scientific notation and hence we can 
write it in the usual positional form. Since .5 = £, 10 6 = iol = 

V10 and it can be easily verified that VlO i s 3.16 to three signifi¬ 
cant figures. Thus 


501,000 X .000631 = 3.16 X 10 7 

= 316. 

This example shows how the operation of multiplication can 
be carried out by means of addition of exponents, provided we can 
express every number between one and ten as a power of ten. 
As a matter of fact, the exponents needed for this purpose have 
been calculated by a method which we need not discuss, and they 
are tabulated in Table I at the end of this book. In the simple 
case of 3.16 above, we are able to verify that the exponent needed is 
.5, for (3.16) 7 is approximately 10, and therefore 10 6 = \/l0 = 3.16. 
With somewhat more labor we could show that 5.01 = 10' 7 = 10>’<‘, 
by verifying that 5.01 10 = 10 7 approximately; for if this equation is 
correct, by taking the 10th root of both members of this equation 
we would have 5.01 = y/ 10 7 = 10 ^>. However, let us rely upon 
the table to give us these exponents correctly. We can find the 
correct exponent of ten for any number between one and ten, 
expressed with three significant figures, by the procedure in the 
following example. For the number 4.85 we look for the first 
two significant figures, 48, in the column at the extreme left; then 
we follow the line opposite 48 across the page until we are in the 
column headed 5. Here we find 6857; this is to be taken as .6857, 
since the decimal points both in the given number and in the ex¬ 
ponent thus found are omitted in the table. We can now state that 

4.85 = 10 


The procedure for any other number between one and ten is the 
same as in this example. Of course, if only two significant figures 
are given, we find the exponent in the column headed 0. Thus 

4.8 = 10“ 17 . 
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The reader may verify that the following are correct. ' 

1.71 = 10- 9-2 = 10£ 

8.99 = 10 9538 4 - 10 

7.03 = 10 8470 6 97 = 10 

In our work we shall deal with numbers with three significant 
figures or less and hence the procedure just described will serve 


for all cases. , , ..v _ 

We have seen in article 3 how every positive number with a 
definite number of significant figures may be written in scientific 
notation. By means of Table I, we are now able to go a step 
further and express every number of this kind as a single power o 
ten. The exponent of this power consists of two parts, a whole 
number which may be positive, negative, or zero, and a positive 


decimal. Let us now state the 

Definitions: When a number is written as a power of ten, the 
exponent of that power is called the logarithm of the number to the 
base ten. This exponent is written in two parts, consisting of a deci¬ 
mal, which is always positive and is called the mantissa of the logarithm, 
and a whole number, which is positive, negative, or zero, and is called 
the characteristic of the logarithm. 

It should always be remembered that logarithms are exponents, 
and therefore that the operations with logarithms are derived from 
the theorems on exponents. The fact that logarithms are written in 
decimal form should not make us lose sight of the fact that^they 
are fractional exponents. For example, the expression 10 is 
the same as 10 ,MM , and means the 10000th root of ten, raised to 


the 23421st power. 

From the explanation preceding the definitions, it is clear that 
there are two steps in finding the logarithm of a given number. 
First, the mantissa is found from the table. Second, the char¬ 
acteristic is found by recalling that it is the exponent of the power 
of ten which appears when the number is written in scientific 
notation. The mantissa does not depend upon the position of the 
decimal point in the number, but only on the sequence of digits 
in the number, and it is the same for all numbers with the same 
significant figures. On the other hand, the characteristic depends 
only upon the position of the decimal point and not at all upon the 
particular digits in the number. If we recall the way in which 
the exponent for 10 is found when a number is expressed in scientific 
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notation^ the rule for finding the characteristic of 
be stated as follows: 


a logarithm may 


Rule I: To find the characteristic of the logarithm of a number 
count the number of places from the decimal point of the number as 
given, to the place it would occupy when the number is in scientific 
notation; if we count n places to the left the characteristic is n; if we 
count n places to the right the characteristic is - n. 

Thus for 3720 the characteristic is 3, because we would have to 
move the decimal point from its place after 0 to the place between 
3 and 7. For, in scientific notation, 3720 = 3.720 X 10 8 . Since 
the mantissa is .5705, the logarithm of 3720 is 3.5705. 

For .00692 the characteristic is - 3, because we would have to 
move the decimal point from its position before the first zero to the 
place between 6 and 9. In scientific notation .00692 = 6.92 X 10 “ 8 . 
When the logarithm of a number has a negative characteristic^ 
to avoid confusion, the characteristic is written after the man¬ 
tissa; for example, the logarithm of .00692 is .8401 - 3. It should 
be noted that .8401 — 3 is not equal to — 3.8401, for — 3.8401 
means — 3 — .8401, whereas .8401 — 3 is equal to — 3 + .8401. 

When working with logarithms we shall have occasion to find 
the number having a given logarithm. This number is called the 
antilogarithm of the given logarithm. For example, suppose some 
number has the logarithm 4.3945 and we wish to find the number. 
First we locate 3945 among the mantissas in the table. We find 
it opposite 24 and in the column headed by 8. This means that 
3945 is the mantissa of the logarithm of a number whose first three 
significant figures are 248. In other words, 10'* 946 = 2.48. But we 
are seeking for the antilogarithm of 4.3945. Since 10 4 3946 = 
10' 3945 X 10 4 , from the fact that 

10 3946 = 2.48, we have 
10 4 3945 = 2.48 X 10 4 . 


Hence, the antilogarithm of 4.3945 is 24800. 

Similarly, the antilogarithm of .3945 — 2 is 2.48 X 10“ 2 , which is 
equal to .0248. 

Summarizing the above procedure, we may write 

Rule II: To find an antilogarithm , first locate the mantissa in the 
table, thus finding the first three significant figures of the antilogarithm . 
If the characteristic is 0, place the decimal point after the first signifi¬ 
cant figure. If the characteristic is a positive integer n, place the 
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decimal point n places to the right of the position it would 

the characteristic were zero. If the characteristic is a ^ ^ 

_ place the decimal point n places to the left of the position it would 

occupy if the characteristic were zero . , . 

Often it will happen that the mantissa of the given logarithm 
is not in the table. In this case we may substitute for it the man¬ 
tissa in the table which differs least from the given mantissa. 
The error resulting from this substitution will not affect the nrs 
three significant figures and hence is of no importance in our work, 
since we have agreed to be satisfied with accuracy to three sig¬ 
nificant figures. For examples of this see Exercise 4 below. ^ 

For convenience, the words ‘‘logarithm” and “antilogarithm 
are generally abbreviated to “log” and “antilog,” respectively. 
Also for convenience we often modify the form of the characteristic 
to suit special needs. Thus, .3945 - 2 may be written in the 
form 8.3945 - 10, 18.3945 - 20, or in any other of the great variety 
of ways in which the whole number to the left of the decimal point 
minus the whole number at the end is equal to — 2. Occasionally 
it is convenient to modify a positive characteristic; for example, 
4.3945 = 14.3945 - 10. 


EXERCISES 

1. Write as powers of 10: 635, 63.5, 6.35, 63500, .0000635. 

2. Verify the following: 

(a) log 207 = 2.3160 (b) log 8500 = 3.9294 

(c) log .667 = 9.8241 - 10 (d) log 91.9 = 1.9633 

(e) log 75300 = 4.8768 (f) log .00041 = 6.6128 - 10. 

3 . Find the logarithms of the following numbers: 

(a) 4370 (b) 695 (c) .043 (d) 42 

(e) .675 (f) 6.27 (g) 42.7 (h) 9.13. 

4 . Verify the following: 

(a) antilog 1.8470 = 70.3 (b) antilog 9.9335 - 10 = .858 

(c) antilog 2.7036 = 505 (d) antilog 4.6178 = 41500 

(e) antilog 3.0240 = 1060 (f) antilog 7.3234 - 10 = .00211. 

5. Find the antilogarithms of the following: 

(a) 2.5977 (b) .5977 - 2 (c) 8.5977 - 10 

(d) 12.5977 - 10 (e) 0.3139 (f) 3.4066 

(g) 7.6070 - 10 (h) 9.7069 - 10 (i) 1.9979. 
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6 . The Use of Logarithms. We are now prepared to calculate 
by means of logarithms. The procedures adapted to different 
calculations are illustrated in the following examples: 

Example 1. Multiply 8460 by .0046. 

Solution. The logarithms of these numbers are as follows: 
log 8460 = 3.9274, that is, 8460 = 10’ ” 74 - 

log .0046 = 7.6628 - 10, that is, .0046 = io 7 - wj *-m 
F rom these statements it follows that 


8460 X .0046 = 10 s '” 74 x io 7 « 6 “- 10 
= 10 39274 + 7 - 66M “ 10 
_ jo 11 - 6902 ” 10 
= 

Hence log (8460 X .0046) = 1.5902, 

or > 8460 X .0046 = antilog 1.5902. 

Looking up antilog 1.5902 according to Rule II of article 5 we 
obtain 38.9. That is, 

8460 X .0046 = 38.9. 

I he essential steps of the above process can be written more 
compactly as follows: 


Let 

Then 

Adding, 

Therefore, 


8460 X .0046 = N. 
log 8460 = 3.9274 
log .0046 = 7.6628 - 10 . 
log iV = 11.5902 - 10 
= 1.5902. 

N = antilog 1.5902 
= 38.9. 


Naturally this compact way of arranging the work is to be pre¬ 
ferred to the longer form written above. However, the student 
should take care not to forget the real meaning of the logarithms, as 
exponents of powers of ten, as a result of this concise arrangement. 

The above example shows that the operation of multiplying one 
number by another is carried out by the addition of the logarithms 
of the factors. 


Example 2. Divide 256 by .0347. 

Solution. L T sing the table and the rule for finding characteristics, 
we have 

log 256 = 2.4082, that is, 256 = 10 2 ’ 4082 ; 

log .0347 = 8.5403 - 10, that is, .0347 = lO 86403 " 10 . 
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From these statements it follows that 

256 _ IQ*’ 4082 = 10 2.4082-(8.6403-10)^ 

.0347 iq 8 ' 6403 " 10 

The subtraction of these exponents can be performed more con 
veniently if we first write 2.4082 as 12.4082 — 10. Thus 

jq( 12.4082-10) -(8.6403 -10) = JQ3.8679 _ 73gQ. 


In practice it is more convenient to arrange 
compactly as follows: 


Let 

We have 
and 

Subtracting, 

Therefore 


.0347 

log 256 = 2.4082= 12.4082 - 10 

log .0347 = 8.5403 - 10 . 

log N = 3.8679. 

N = antiiog 3.8679 


the work more 


= 7380. 


The above example shows that the operation of dividing one 
number by another is carried out by subtracting the logarithm of 
the divisor from the logarithm of the dividend. 


Example 3. Compute (98.6) 6 . 

Solution. We find that log 98.6 = 1.9939, 

that is, 98.6 = 10 1 " 39 . 


.9.9696 


Hence (98.6) 6 = (10 1 " 39 ) 6 = 10 1 " 39 * 6 = ltf 

(by Theorem III on exponents). 
That is, log (98.6) 6 = 1.9939 X 5 = 9.9695. 

Therefore (98.6) 6 = antilog 9.9695 = 9,320,000,000. 

Written more compactly, 

log (98.6) 6 = 5 log 98.6 


= 5 (1.9939) 


= 9.9695. 

.(98.6) 6 = antilog 9.9695 
= 9,320,000,000. 

The above example shows that the operation of finding a power of 
a number is carried out by multiplying the logarithm of the number 
by the exponent of the power. 
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Example 4. Compute v^0268. 

Solution. We find that log .0268 = 8.4281 - 10. 

In other words, .0268 = iq 8,4281 "" 10 

Now by the definition of a fractional exponent, 

■y^.0268 = (.0268)1. 

Hence, from (1), v^.0268 = (10 s 4 “ ,_10 )1. 

Using Theorem III on exponents, V^.0268 = 10. t “S liJ -“ 

To evaluate this power we must divide 8.4281 - 10 by 3 This 

bv n 2 8 428? ne r re rr.f ntly if we first rc p |ace 8 - 42si -10 

by 28.4281 30, so that the negative part is evenly divisible by 3. 

1 his gives us J 

-^.0268 = 10 , ‘ iU /' ul “ = 

Thus log V''.0268 = 9.4760 - 10, 

so that V^.0268 = .299. 

The logarithmic work for this computation can be arranged 
more compactly as follows: 

log .0268 = 8.4281 - 10 

= 28.4281 - 30. 

log >^0268 = — 428 ^ ~ 30 = 9.4760 - 10. 

_ O 

^.0268 = .299. 


The above example shows that the operation of taking the nth root 
of a number is carried out logarithmically by dividing the logarithm 
of the number by n. Except in special cases, such as square root 
and cube root, we have no convenient arithmetic rules for extrac¬ 
tion of roots and hence logarithms make possible, and even quite 
easy, an operation for which we have no other simple method. 

We may summarize the work of the four examples above by 
the statement that, by means of logarithms, multiplication is con¬ 
verted into addition, division into subtraction, computing a power 
into multiplication, and computing a root into division. It is this 
conversion of a process into a simpler one that constitutes the chief 
practical value of logarithms. Also, for such processes as the ex¬ 
traction of roots or the multiplication of several factors, the time 
required is much shorter if logarithms are employed rather than 
the usual methods. One example of cube root done by ordinary 




arithmetic and by logarithms would suffice to give a proper com¬ 
parison of the two methods. In this connection, Laplace, a great 
French mathematician of the eighteenth century said, “The method 
of logarithms, by reducing to a few days the labors of many months, 
doubles, as it were, the life of the astronomer, besides freeing him 
from the errors and disgust inseparable from long calculation. 
When one considers the utility of logarithms in such common fields 
as engineering, financial calculations, astronomy, navigation, sur¬ 
veying, and statistical work, one can appreciate the practical value 
of the idea. 

A few further remarks should be made before leaving the discus¬ 
sion of logarithms. First, the mantissas which we have used are 
four place decimals. Actually, each of these is only approximately 
accurate; except for the trivial case of exact integral powers of ten, 
the actual value of every mantissa involves an infinite number of 
significant digits. By way of illustration, let us see whether it is 
possible that log 3.14 is exactly .4969, as indicated in the table. 

IfS °’ ■ 3.14 = 10-V.V,, an d (3.14) ,,,, ° = 10"*’. 


But this is readily seen to be impossible, for no positive integral 
power of 3.14 can fail to have a decimal part whose last significant 
figure is other than 4 or 6, while 10 4 * 69 equals 1 followed by 4969 
zeros. A like argument could be applied to any logarithm which is 
assumed to have an exact terminating mantissa. Although four 
place mantissas are sufficiently accurate for most purposes, larger 
tables can be used when greater accuracy is required. 

A second point to note is that the logarithm of a number has 
been defined as the exponent of the power of ten which equals that 
number. Ten was said to be the base of our logarithmic system. 
Why not use another base than ten? The answer is that the 
rules for finding the characteristic are simpler when ten is used as 
the base of logarithms because ten is also the base of our number 
system. Thus 456 equals 4.56 X 10 2 only because ten is the base 
of our number system. If 456 were a number in the base seven, 
then 456 would equal 4.56 X 7 2 , because in base seven 4.56 is 


o o 

4 + - + ^ • However, if we are willing to sacrifice our simple 


rule for finding the characteristic of a logarithm we may use an¬ 
other number as the base of our logarithmic system. Indeed, 
in theoretical work, a base which is approximately 2.718 is used. 
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The system with base ten is usually called the system of common 
logarithms, and the one with the base of approximately 2.718 is 
called the system of natural logarithms. 

Finally, the reader should recall that we have been dealing 
throughout with positive numbers, and that no such thing as calcu¬ 
lation with a logarithm of a negative number has been mentioned. 
As a matter of fact, no real power of ten is a negative number; 
for a positive power of ten, such as 10 3 , is a positive number, and a 

negative power of ten, such as 10’*, which is equal to is also a 

positive number. However, as stated earlier in this article, loga¬ 
rithms of positive numbers are all that are needed for calculation 
with both positive and negative numbers. For example, to mul¬ 
tiply - 486 by 375, we multiply 486 by 375 and then put a nega¬ 
tive sign before the product. This is the process followed whether 
the multiplication is carried out by means of logarithms or by the 
usual, longer way. 

The two examples following illustrate the great saving in time 


which often results from the use of logarithms. 

Example 5. Compute the product 385 X 89.3 X .0442 X 1.92. 
Solution. The long method of multiplication would require us 
to perform three separate multiplications. Using logarithms the 
result is obtained through a single addition of four logarithms. 
We write as follows: log 385 = 2 .5855 

log 89.3 = 1.9509 

log .0442 = 8.6454 - 10 

log 1.92 = 0.2833 

log of the product = 13.4651 — 10. 

Hence, finding the antilog of 3.4651, we have 


385 X 89.3 X .0442 X 1.92 = 2920. 


Example 6. Find the amount of money accumulated by placing 
S100 at 6% interest compounded annually for 10 years. 

Solution. The formula giving the amount accumulated by 
placing P dollars at i% interest compounded annually for n years 
is derived in Chapter X, article 5. For the present we shall accept it 
without proof, since it furnishes an excellent illustration of the use 
of logarithms. The formula is 



ART. 61 


THE USE OF LOGARITHMS 


121 


In our problem P = 100, i = 6, = .06, n — 10. 

Substituting these values in the formula, we obtain 

A = 100 (1 + .06) 10 = 100 (1.06) 10 . 

Hence log A = log 100 + log (1.06) 10 

= log 100 + 10 log 1.06. 

To calculate A, we arrange the work as follows: 

log 1.06 = 0.0253; hence 10 log 1.06 = 0.2530 

log 100 = 2.0000 

Adding, we have log A = 2.2530. 

Finding the antilogarithm of 2.2530, we have A = 179. Hence 
we conclude that $100 amounts to SI79 at 6% interest compounded 
annually for 10 years. This answer is correct to the nearest dollar. 


EXERCISES 


1. Calculate, using logarithms: 
(a) 349 X 461 

(C) 195 


(e) (34.2) 6 
(g) >5/5430 


42.7 


(l) 1.83 X 2.4 X 3.52 
(k) (.783) 2 


(b) .0072 X 498 
482 X 229 


(d) 


578 


(f) \/.0957 

(h) 292 X 1.83 X 76.5 X .822 
n -563 
U; 392 

(1) (2.19 X 3.56) 4 * 6 


2. Using logarithms, find the area of a circle of radius 48. Take 3.14 
as the value of 7 r. 


3. Find the area of the triangle whose base is 8.32 and altitude 5.61. 

4. The formula for the volume V, of a sphere of radius r, is V - 17r r 3 . 

3 

Find the number of cubic miles in the earth, taking its radius as 3900 
miles and assuming the earth to be a perfect sphere. Take 3.14 as 
the value of 7r. A ns. 2.6 X 10". 

6. The volume in cubic miles found in exercise 4 can be changed to cubic 
feet by multiplying by (5280) 3 . If a cubic foot of the earth is assumed 
to have 5.53 times as much mass as a cubic foot of water, whose mass 
is 62.5 pounds, find the mass of the earth in pounds. Express the 
mass in tons. It is to be expected that the answers thus found are 
inaccurate because of the assumption that the earth is a sphere and 
because of several approximations in the given data. Ans. 1.32 X 10 25 
pounds, 6.6 X 10 21 tons. 
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6 . The number of pounds load which will be safely supported by a given 
beam L feet long, w inches wide, and d inches deep, is equal to 

L • Find the safe load if w = 3, d = 8.5, and L = 14. 

7 . The number of seconds required for a complete oscillation of a 
pendulum is called the period of the pendulum. The period of a 

pendulum L feet long is given by the formula t = , in which g 

represents the acceleration due to gravity. Find the period of a 
pendulum .650 feet long at a place where the acceleration due to 
gravity is 32.2. A ns. .446 sec. 

8 . The weight of a man d miles above the surface of the earth is given 

by the formula W « » where W 0 is the man’s weight at the 

surface of the earth. How much would a man, weighing 150 pounds 
at the surface of the earth, weigh 150 miles above the surface? 

9. If the $24 paid in 1626 for Manhattan Island had been deposited at 
6 % interest compounded annually, what would it have amounted 
to in 1936? 

10 . A piece of machinery costing &I00 is expected to wear out in ten 
years and must then be replaced. What sum of money should be 
set aside now to pay for the replacement, if the money can be invested 
in the interim at 4% interest compounded annually? 

11 . How long does it take P dollars to double at 6% interest a year, com¬ 
pounded annually? Hint: Take A = 2 P; then 2 P = P(1.06) n , or 

2 = (1.06)"; hence n = ; ■ ^ ^ - ■ Ans. 11.9 years. 

log 1 . 0 b 

12 . If a person puts 2 cents in a bank on the first day of the month, adds 
enough to make a total of 4 cents on the second, adds enough more 
to make a total of 8 cents on the third, 16 cents on the fourth, and 
so on, how much will he have on deposit at the end of the thirtieth 
day? 

13 . The velocity v, of sound in air is given by v = 66.3V273 + t feet per 
second, where t is the centigrade temperature of the air. What is 
the velocity of sound in air at 20° centigrade? 


7. Note on the Slide Rule. We have seen in article 5 that the 
use of logarithms reduces the process of multiplication of numbers 
to the addition of their logarithms, and the process of division of 
two numbers to the subtraction of the logarithm of the divisor 
from that of the dividend. This reduction makes possible a very 
convenient instrument for carrying on multiplications and divisions 
mechanically, namely, the slide rule. The essential idea under- 
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Figure 7 


lying the operation of the slide rule is the location of two scales 
side by side on two parts of the rule, one of which can slide relatively 
to the other, with the marks on each scale representing the loga¬ 
rithms of the numbers printed on the scale. These sliding parts 
make it possible to add two logarithms by a mechanical process as 
shown in Fig. 7. In this diagram the stationary scale is called 
the “D” scale, and the sliding scale is called the “C” scale. This 
is the usual way of designating the two lower scales on the rule, 
the scales on which multiplication and division are performed. 
In order to multiply, place one of the factors on scale D opposite 
the 1 on scale C. Look at the number on scale C which corresponds 
to the second factor. The product of the two factors will be on 
scale D opposite this second factor. For example, to multiply 2 
by 3, place 2 on scale D opposite 1 on scale C. Look at the number 
on scale D which is opposite number 3 on scale C. , We find 6, 
which tells us that 2X3 = 6. This very simple example illustrates 
the method of multiplication by means of the slide rule. It is made 
possible by the fact that both the C scale and the D scale are gradu¬ 
ated by marks such that the number of units of length from 1 to 
any given mark is the logarithm of the number indicated by the 
mark. 

The logarithmic scale of the slide rule is made by taking some 
convenient length such as 10 inches, or 20 inches, as a unit length, 
and laying off on this length the fractional lengths which are repre¬ 
sented by .3010, which is log 2, .4771, which is log 3, .6021, which is 
log 4, and so on. The mark designating any one of these fractions 
is labelled with the number having this particular fraction as its 
logarithm. Thus, after finding the length represented by .3010, 
a mark is made on the scale at this point and labelled 2, and so 
forth. Fig. 8 shows such a scale with the logarithms of all 
integers from 1 to 9 properly marked off on it. The logarithms are 
not printed on the slide rule; only the integers are shown at the 
marks representing their respective logarithms. By means of the 
intermediate markings the positions representing the logarithms of 
fractional parts between consecutive integers can be found. It is 
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Figure 8 

not necessary to have the numbers representing the logarithms 
appear on the rule, since the lengths adequately represent these 
quantities. Thus we are able to find the product of two numbers 
by adding the lengths representing their logarithms, and we can 
read off the product directly from the rule without the necessity 
of knowing the values of the logarithms. 

The rules governing operations with logarithms suggest the 
mechanical rules for obtaining products and quotients by means 
of the slide rule. The method of multiplying has already been 
indicated above, see Fig. 7. To divide, the steps are reversed. 
For example, let us divide 8 by 2. To do this by logarithms we 
should subtract log 2 from log 8. On the slide rule we locate 8 
on the D scale. Remember that its distance from 1 represents 
log 8. Noiv subtract log 2 by setting the C scale as shown in 
Fig. 9. Beneath 1 on the C scale we find the quotient 4 on the 
D scale. 


_ T _,_C 

I 

Dl \ _ | , 
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Figure 9 


These few remarks serve to give a rough idea of the methods of 
multiplication and division by means of the slide rule. To multiply 
and divide numbers involving more than one significant figure it is 
necessary to use the marks between those representing integers. 
Fig. 10 shows the rule set to multiply 1.2 by 3.5, the answer being 
4.2. The process is the same if we are multiplying 12 by 35. 
The position of the decimal point in the answer can be determined 



Figure 10 
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in most cases by replacing the numbers in the 
problem by round numbers and multiplying men¬ 
tally. Thus, replacing 12 by 10 and 35 by 40, 
the product is 400; hence in the product of 12 
by 35 we place the decimal point after the third 
• digit. Thus the product is 420. 

As in the case of operations with logarithms, a 
series of several multiplications and divisions can 
be carried on with the slide rule without noting 
the result of each operation. More details than 
have been given here concerning multiplication 
and division and other calculations which are 
possible with the slide rule are provided in the 
manuals which are published by the manufacturers 
of slide rules. 

Because of the great saving of time afforded by 
the use of the slide rule, it is used extensively by 
engineers, statisticians, and many others whose 
work involves a large amount of calculation. 

8 . Summary. This chapter began with an ex¬ 
tension of the exponent notation to include zero, 
negative, and fractional exponents. We found it 
necessary to give meaning to these types of ex¬ 
ponents and this was done in a way which per¬ 
mitted the theorems for positive integral exponents 
to apply to all rational exponents. This extension 
thus broadened our concept and the practical use 
of exponents. 

It was then found possible and convenient to 
work with numbers written in scientific notation. 
The convenience in calculation which resulted was 
due partly to our ability to use the theorems of 
exponents on the powers of ten. The idea of 
significant figures clarified the question of the 
accuracy of measurements and led to a reason¬ 
able basis for rounding off results of calculations. 

The idea of scientific notation suggested that we 
write a number entirely as a power of ten. This 
permits a more advantageous use of the theorems 
on exponents. This suggestion led to the idea 



Figure 11 
The Slide Rule 
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of logarithms, and we have seen how logarithms simplify many 
laborious calculations. Finally the slide rule was seen to be an 
instrument on which logarithmic work can be done rapidly by a 
mechanical process. 

Chapter III was devoted mainly to the rise of algebra out of 
arithmetic. In the present chapter we have seen how one develop- 
ment of algebra, namely the use of exponents, can be used to 
simplify operations in arithmetic. 


REVIEW EXERCISES 


1. Define a positive integral exponent. 

2. Can it be proved that b“ 2 = ^ ? Explain. 


3. What is the meaning of 6*? 

4. Why is scientific notation useful? 

5. What digits in a number are significant? 

6. When are zeros significant? Explain. 

7. Define the common logarithm of a number. 

8. If 2 were used as the base of a system of logarithms,'what would 
log 16 to the base 2 be? (This is written log 2 16.) What is log 4 16- 
logs 25; log 3 81? 

9. What algebraic theory is at the basis of logarithms? 

10. Can a negative power of 10 be greater than 1? Explain. 

11. Is log 2 exactly .3010? Is log 100 exactly 2? 

12. What processes of arithmetic are facilitated by the use of logarithms? 

13. Give an example of a calculation which is so difficult by arithmetic 
means that it is not attempted in that way, but is easily done by 
logarithms. 

14. By what process of arithmetic is multiplication replaced through 
the use of logarithms? Division? Raising to a power? Extraction 
of a root? 

15. If log A = x, log B = 2 x, and log C = 3 x, what is the value of 
log (ABC)? 

16. If log A = 2 x, what is the value of log A 2 ? log y/A ? 

17. If 10° = n, what is the value of log n? 

18. Compare the amount of work necessary to multiply ten factors 
together without logarithms with the amount of work necessary 
when logarithms are used. 

19. Why is ten the most convenient base for logarithms? 
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and Cooley. 
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Buchanan and Emmons, pp. 155-156. Griffin, pp. 211-213. 

6 . Methods of computation with a slide rule. See the pamphlet supplied 
by a manufacturer of slide rules. See also Kells, L. N., Kern, W. F., 
and Bland, J. It.: Plane and Spherical Trigonometry, Chapter XII, 
pp. 158-171. 



CHAPTER V 

THE PROBLEMS AND METHODS OF 
ELEMENTARY GEOMETRY 

!• Introduction. Let us now turn our attention to elementary 
geometry, which will be treated rather differently from the way in 
which arithmetic and algebra were treated in the preceding chapters. 
The reason for this difference in treatment is to be found in the differ¬ 
ent ways in which these subjects were presented to the student when 
he was learning them for the first time. Arithmetic and algebra 
were presented to him soon after he entered elementary school and 
were gradually developed throughout his school years. Conse¬ 
quently, he was taught many facts of arithmetic and algebra at a 
time when it was useful for him to know them even though he could 
not understand the discussions necessary to establish them. Hence 
it was often wise to omit such discussions. Many of these discus¬ 
sions were given in the preceding chapters. 

On the other hand, the student took up the study of geometry at 
a comparatively late stage in his schooling. Because of his greater 
maturity at that time, it was possible for him to learn not only 
the important facts of geometry, but their proofs as well, and thus 
to appreciate the logical structure of the subject. Hence in this 
book there is no need to establish the correctness of geometric 
theorems. 

A second reason why our discussion of geometry will differ from 
that of arithmetic and algebra is that the former involves fewer 
technical processes than the latter and hence does not require such 
an elaborate development. 

In this chapter, therefore, we shall not build up plane geometry 
logically, but shall content ourselves simply with the consideration 
of some important aspects of this subject in connection with material 
which is largely familiar. 

2. The Clarity of the Deductive Process in Geometry. It is 
quite likely that the student has long felt geometry to be a more 
logical subject than algebra. Yet, as has been shown in the preced¬ 
ing chapters, algebra is indeed a most logical subject, in which all 
conclusions are deduced from axioms and definitions, or from con- 
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elusions themselves deduced from axioms and definitions. n- 
doubtedly the student’s feeling in the matter is to be explained y 
the fact that geometry was presented to him, and has been presente 
to students since the time of Euclid, in a form in which the deductive 
process is most conspicuous and can easily be appreciated. At t e 
very outset the axioms and definitions were clearly stated and there¬ 
after every other geometrical fact asserted was proved by means o 
these axioms and definitions. What is most important is that each 
proof was so neatly presented that the reason for each step was 
unmistakable. Arithmetic and algebra were rarely presented in this 
way. Another reason that the deductive process in these latter two 
subjects was not conspicuous was the fact that they were presented 
in such close connection with everyday experience that it was often 
difficult to say what was mathematics and what was application. 


As an example of the clarity of the deductive 
process in geometry, let us consider the familiar 
theorem: The base angles of an isosceles triangle 
are equal. Its proof is as follows: 

Hypothesis: In triangle ABC (Fig. 12) sides a and b 
are equal. 

To prove: angle A = angle B. 

Proof: 

1. Draw CD bisecting angle C. 


2. Angle 1 — Angle 2. 

3. CD = CD. 

4. a — b. 

6. Triangle A CD is congruent to 
triangle DCB. 


6 . Angle A = Angle B. 



B 


(This construction has been proved 
possible.) 

(By the construction in 1.) 

(CD is identical with itself.) 

(By hypotheses) 

(By the previously proved theorem: 
Two triangles are congruent if two 
sides and the included angle of one 
equal respectively two sides and 
the included angle of the other.) 

(Corresponding parts of congruent 
figures are equal.) 

Q.E.D. 


After reading this clear and concise proof we are convinced that 
it is valid. But we are given no hint as to how the steps in the proof 
were discovered. Very likely an analysis such as the following 
could lead to that discovery. 

We draw a plausible-looking isosceles triangle (Fig. 12) to guide us, 
and observe that we wish to prove angle A = angle B. We know 
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that we can do this if we can show that angles A and R 

and^f fif °i COngruent trian g 1 es. This requires that angl™' 
and angle B be put into different triangles To Ho this WOA i 1 

to draw a line through C intersecting the bale Is inn r 7* 

the line bisecting angle C will inters^ TJ will Ls^tonT; 

gi y e us two triangles ACD and BCD, but will make angle 1 of 

ftriaiTro 03 " 6 ' 6 2 ° f triangle RCD - We now wish P™ve 

that triangle ACD is congruent to triangle BCD, and hence we list 

other Pa We h° nC tn ‘T gl , e WhiCh WC kD0W are ef ! ual parts of the 
other We have angle 1 = angle 2 because CD bisects angle C 

and CD - CD W 8 " 6 T*' ^ isosceles ABC ’ 

and CD - CD. We can then say that triangles ACD and BCD 

are congruent since it has previously been proved that two triangles 
are congruent if two sides and the included angle of one are equal 
respectn ely to two sides and the included angle of the other. Thus 
we have discovered a way of proving that angle A = angle B 
1 o write the proof in a form which makes the deductive process 
stand out we then write the steps in an order which is almost the 
reverse of that used to discover the proof. In doing this we always 
place established statements before whatever conclusions are 
drawn from them It is also customary to write beside each state¬ 
ment the axiom, definition, or previous conclusion which substanti¬ 
ates the statement. The proof in this form is the one given at the 
beginning of this article. 

The student who has caught the spirit of exact reasoning, and 
therefore realizes the necessity of proving each statement by previ¬ 
ous theorems and axioms, himself experiences the delight of such 
work as it was first experienced by the Greeks more than two thou¬ 
sand years ago. Since the “previous theorems” are themselves 
dependent on still earlier theorems and axioms, it is clear that the 
whole subject of geometry is a logical structure built up step by step 
from the axioms. Indeed it was primarily the pleasure the Greeks 
experienced in building and contemplating such a logical system 
which attracted them to geometry, rather than the desire for useful 
results. Many of the results, to be sure, were useful to the Greeks. 
It is very likely, for example, that they used geometrical methods 
and facts in designing their temples, sculpture, and vases. 



ART. 3] 


THE PROBLEM OF MEASUREMENT 


131 


EXERCISES 

1. Describe the logical structure of geometry. 

2. Compare the logical structure of geometry with that of algebra. 

3 . (a) Give three geometrical statements which are accepted without 
proof. 

(b) Give three statements which are proved. 

4. (a) Give three terms that are not defined in geometry. 

(b) Give three terms that arc defined and define them. 

5. Prove that a chord in a circle is shorter than its subtended arc. 

6 . Prove that the difference of the lengths of two sides of a triangle is 
less than the length of the third side. 

7. Prove that two right triangles are similar if an acute angle in one 
equals an acute angle in the other. 

8. (a) By using an analysis like that given in the text for discovering 

the steps of the proof, discover the steps necessary to prove the 
theorem stating that the diagonals of a parallelogram bisect each 
other. 

(b) Write out the proof of the theorem, giving a reason for each 
step. 

9. (a) Discover the steps necessary to prove that the common chord of 
two intersecting circles is bisected at right angles by the line seg¬ 
ment joining their centers. 

(b) Write out a formal proof of this theorem. 

3. The Problem of Measurement. Probably the most important 
aim of geometry is to discover properties of figures, and, above all, 
quantitative properties. These quantitative properties involve the 
measurement of lengths of lines, areas of surfaces, volumes of solids, 
and angles. The theorems stating that the length of a chord in a 
circle is less than the length of its subtended arc, that the sum of the 
angles of a triangle is 180°, and that the area of a rectangle is the 
product of the length by the width, are examples of theorems involv¬ 
ing the measurement of figures. To understand geometry properly, 
therefore, requires that we know what it means to measure lengths, 
angles, areas, and volumes. Such knowledge also has practical 
value, since these quantities play an important part in daily life 
and science. 

The concept of the length of a straight line segment comes from 
physical experience and so does the manner of measuring such length 
in mathematics. To measure the length of a straight physical 
object, a lead pipe, for example, is to determine how many times 
some familiar length, say the foot, can be applied along it, end to 
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Jl TfootTnS e ,h““ y 12 “”»■ 

unit of length. This same pipe, however, would be 4 yardTSng 8 if 
a yard is the chosen unit of length. Thus the number expresSne 

^n" i he leDgth ° f a *** ^ds on 2K» 

The concept of the measure of the length of a straight line seg- 
ment is much the same as that of the measure of the length of 

P hyslcal ob J ects - By the measure of the length of a 
straight Une segment is meant the number of times some other 
straight line segment can be applied to it, end to end, without 
overlapping The length of this other straight Une segment is thus 
treated as the unit of length. Thus, in Fig. 13, if B is the mid- 

R r point of AC, and the segment AB is taken 

A - ----- -E as the unit of length, AC is 2 units long, 

F,aDRE >3 that is, the number 2 is the measure of its 

. p . . . length. If, however, C is the midpoint of 

AE and AE is taken as the unit of length, AC is * unit long. Thus 
the number expressing the measure of the length of AE or of any 
other straight line segment can be made anything we please by the 
proper choice of the unit segment. 

Often this unit is chosen for its convenience. Thus in discussing 
an equilateral triangle it might be most convenient to take the length 
of each side as unit length, for then the simple number 1 expresses 
he length of each side. Often, on the other hand, it is immaterial 
to the mathematician what unit of length is used. At such times a 
typical procedure when considering the length of a straight Une seg¬ 
ment is for him to say, “ Let a be its length. ” By this he means that 
he unit of length is such that this segment contains a such units. 
Ihus if a right triangle is before him he might say, “Let a and b 
designate the lengths of the arms, and c the length of the hypote- 
n 2 use, 2 It 2 woulcl th en follow from the Pythagorean theorem that 
c - a + b , and this equality would hold, whatever unit of length 
is used. Indeed, all the formulas of measurement in geometry 
are true regardless of the unit of length used. 

An angle is the figure formed by two half-lines * or rays emanat¬ 
ing from a point, called the vertex of the angle (Fig. 14). We can 

* t ' lin f “• f? bC - co 1 nf “ 9 f J , with a straight line segment. A straight line segment is the 

oTa^straitlht | “‘“v hr mcludcd betw « ?n two points, whereas a half-line is the entire portion 

r f a • k. .• " h,0h U< * 0ne 8,de of a 1)01x11 on the line - Hence *o can speak of the length 
of a straight line segment, but not of the length of a half-line. 8 
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think of the size of an angle as being determined by the amount of 
rotation about the vertex necessary to bring one ray into coincidence 
with the other. Hence it is convenient to define the 
measure of an angle in terms of rotation. A natural 
unit of rotation is the revolution. It is the amount 
of rotation that takes place when a ray (r in Fig. 15) figure 14 
rotates about its end point (0 in Fig. 15) so as to come 

back again to its original position, rotating 

r _ always in the same direction. Thus the meas- 

\0__y ure s of a straight angle and a right angle are 

Figure 15 one-half of a revolution and one-quarter of a 

revolution, respectively.* For many purposes, 
smaller units than the revolution are desirable. Of these, the de gree 
is the best known. It is defined as the amount of rotation in TBiy 
of a revolution. In terms of this unit the measure of a revolution, 
a straight angle, and a right angle are 360 degrees, 180 degrees, and 
90 degrees respectively, usually written 360°, 180°, and 90°. 

The area of a closed figure on a surface refers to the size of the 
portion of the surface enclosed by the figure. To measure the area 
of a figure is to determine how many times some other area can be 
applied to it so as to cover it completely, with no overlapping. 
For example, to measure the area of a rectangular board in terms 
of square feet is to determine how many squares, each one foot on 
a side, are needed to cover the board, with no overlapping. If 
exactly 6 such squares are necessary, we say that the l 
area of the board is 6 square feet (Fig. 16). The 
square, one foot on a side, thus serves as an area of 
reference and is therefore called a unit of area or a 
square unit. Similarly in measuring the area of a 
plane figure bounded by straight lines, the area of 
reference is a square whose side has one unit of length. As in the 

case of measuring the length of a straight line 
segment, the number of units of area in a figure 
depends on the size of the unit of area used, 
the smaller the size of the unit the larger the 
number of units. For example, suppose that 
A BCD is a rectangle with BC twice as long as 
AB (Fig. 17). If AB is chosen as the unit of length, the area of 


Figure 16 



Figure 17 


* The revolution is used commonly in describing the rate at which a wheel turns, 
speed of a motor might be given as 540 revolutions a minute. 


Thus the 
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Figure 18 



Figure 19 


A t B , CD J? \square units. But if half of AB is chosen as the unit 
of length, the area of A BCD is 8 square units. 1 

th “ y ’ *5? VOlU “ e ° f a soUd fi 8 ure is measured by comparing 
this figure with another volume. Thus to measure the volume 

of a solid figure bounded by portions of planes is to 
determine how many times the figure contains within 
it a cube each of whose edges has one unit of length 
(Fig. 18). This cube is called a cubic unit and it is 
a unit of volume. 

We have not yet explained how the length of a 
M . cu [ vetl segment is measured, for the discussion 

of length given above applies only to straight line segments. Is the 
length of a curved line measured by determining the number of times 
a standard unit of arc can be applied to it? In 
general, there is no unit of arc that can be applied 
to all portions of a curve so as to fit or coincide 
everywhere, as is evident from Fig. 19. Only 
when a curve has the same curvature every¬ 
where, as is the case with a circle, does a unit of arc exist which 
coincides everywhere with the curve. Hence no unit of arc exists in 
terms of which the length of every curve can be measured. But 
whatever definition we make for the measure of the length of a 
curve, it would be desirable to have it agree with experience. In 
daily life we often use the same flexible ruler or tape to measure the 
lengths of curved objects and straight objects, expressing the result 
as a number of inches or feet. Thus we use the same straight line 
segment as the unit of length in measuring curved objects as we 
use in measuring straight objects. This suggests that we should 
measure the length of a curved line segment by using a straight line 
segment as the unit of length. Actually this is done in mathematics, 
but a discussion of the method must be left to Chapter XVI, since 
a new concept is involved which requires investigation. This 
concept is known as the limit concept. On it depend also the 
methods of measuring the area of a plane figure bounded by curved 
lines (a circle is an example), the area of a figure on a curved surface, 
and the volume of a solid figure bounded by curved surfaces. 

The definitions given above, as well as those to come in Chapter 
XVI, are used by the mathematician to deduce the familiar for¬ 
mulas of measurement. A list of some of these formulas follows: 
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Circumference of a circle: 

Area of a rectangle: 

'Area of a triangle: 

Area of a circle: 

Area of the surface of a sphere: 
Volume of a rectangular parallelo- 
piped (that is, a figure shaped 
like a cigar box): 

Volume of a sphere: 


C = 2irr 
A = bh 
A = \bh 

A = XT* 

A =* 4xr 2 


(r = length of radius) 

(6 - base, h - altitude) 
(b = base, h = altitude) 
(r = radius) 

(r = radius) 


V = abc (a, 6, c are the lengths of 

the edges.) 

V - I TIT 5 (r = radius) 

3 


Two points are worthy of notice in connection with these formulas. 
First, each curved length, area, and volume is expressed in terms of 
the length of one or more straight line segments, indicating the basic 
importance of this latter concept. Second, the formulas are true 
regardless of the unit of straight line segment used. 

brief comment on the measurement of geometrical quantities 
in science and daily life is worth while. The scientist employs the 
same concepts as the mathematician does for measuring length, area, 
volume, and angle, but he applies them to physical objects. The 
scientist, unlike the mathematician, however, deals with definite 
units of measure, such as the foot, the square foot, and the cubic 
foot, and makes many of his measurements with instruments, such 
as a tape measure, used for measuring length, and a transit, used 
for measuring angles. Measurement of a geometrical quantity 
which is made by the direct application of a unit of measure to a 


physical object is called direct measurement.^ Other measurements, 
such as those obtained by the use of formulas, are said to be indirect. 
In practice, direct measurement is seldom used except for determin¬ 
ing angles and lengths of straight objects. Curved lengths, areas, 
and volumes are usually determined by indirect measurement. 
Thus, the area of a circular metal plate would 
usually be determined indirectly by measuring its 
radius with an instrument and substituting this 
value in the formula for the area of a circle, A = 
tt r 2 . Direct measurement of the area would mean 
dividing it up into a square network by the use of 
instruments, as shown in Fig. 20, finding the area 
of the whole squares, and adding to this the esti¬ 
mated area of the portions of the area of the circle bordering the 
circumference. This method is not as convenient, nor does it permit 
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as high a degree of accuracy, as indirect measurement, in which 
the only source of error is in determining the length of the radius 
with ruler. 

It is indeed one of the triumphs of geometry that it furnishes 
simple formulas for measuring indirectly many physical quantities 
which either could not be measured directly, or could be so measured 
only with difficulty. It is impossible, for example, to measure di¬ 
rectly the volume of the earth or its total surface area, the distance 
to the sun, or the diameter of the moon. In the following chapter 
we shall show how these latter quantities are determined by indirect 
measurement. 

Finally, it should be noted that many physical non-geometrical 
quantities are measured by instruments which themselves depend on 
such geometrical quantities as we have discussed. Temperature, 
for example, is indicated by the length of a column of liquid in the 
stem of a thermometer. Atmospheric pressure is measured by the 
length of the column of mercury in a barometer. The passage of an 
amount of time is indicated by the length of a circular arc on the dial 
of a clock. Similarly, some scales for weighing show weight in 
terms of the length of the circular arc from the zero point to the 
position of the indicator. 

EXERCISES 

1. What is meant by the length of a straight line segment? 

2. Fig. 21 shows a triangle with a right angle at C and AC = BC. 
If AC is taken as the unit of length, how long is AB? 

If AB is taken as the unit of length, how long is AC? 

3. What is meant by the measure of the area of a closed 
figure bounded by straight lines? 

4. How many units of area does the triangle in exercise 
2 have if AC is taken as the unit of length? How 
many units if half of AC is taken as the unit of length? 

5. What Is meant by the measure of an angle? 

6. What is the measure of each angle in the triangle of exercise 2 if a 
revolution is taken as the unit of measure? What is the measure of 
each angle, if of a revolution is taken as the unit of measure? 

7. Discuss the difficulty of measuring the length of a curved line segment. 

8. How would you determine the volume of a room of the usual shape, 
that is, with rectangular walls, floor, and ceiling? 

9. (a) What is the difference between direct and indirect measurement? 

(b) How would you measure directly the area of the surface of a base¬ 
ball? How would you determine the area indirectly? 

(c) Which method in (b) is preferable? Why? 


B 
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4. Three Famous Problems. To throw more light on the prob¬ 
lem of measurement, let us now consider three interesting problems 
which have come down to us from Greek antiquity. They are 
called squaring the circle , duplicating the cube , and trisecting the 
angle. To square a circle means to construct a square the area of 
which is equal to the area of a given circle. To duplicate a cube 
means to construct a cube whose volume shall be double that of a 
given cube. To trisect an angle means to divide an angle into 
three equal angles. 

The Greeks attempted to perform these constructions, as well as 
all others, by using only straight lines and circles, and hence limited 
themselves to two instruments, a straight edge, which is an un¬ 
marked instrument for drawing straight lines, and compasses for 
drawing circles. With these limitations, however, they never 
succeeded in making the constructions. There is an interesting 
story associated with the problem of duplicating the cube. The 
Athenians of the fifth century b.c. were visited by a plague and 
consulted the oracle at Delos to learn how to stop it. The oracle 
ordered that the altar of Apollo, which was cubical, be replaced 
by a new cubical altar with double the volume of the old. The 
Athenians were pleased to learn of so simple a remedy and im¬ 
mediately constructed a new cubical altar whose side was double the 
side of the old one. Of course the volume of the new altar was eight 
times the volume of the old one, and the plague continued to rage. 
We know today that the oracle, with the shrewdness often attributed 
to oracles, had given the Athenians a task which was impossible with 
their methods of construction. Similarly we know that it is impos¬ 
sible to square the circle and trisect an angle using only a straight 
edge and compasses. The demonstration of the impossibility of 
solving these problems was first given in the nineteenth century. It 
involves rather advanced algebra and hence cannot be given here. 
We can gain some understanding of the difficulty of the problems, 
however, by stating one of them in algebraic form and showing 
where the difficulty lies. 

Consider the squaring of the circle. Let us denote the length 
of the radius of the given circle by r. The area of the circle is then 
7n * 2 (Fig- 22). The area of a square with each side x units long is 
v? (Fig. 22). Hence the desired square is the one for which x 2 = 
7TT 2 , or X = V7T-r. That is, the square whose area equals the area 
of the given circle must have each side Vir times as long as the radius 
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of the circle. The geometric problem is then to construct its sides 
using only a straight edge and compasses, and that cannot be done. 

The reason is that the irrational number Vk does not 
represent the length of a straight line segment that 
can be constructed with these instruments. The 
following brief discussion on construction may throw 
further light on this point. 

If in some problem we had to construct a straight 
line segment which was 3, 5, £, or some other rational 
number times as long as a given segment, we could 
perform the construction with compasses and a 
straight edge. For example, we know from plane 
geometry that the given segment can be divided into 
five equal parts with these instruments, and the seg¬ 
ment consisting of two such adjacent parts will then be two-fifths 
as long as .the given segment. Moreover, a segment can be con¬ 
structed with the same instruments which is Va times as long as 
the given segment, a being any positive, rational number. This will 
be brought out later in an exercise. But we cannot construct a 
segment which is y/ir times as long as the given segment with those 
instruments, and that is why a circle cannot be squared. The proof 
of the impossibility of this construction is omitted because of its 
difficulty. Similar considerations would show that the duplication 
of a cube and the trisection of an angle cannot be performed with 
compasses and straight edge. 


Figure 22 


It should be added that these so-called impossible constructions 
are not impossible if one is willing to accept an approximation as a 
solution. For example, a circle can be squared approximately with 
a straight edge and compasses by constructing the square with side 
v^3 times as long as the radius, and a still better approximation is 


obtained by using a side V 3 T as long as the radius, and so on. If 
we permit ourselves the use of an instrument for measuring lengths 
of straight line segments, an approximate solution is even easier, 
for we need only measure the length of the radius, multiply the 
result by an approximate value of vV, say 1.8, and then con¬ 
struct a square the length of whose side equals the product. What 
is more, exact solutions have been obtained too, but with other 
instruments in addition to compasses and a straight edge. Hence 
there is no practical impossibility involved in these three problems. 
But anyone who claims to have performed any of the constructions 



ART- 51 


THE CONIC SECTIONS 


139 


successfully with a straight edge and compasses alone, either is in 
error or has misunderstood the problem. Algebraic analysis has 
proved them all impossible under these special conditions. 

EXERCISES 

1. What constitutes the difficulty of squaring a circle? 

2. Divide a straight line segment into three equal parts using a straight 
edge and compasses. 

3. Construct a straight line segment which is f as long as some chosen 
segment, using a straight edge and compasses. 

4. Choose some straight line segment. Using compasses and a straight 
edge construct another segment v^2 times as long. (Hint: Construct 
an isosceles right triangle with the chosen segment as one side.) 

6. Construct a segment Vs times as long as the segment chosen in exer¬ 
cise 3. (Hint: Make use of the segment which you constructed V2 
times as long as the chosen segment.) 

6. Using a straight edge, compasses, and an instrument for measuring 
lengths of straight line segments, construct a square with an area 
approximately equal to that of a circle with a radius of 5 inches. 

7. Is it impossible to solve the three famous problems? Explain fully. 

5. The Conic Sections. In high school plane geometry the 
figures studied are restricted to two types, rectilinear figures and 
circles, the former being made up of segments of straight lines. The 
reason for this restriction is that these figures offer less difficulty 
than others. But it must not be thought that no other figures have 
been studied by the familiar deductive methods of geometry. A 
most important class of figures, known as conic sections for reasons 
which will be given in article 6, were studied by Greek mathemati¬ 
cians of Euclid’s time and later. It is thought that Euclid wrote a 
book about these figures, but if he did, the work has been lost. In 
the third century b.c., Apollonius wrote a treatise concerning 
the conic sections, in eight books, seven of which have come down 
to modern times. This work was used for many years as a textbook 
in Greek schools. 

Because it will help us to understand the conic sections, let us 
recall briefly the familiar problem of plane geometry known as the 
locus problem. This is the problem of determining the nature of the 
figure consisting of all points satisfying some prescribed geometric 
condition. Thus one of the simplest locus problems is to determine 
the figure formed by all the points which are at the same distance 
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from a fixed point. The figure or locus is, of course, a circle with the 
fixed point as center and the common distance as radius. Similarly 

the locus of all points which are equidistant 
from two fixed points A and B (Fig. 23) is the 
straight line which bisects the straight line 
segment AB at right angles. Thus, if P is 
any point on the locus, AP = BP. Or, to 
give an example in which the prescribed geo¬ 
metric condition involves lines instead of 
points, the locus of all points equidistant from two parallel lines is 
the parallel line midway between the two given lines. 

The conic sections are the three figures, called the ellipse, the 
hyperbola, and the parabola, which are defined as follows: 


Figure 23 


Definition I: The ellipse is the figure consisting of all points the 
sum of whose distances from two fixed points has the same value. 

Definition II: The hyperbola is the figure consisting of all points 
the difference of whose distances from two fixed points has the same 
numerical value. 


Definition III: The parabola is the figure consisting of all points 
whose distances from a fixed point and a fixed line are equal. 

To determine the form of an ellipse, let us choose two points, say 
6 units apart, as the fixed points (Fig. 24). Call them F and F'. 
Then let us choose some number, say 
10, which is to be the sum of the dis¬ 
tances mentioned in the definition. A 
point will then lie on this ellipse if its 
distance from F plus its distance from 
F' is equal to 10. Thus the point (or 
points) which lies 7 units from F and 3 
units from F' is a point of the ellipse 
since the sum of its distances from F 
and F' is 10. To construct this point 
draw a circle with radius 7 and center 
at F f and another circle with radius 3 and center at F'. These 
circles meet in two points Ai and A 2 , both of which are points of 
the ellipse. Similarly two points B x and B 2 could be constructed 
which are 3 units from F and 7 units from F' f and which are 
therefore points of the ellipse, since for each the sum of its dis¬ 
tances to F and F' is 10. Now if we use 6 and 4 instead of 
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C 

Figure 25 
An Ellipse 


7 and 3 we can construct four more points on the ellipse, and 
using 7 £ and 2\ yields four more, and so on. Using 8 and 2, 
we obtain only two points since the resulting circles are tangent 
to each other, and similarly for 5 and 5. The combination 9 and 
1 yields no points since the resulting circles do not intersect. In¬ 
deed, the reader can satisfy himself that only 
those pairs of numbers whose sum is 10 and 
whose difference is 6 or less can yield points 
of the ellipse. If enough points are construc¬ 
ted, they will suggest the form of the ellipse, 
which appears in Fig. 25. The fixed points F 
and F' are called the foci of the ellipse. The 
chord (AB in Fig. 25) passing through the foci 
is the longest chord of the ellipse and is called 
the major axis. The chord (CD in Fig. 25) which bisects the 
major axis at right angles is called the minor axis of the ellipse. 

The above method of construction only gives individual points 
of the ellipse. The following method enables us to draw the entire 

ellipse by the continuous motion of a pencil. Set 
two pins 6 inches apart in a drawing board. 
Take a loop of string 16 inches long and lay it 
on the board so as to enclose the pins (Fig. 26). 
Then draw the string taut with a pencil, the latter 
taking a position such as P in Fig. 27. Draw a 
curve with the pencil, always keeping the string 
taut. Every position which the pencil point occu¬ 
pies is a point of the ellipse since the sum of the 
distances of the pencil point from the two pins is 

always 10. In this way as much of 
the ellipse can be drawn as may be 
desired. 

To determine the form of a hy¬ 
perbola , let us again choose two 
points 6 units apart as the fixed 
points, and denote them again by 
F and F' (Fig. 28). Suppose that 
we prescribe the difference of the 
distances from F and F' to be 3. 
A point will then be a point of this 
hyperbola if its distance from F minus its distance from F' equals 



Figure 26 



Figure 27 
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3, or if its distance from F' minus its distance from F equals 3. 
Thus points which are each 5 units from F and 2 units from F' 
must lie on the hyperbola, and so must points which are each 2 
units from F and 5 units from F\ To construct the former points 
draw the circle with center at F and radius 5, and the circle with 
center at F' and radius 2. These circles meet in two points A\ 
and A 2 which must both belong to the hyperbola. Similarly, two 
more points could be constructed each of which is 2 units from F 
and 5 units from F'. In the same way it will be found that each 
of the combinations 10 and 7, 20 and 17, 33 and 30, and so forth, 
gives four points. Any pair of numbers differing by 3 gives points 
on the hyperbola provided that their sum exceeds 6, which is the 
distance between F and F'. The reader can satisfy himself that 

the reason for this restriction is to be found 
in the familiar theorem of plane geometry 
which states that the sum of the lengths 
of two sides of a triangle is greater than the 
length of the third side. Thus the combi- 
•F nation 4 and 1 yields no points on the 
hyperbola, for the corresponding circles do 
not intersect. 

If enough points are constructed by the 
above method they will suggest the form of 
Figure 29. A Hyperbola the hyperbola, which is shown in Fig. 29. 

The hyperbola is not closed, as is the 
ellipse, but consists of two distinct branches extending indefinitely 
far from F and F'. The points F and F'‘are called the foci of the 
hyperbola. 

To construct a parabola, choose a line m and any point F not on 
m (Fig. 30). Draw the perpendicular to m through F. The mid¬ 
point A of FG is a point of the parabola because it is equidistant 
from F and m. To obtain two more points take a point H be¬ 
tween F and A , and draw n parallel to m. With length HG as 
radius and F as center draw a circle. This circle meets n in two 
points, B and C, which are points of the parabola, since each is as 
far from F as from m. D and E are two more points on the para¬ 
bola. They lie on $, another parallel to m, and are found as were 
B and C. Similarly, each parallel above A contains two points of 
the parabola. Each parallel below A contains no points of the 
parabola since all of its points are farther from F than from m . 
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If enough points are constructed by this method, a curve like that 
of Fig. 31 is suggested as the form of the parabola. A parabola, 
like a hyperbola, is an open curve, extending indefinitely far off, but, 
unlike a hyperbola, a pa¬ 
rabola has only one branch. 

The fixed point F and the 
fixed line m are called the 
focus and the directrix of 
the parabola, respectively. 

The line through the focus 
perpendicular to the di- Fioube 31. A Parabola 

rectrix is called the axis of 

the parabola. The point on a parabola midway between the focus 
and the directrix is called the vertex of the parabola. A is the 
vertex in Figs. 30 and 31. 

EXERCISES 

1. Define the ellipse, the hyperbola, and the parabola. 

2. Construct 8 points on the ellipse whose foci are 4 inches apart and 
for which the sum of the distances of each point from the foci is 
5 inches. 

3. Construct 8 points, four on each branch, of the hyperbola whose 
foci are 3 inches apart and for which the difference of the distances of 
each point from the foci is 2. 

4. Construct 6 points of the parabola whose focus is 1 inch from its 
directrix. 

5. Using a loop of string 9 inches in total length, draw an ellipse with 
the foci 4 inches apart; then draw one with the foci 2 inches apart; 
and finally draw one with the foci one-half inch apart. How does the 
shape of the ellipse seem to change as the distance between the foci 
is decreased? What does the ellipse become when the foci coincide? 
Justify your answer. 
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6. Origin of the Conic Sections. Although the Greeks were the 
first to study the conic sections they did not define them as we did 
in the preceding article. Instead they thought of them as the curves 
of intersection obtained by passing a plane in various ways through 
a type of surface known as a right circular conical surface. 

Such a surface is obtained in this way. Consider a circle ABC 
and a point 0, not in the plane of the circle, such that the perpendicu¬ 
lar from O to the plane of the circle passes 
through the center of the circle. In Fig. 32, 
H is the center of the circle A BC , and HO 
is perpendicular to the plane of this circle. 
Consider a straight line passing through 0 
and a point of the circle, say the line OA . 
If this line moves completely around the 
circle, pivoting on 0, a surface is generated 
(Fig. 32). This surface is called a right 
circular conical surface, or, briefly, a right 
circular cone. 

This conical surface consists of two parts, 
on opposite sides of 0, 
which extend indefi¬ 
nitely far in both di¬ 
rections from 0 since 
the moving straight 
line which generates 
the surface, like all 
straight lines, extends 
indefinitely far in both directions. The 
familiar ice-cream cone is therefore only a 
small portion of one of the two parts of a 
conical surface. 

If a conical surface is intersected by a 
plane (which does not pass through O in Fig. 

32), a curve of intersection results, the shape 
of which depends on the angle of intersec¬ 
tion. These curves of intersection are either 
ellipses, hyperbolas, or parabolas, never any¬ 
thing else, and for this reason are called conic 
sections, that is, intersections of a cone. 

Thus, when the plane cuts entirely through one part of the cone 



Figure 33 

The Conic Sections 



Figure 32 
A Conical Surface 
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the curve of intersections is an ellipse (DEF in Fig. 33). If, cu * 
through in this way, the plane is parallel to the generating circle , 
the intersection is a circle. Thus the circle is a special kind of 
ellipse (see exercise 5, article 5). If the plane is inclined so as to 
cut both parts of the cone, the curve of intersection consists of two 
parts, and is a hyperbola ( RST and R'S'T' in Fig. 33). If, finally, 
the cutting plane is parallel to one of the generating lines of the 
cone, such as .ACM', the intersection is a parabola (GKI in Fig. 33). 

We have done little more than to state that these curves of inter¬ 
section are either ellipses, hyperbolas, or parabolas. If space per¬ 
mitted, however, we could prove this fact by showing that these 
curves actually possess the various distance properties in terms of 
which they were defined in article 5. 

7. Applications of the Conic Sections. The Greek mathemati¬ 
cians studied the conic sections, as they did so much of their geom¬ 
etry, with little desire for practical usefulness. Indeed no impor¬ 
tant use of the conic sections was found for approximately eighteen 
hundred years after Apollonius wrote his treatise on these curves. 
Then, in 1609, Kepler announced his famous discovery that the earth 
and the other planets move in elliptical orbits about the sun, the 
latter being at one focus. This discovery was made possible by 
Kepler’s knowledge of the conic sections, for which he was largely 
indebted to Apollonius and other Greek mathematicians. Kepler’s 
discovery paved the way for an even greater one, Newton’s Law of 
Gravitation, announced toward the end of the seventeenth century, 
for this law relies upon the fact that the planetary orbits are ellipses. 
Today the conic sections are known to have many practical appli¬ 
cations, particularly in astronomy, physics, and engineering. We 
shall discuss some of them now. 

The planetary orbits are all ellipses and, saTve for the orbits of 
Mercury and Pluto, are almost circular. The 
half-lengths of the major axes of these ellipses 
are taken as the mean distances of the 
planets from the sun. The mean distance 
for Mercury is the smallest of all, about 36 
million miles, and for Pluto it is greatest, 
about, 3700 million miles. The earth’s mean 
.distance is about 93 million miles, so that 
the major axis, or longest diameter, of its 
orbit is about 186 million miles long. The major axis is repre¬ 
sented by AB in Fig. 34. 
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The moon travels about the earth in an orbit which is elliptical 
with respect to the earth, the latter being situated at one focus. 
The orbits of the satellites of the other planets are also elliptical, 
being almost circular, and in each case the planet is situated at one 
focus. It is by means of calculations based on a knowl' ige of the 
orbits of the moon and the earth that lunar and solar eclipses are 
predicted with such high accuracy. 

The path in which a comet belonging to our solar system travels 
is either an ellipse, a parabola, or a hyperbola, having the sun situ¬ 
ated at one focus. A comet is visible only when it is near the sun, 
and it is from observations made during this short period that its 
orbit is computed. The orbit of a comet which travels in an ellipse 
is long and narrow, with the sun situated near one end of the ellipse. 
On leaving the neighborhood of the sun such a comet recedes to a 
very great distance and after many years returns toward the sun. 
Knowledge of its orbit enables astronomers to predict when the 
comet will reappear and in what part of the heavens it will be visible. 


Satarn 
Jupit«r v 

. • San ] 


^1986 

Figure 35. Orbit op Halley’s Comet • 

From Duncan's Aatronomy: published by Harper and Brothers. 

Thus, in 1682, Halley observed the comet which now bears his name, 
calculated an elliptic orbit for it, and successfully predicted its return 

in 1757. It has returned approximately every 
75 years since, and should return next in 1985 
(see Fig. 35). This is the first comet for which 
an elliptic orbit has been computed and the 
first case in which the reappearance of a comet 
has been successfully predicted. Comets 
which travel in parabolic and hyperbolic orbits 
come near to the sun once and then recede, 
never to return again (Fig. 36). , 

It is a far cry from our immense solar system to a tiny atom. 
Yet modern physicists at times have found it convenient to think 
of an atom as a sort of miniature solar system. Rutherford and 



Figure 36 
Parabolic Orbit 
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Bohr, in order to account for many properties of atoms, assumed 
that an atom is composed of a central portion, called the nucleus, 
about which electrons revolve in elliptical orbits. 

But one does not have to soar into the solar system or penetrate 
into the atom in order to find examples of paths of motion which are 
conic sections. Everyone has observed the 
curved path of a ball thrown obliquely up¬ 
ward. This path is parabolic. The axis in 
this case is vertical and the vertex is the 
highest point reached by the ball (Fig. 37). 

Similarly, the path of a projectile shot from 
a gun is parabolic, except that for high ve¬ 
locities air resistance alters the path con¬ 
siderably. Knowledge of the muzzle velocity 

of the projectile and of the angle of elevation of the gun permits the 
determination of the almost parabolic path of the projectile. From 

this it is possible to know in advance 
how far the projectile can go, how long 
it will take to go that distance, what 
angle of elevation will send the projec¬ 
tile furthest, and other information 
useful to armies. A bomb dropped 
Figure 38 from an airplane flying horizontally 

will descend in a parabolic path. The 
axis of this parabola is vertical and its vertex is the position of the 
bomb at the instant it is released (Fig. 38). 

In addition to being useful in studying the paths of moving 
objects, the conic sections are useful in the construction of 
many physical objects. The arches used in some of the best 
modern constructions are elliptic, or parabolic. A parabolic arch 
is stronger than any other and hence is used when the strongest 
possible arch is necessary, as in steel construction (Fig. 40 *). On the 
other hand, an elliptic arch is generally considered more beautiful 
than the parabolic and hence is often used for massive structures of 
masonry desirable chiefly for ornamental purposes (Fig. 41 l ). Be¬ 
sides being used for ornamental arches, ellipses are frequently used 
for other decorative purposes, such as for flower beds, curved walks 
and drives, mirrors, paneling in furniture, and so on. The support¬ 
ing cable of a suspension bridge is parabolic if the weight of the cable 
is negligible in comparison with the weight of the road and if the 

1 Figs. 40 and 41 are placed at the end of the chapter. 
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road weighs the same for each foot of its length. Both of these con¬ 
ditions are practically realized in the case of the 
George Washington Bridge (Fig. 39 l ) and the 
Brooklyn Bridge, in New York. 

Much use is made of the conic sections in 
constructing reflectors of light and sound. The 
parabola is often used because of the following 
important property. Let a line NPT be drawn 
tangent to a parabola (Fig. 42). Then the line FP 
joining the focus to the point of tangency, and the 
line PD which passes through the point of tangency 
and is parallel to the axis, make equal angles with 
the tangent line. Thus, in Fig. 42 angle TPD = 
angle FPN. Now, it is known 
that if a ray of light strikes a pol¬ 
ished surface at a point A (Fig. 43), 
it will be reflected so that the reced¬ 
ing ray makes the same angle with 
the tangent at A as the oncoming 
ray did. Thus, angle DAB = angle 
CAE. Because of this law of reflec¬ 
tion and the aforementioned prop- 


oncomin* recoding 

ray 



Reflecting Property of a 
Polished Surface 



erty of a parabola, it follows that if 

a small source of light is placed at the focus of a highly polished 

parabolic surface (a parabolic surface is obtained 
by rotating a parabola about its axis), all the 
rays of light will be reflected parallel to the axis 
(Fig. 44). Since all the reflected rays travel in 
the same direction, they form a stronger beam of 
light than if the rays were scattered. Use is 
made of this principle in the headlights of auto¬ 
mobiles and railroad trains and in searchlights. 
The reflector in each case is a parabolic surface 
and since a strictly parallel beam is not desired, 
the source of light, which is a small electric bulb, 
is placed between the focus and the vertex, quite 
close to the focus. Parabolic surfaces reflect sound just as they 
reflect light. For this reason they are often used in amplifiers of 
sound, such as loud speakers in radio sets. 

Not only will a parabolic reflecting surface send out a parallel 



Figure 44 

Reflecting Prop¬ 
erty of a Para¬ 
bolic Surface 


' This figure is placed at the end of the chapter. 
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beam of light when a source of light is placed at the focus, bu 1 
will do the converse, that is, concentrate at the focus all the light 
rays which come in from a very distant source so as to be parallel to 
the axis. This property is used in modern reflecting telescopes. 


The principle of a type of reflect¬ 
ing telescope, discovered by Isaac 
Newton and still used today, is 
made clear in Fig. 45. ABC is a 
parabolic mirror with focus at F 
and axis BF . D and E , which 

represent light rays parallel to BF 
coming from some distant heav¬ 
enly body, strike the surface ABC 
and would be reflected to F were i 



not for a plane mirror at G. 


This mirror, inclined 45° to the axis BF, intercepts the reflected 


rays and again reflects them, causing them to converge at a point 
H in an opening at the side of the tube. In this way a small bright 
image of the heavenly body is made. It is this image magnified 
many times by the lens at J that is seen by the eye. 

The ellipse has a property similar to that of the parabola men¬ 
tioned above; namely, that the two lines drawn from the foci of 


an ellipse to a point on the ellipse make 
equal angles with the tangent line at that 
point. Thus, in Fig. 46, angle F'BA = 
angle FBC . Because of this property, to¬ 
gether with the law of reflection mentioned 
in the discussion of the parabolic reflector, 
if a source of light is placed at one focus 
of a highly polished elliptical surface (an elliptical surface is ob¬ 
tained by rotating an ellipse about its 
major axis), all the light is reflected to 
the other focus (Fig. 47). An elliptical 
surface will reflect sound in the same 
way. Thus, if the ceiling of a room has 
the form of an elliptical surface, a very „ 

taint sound produced at one focus is re¬ 
flected to the other focus with little loss of intensity, while it 
is inaudible at other points. Such rooms are known as whispering 
galleries. An example of one is the old House of Representatives, 
now Statuary Hall, in the Capitol at Washington, D.C. 
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EXERCISES 

1. Discuss some situations in which the paths of motion of physical 
objects are conic sections. 

2. Discuss the reflecting properties of a parabola. 

3. Discuss the reflecting properties of an ellipse. 

4. Why is a parabolic mirror used in an automobile headlight? 

6. Describe the principle of a Newtonian reflecting telescope. 


8 . Geometry and Experience. In article 3 the familiar mathe¬ 
matical formulas for length, area, and volume were discussed, and 
it was mentioned that they are used in science and daily life to 
assist carpenters, surveyors, engineers, physicists, and other practi¬ 
cal workers in measuring such quantities. This is perhaps well 
known to the reader. But he is not so likely to be aware of the fact 
that practical workers use many other theorems of geometry, in 
addition to these formulas. Indeed, they assume that all the theo¬ 
rems of geometry furnish geometrical properties of the physical 
objects with which they deal. The surveyor assumes, for example, 
that the longest side of a flat triangular lot lies opposite the greatest 
angle of the lot; the engineer divides a line on his blueprint into 
five equal parts, for example, in the way suggested by a familiar 
geometrical theorem. In other words, practical workers take over 
mathematical geometry in its entirety, believing it to be truly 
descriptive of the physical objects with which they deal. 

Is there any justification for this belief? The only justification, 
of course, is that mathematical geometry fits experience. It is not 
difficult to account for this agreement of geometry with experience. 
Geometry, it should be recalled, arose out of man’s physical experi¬ 
ence. Its elements, such as points, lines, and planes, are abstractions 
from physical objects, and hence physical objects are approxima¬ 
tions of these ideal mathematical elements. Then, too, the axioms 
of geometry are statements concerning the elements which appear 
to be true of physical objects. Finally, all the theorems of geometry 
are derived from these axioms by deduction, which is reasoning of 
the most exact type. 

It must be borne in mind, however, that we have a right to ex¬ 
pect a useful result when applying geometry to a physical situation 
only when this situation corresponds closely to the ideal geometrical 
situation, and the closer the correspondence the better the result. 
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If, for example, we attempt to apply a theorem concerning an ideal 
geometrical triangle to a triangle made of crooked wire, even so 
simple a theorem as that which states that the longest side of a 
triangle lies opposite the greatest angle may not apply. 

We have said that geometry appears to fit experience quite well. 
It might be asked whether geometry fits experience perfectly. This 
question cannot be answered since any measurements of figures we 
might make in attempting to answer it would be subject to errors of 
observation. But these very errors of observation might at the same 
time be hiding from us the fact that our geometry does not fit experi¬ 
ence as well as a geometry might. This is an interesting point of 
view, and we shall return to it in a later chapter, in which we shall 
discuss the possibility that the physical world can be correctly 
described by some other system of geometry than the familiar one 


of Euclid. 

9. Geometry and Art. In this final article of the chapter we wish 
to note briefly the role that geometry plays in those arts whose 
appeal is chiefly to the eye, such as painting, architecture, sculpture, 
and decoration in general. This role consists mainly in supplying 
these arts with materials and methods for making designs and with 
the principles of perspective. 

It was mentioned in article 7 that the parabola and the ellipse 
are used in the best modern arches and in other decorative objects 
because of their beauty of form. But very pleas¬ 
ing designs can also be obtained by using only 
straight line segments or arcs of circles, or a com¬ 
bination of both. Such designs can be made as 

simple or as intricate as one 
desires, and, since they are 
easy to construct, they are 
very widely used. In many Figure 48 
cases the whole design is A Hexagonal 
achieved by the use of a geo- Design 
metrical figure. Such is the case with tiling, 
parquet floors, ornamental iron, and embroid¬ 
ery. For example, Fig. 48 shows a very simple 
and common design for a tile floor, consisting 
of a repeated regular hexagon. Fig. 49 shows 
a design for an iron gate made up only of semi¬ 
circles. A simple design useful in embroidery appears in Fig. 50. 



Figure 49 

Design for an Iron 
Gate 
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It consists of four intersecting semi-circles enclosed within a square, 
the length of whose side equals the diameter of each circle. An¬ 
other example of an embroidery design based on a geometric pat- 
tern appears in Fig. 51. 




Figure 51 

From Problems /or Geometry, by 
Mabel Sykee; published by 
Allyn and Bacon. 

Embroidery Designs 


Often the geometrical design serves as a framework into which 
other decorations are put. The designs mentioned above, for 
example, can be used in that way. The decorations in church 
windows and doors are often built around a geometrical figure. 
The trefoil, or three-leaved form, is very commonly used for this 
purpose (Fig. 52). To construct a trefoil a circle is first divided into 
six equal sectors by means of six radii (Fig. 53). Let B be the center 
of one of these radii. With B as center and OB as radius draw 
circular arc AC. In a like manner draw the other two lobes of the 
trefoil. 

A beautiful example of geometrical design involving arcs of circles 



Figure 52 
A Church Window 

From Problems /or Geometry, by Mabel 
Sykee: published by Allyn and Bacon. 



Figure 53 

Construction of a 
Trefoil 
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is to be seen in a seven-light window of Merton College Chapel 
at Oxford (Fig. 54). Its basic design is shown by Fig. 55. A & 
is divided into seven equal parts. P and Q are the centers or 

arcs CB and .4C. The arcs 
passing through the other points 
on A B have radii equal to AQ 
and centers on AB , or A B 
extended. O is the center of 
the upper circle. 


Figure 54 

From Problems for Geometry, by Mabel Sykes; 
published by Allyn and Bacon. 


A P Q B 

Figure 55 


These few examples should serve to suggest how extensive is the 
use of geometric figures in decorative designs. The observant reader 
can notice many other examples for himself in the objects with which 
he has daily contact. 

Geometric figures are very commonly used in painting for other 
than decorative reasons. For example, most paintings have the form 
of a rectangle, probably because it is the simplest of all geometric 
figures for the artist to work with. Paintings are sometimes made 
circular. The circular or “tondo” form was much used in Italy in 
the period from about 1500 to 1550. Raphael’s “Madonna of the 
Chair” is an example (Fig. 56 1 ). Note how the heads are inclined 
so as to fit the circular contour of the frame. 

Often the artist achieves orderliness within a painting by group¬ 
ing the objects in the form of some geometrical figure. Perhaps 
most famous is the use of the pyramidal form in Italian painting of 
the fifteenth, sixteenth, and seventeenth centuries. It is found, 
for example, in Raphael’s “La Belle Jardiniere” and in Giorgione’s 
“Madonna with St. Francis and St. George” (Figs. 57 and 5S 1 ). In¬ 
deed, by the seventeenth century the pyramidal form had become 
almost a canon of art in Italian painting. Its use was supposed to 

1 Figs. 56. 57, and 58 arc Dlaced at the end of the chapter. 
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give a sense of rest, strength, and dignity to a painting. It is said 
that Michelangelo advised his pupil Marcoda Siena that “one should 
make the figure pyramidal, spiral, and multiplied by one, two, and 
three. By this he meant that the figure should be mathematically 
proportioned within the enclosing geometrical form. 

There is perhaps no style of painting which makes greater use of 
geometric figures than does the modern style known as cubism. 
The striking thing about cubism as regards geometric figures is that 

the latter are used as actual 
parts of the physical objects 
being represented, and not 
simply as forms in which to 
arrange these objects. Thus 
physical objects are not rep¬ 
resented as they actually 
appear to us in life, but as masses composed of triangles, rectangles, 
cones, cylinders, pyramids, and rectangular parallelepipeds, popularly 
known as cubes (Fig. 59). Even the human figure is represented in 
this geometric manner, as appears in Picasso’s painting shown in 
Fig. 60. 1 One explanation offered for cubism 
in painting is that it gives the artist greater 
freedom in representing physical objects. He 
is not bound by the conventional outward 
appearance of things, but can represent them 
to suit his purpose. For example, he might 
wish to fix our attention upon the bulk, weight Figure 61 

and essential shape of a mountain, and not on 
its foliage, snow, and other surface features. In this case he might 
represent the mountain as a cone or a combination of cones, as in 
Fig. 61. 

Very important in the making of a painting is the plan whereby the 
available area is subdivided into smaller areas for the arrangement 
of the objects to be represented. This is frequently done by the use 
of some simple geometric figure or principle. For example, if the 
available area is rectangular, which is usually the case, a subdivision 
is easily made by means of one diagonal or both diagonals. Conse¬ 
quently the use of diagonals is very common. For example, in 
Tintoretto’s “ Presentation in the Temple,” the people are arranged 
in two groups separated by the diagonal passing through the upper 
right-hand corner of the painting (Fig. 62 l ). In Veronese’s “The 

1 Fi^s. 00 and 02 arc placed at the end of tho chapter. 
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Feast at the House of the Levis,” symmetry is achieved by having 
the banisters of both the stairways on the left and the right lie on 
the diagonals (Fig. 63 1 ). The artist often finds it natural and con¬ 
venient to use the mathematical center of his rectangular painting 
as the center of interest of the painting. This point is very easily 
obtained as the intersection of the two diagonals. An example of 
this is in Poussin’s “Shepherds of Arcadia” (Fig. 64 1 ). 

There is a current style of design known as dynamic symmetry 
based exclusively on the subdivision of the area of a rectangle by 
means of diagonals. The name dynamic 
symmetry was given to this type of design 
by Jay Hambidge, who claims that the 
use of it by the Greeks enabled them to 
achieve the beautiful proportions found 
in their temples, sculpture, and vases. 

The essential idea of dynamic symmetry is 
shown in Fig. 65. If BE is drawn perpen¬ 
dicular to the diagonal AC, a rectangle BCEF is obtained which is sim- 

DA F B 

ilar to rectangle A BCD since —— = . If now a perpendicular is 

DC EF 

drawn to CB through G a third rectangle GHCE is formed which is 
similar to the first two, and so on indefinitely. Diagonal BD can be 
used in the same way. Thus the original rectangle is subdivided into 
a large number of other rectangles, and it is the similarity of propor¬ 
tion of all of these rectangles which is supposed to give harmony and 
life to a painting utilizing this method of area subdivision. Several 
fine paintings have used the principles of dynamic symmetry, among 
them being one by George Bellows entitled “ Eleanor, Jean, and 
Anna,” which won first prize at the International Art Exhibition in 
Pittsburgh in 1922. This painting and the plan for it are shown in 
Figs. 66 and 67. 1 

Architecture has always drawn freely on the familiar geometrical 
forms. A building in the form of a rectangular parallelepiped is the 
simplest to build and hence this form, with some allowance for varia¬ 
tions, is very commonly used for dwellings in most countries and 
ages. In public and other important buildings, however, more 
beautiful geometrical forms have been used. The Roman Colos¬ 
seum (Fig. 68 l ), for example, is in the form of an elliptical cylinder, 
and the Pantheon (Fig. 69'), also a Roman building, has the form of 
a circular cylinder surmounted by a portion of a sphere. The half- 

1 Figs. 63, 64, 66. 67, 68, and 69 are placed at the end of the chapter. 
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cylinder, known as a barrel vault, was frequently used as the form 
of the ceiling in Roman baths, theaters, and other public buildings 
The Baths of Caracalla (Fig. 70 l ) are an example of this. 

The American architecture of today makes great use of the rec¬ 
tangular parallelepiped, probably because of its simplicity. For 
this reason some of our most modem buildings present a very 
“square” appearance. The buildings in Rockefeller Center in New 
York City are striking examples of this modem style in architec¬ 
ture (Fig. 71 x ). It is interesting to note that the so-called modern¬ 
istic furniture and house furnishings also make great use of rectangu¬ 
lar parallelepipeds, in imitation of the modem architecture. 

Finally, we must mention the use of perspective in painting. One 
of the problems of the artist is to represent on flat canvas the ap¬ 
pearance of solid objects in space, or, to use math¬ 
ematical language, to represent three-dimensional 
situations by the use of only two dimensions. 
This means, for example, that if the artist wishes 
to represent faithfully on canvas a landscape 
showing a river near by and mountains far off, 
he must be able to represent these objects so that 
they actually appear that way. The rules which 
guide the artist in making this representation are 
known as the laws of perspective, and they are 
entirely geometrical. If, for example, the artist is drawing a long 
hall down which he is looking toward a door he must draw the hall 
as in Fig. 72, even though the floor of the hall is rectangular. 

These laws were recognized as late as the fifteenth century. Be¬ 
fore that time artists relied mainly on their eye to help them make 
a realistic representation. Sometimes paintings were made in cor¬ 
rect perspective, but more often they were not. The paintings of 
this early period appear singularly awkward to us today because of 
their lack of perspective. The early Byzantine mosaic, “Entrance 
of Jesus into Jerusalem,” shows this lack of perspective (Fig. 73’). 
A sense of depth is almost entirely lacking. The steps on the right 
seem piled directly on top of each other, the building leans, Christ 
is hardly sitting on the horse, and the men’s feet do not rest solidly 
on the ground. 

An example of a painting employing correct perspective is Leo¬ 
nardo da Vinci’s “Last Supper” (Fig. 74 l ). The depth of the room 
is clearly conveyed. To achieve this effect the artist has made 

* Figs. 70. 71. 73. and 74 are placed at the end of the chapter. 



Figure 72 
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use of perspective. He has drawn the walls on the left and right, 
not parallel, as such walls usually are in life, but converging, so that 
they would intersect if extended. The floor and ceiling would also 
intersect if extended. It is worth noting here, also, that the lines 
on the walls and ceiling, if extended, would converge toward the 
head of Jesus, which is the center of interest of the picture. 

Since their discovery, the laws of perspective have been so 
thoroughly investigated and applied that one rarely encounters a 
modern painting faulty in perspective, except when faulty perspec¬ 
tive is intentional. The greatest artists often transgress the laws of 
perspective in order to achieve some special effect. Probably few 
artists work with the laws of perspective consciously before them. 
If in representing a scene on canvas an artist relies mainly upon 
his eye, we must remember that it is an eye which has been well 
trained to see correctly by the study of the laws of perspective. 

EXERCISES 

1. State and discuss ways in which geometry is useful in (a) the deco¬ 
rative arts; (b) painting; (c) architecture. 

2. Draw some figures composed of straight line segments and circles 
which in your opinion are pleasing to look at. 

10. Summary. The primary aim of geometry is to study the 
properties of figures, especially quantitative properties. Hence, 
measurement plays an important part in geometry. 

The figures of plane geometry are not restricted to those com¬ 
posed only of straight line segments or of circles. Among the most 
important and simplest of the other kinds of figures are the parabola, 
the ellipse, and the hyperbola, which are called conic sections, and 
which have many applications in life. The conic sections and other 
figures of geometry are widely used in artistic creations. 

The theorems of geometry are not accepted as such simply be¬ 
cause they appear true to experience, but because they have been 
proved valid by deduction. The fact that the theorems of geom¬ 
etry agree with experience is accounted for by the agreement of 
its axioms and elements with experience and by the use of exact 
reasoning. 
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REVIEW EXERCISES 

1. What part does deduction play in geometry? 

2. Name three famous problems of ancient geometry and tell what each 
means. In what sense is it impossible to solve them? In what sense 
is it possible to solve them? 

3. Why are the ellipse, the hyperbola, and the parabola called conic 
sections? 

4. Discuss the applications of the conic sections in astronomy and in 
the reflection of light and sound. 

6. In what ways do practical workers make use of geometry? Illustrate 
your answers. 

6. Is a geometrical theorem considered proved if it is shown to agree with 
experience? How then do you account for the fact that the theorems 
of geometry do turn out to agree with experience? 

7. Can we be sure that our geometry describes the physical world per¬ 
fectly? Explain. 

8. In what ways is geometry used in the visual arts? 
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CHAPTER VI 

INDIRECT MEASUREMENT — AN APPLICATION 

OF GEOMETRY 

1. Introduction. From a practical point of view perhaps the 
main achievement of plane geometry was the development of 
useful formulas for measuring lengths, areas, and volumes. Sev¬ 
eral of the most familiar and important of such formulas were 
listed in the preceding chapter in the discussion of measurement. 
The practical value of these formulas lies in the fact that they 
enable us to determine indirectly, measurements which very often 
could be made only with great difficulty or with serious errors, or 
both, when direct means are employed. The purpose of this chapter 
is to show how a certain theorem of plane geometry furnishes us 
with a simple and powerful method of solving, by indirect measure¬ 
ment, many problems that cannot be solved by the formulas re¬ 
ferred to above. The problems we shall consider are all character¬ 
ized by the facts that they involve the measure of angles and that 
unknown lengths and angles are to be determined. This new 
method will enable us to measure indirectly the height of a distant 
mountain, the width of a broad body of water, the diameter of the 
moon, and the distance to a star, to mention a few possibilities. 
The value of such a method can be appreciated when we realize 
the impossibility of measuring directly such things as the diameter 
of the moon or the distance to a star. 

We shall first discuss the method and then show some of its 
important applications in surveying, navigation, astronomy, and 
mechanics. 

2. How Thales Measured the Heights of the Pyramids. Prob¬ 
ably the first person ever to use the method which is the subject 
of this chapter was Thales, the Greek mathematician and phi¬ 
losopher (640 to 546 b.c.). While in Egypt he studied mathe¬ 
matics and the physical sciences with the Egyptian priests, and 
amazed them by obtaining the heights of the pyramids from their 
shadows. He may have done this in the following way.* On a 


C'ajori: History of Mathematica, p. 15. 
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sunny day he placed a staff of known length vertically on the 
ground, and then measured the length of the shadow cast by the 
staff on the ground as well as the length of the shadow cast by the 
pyramid. He assumed that the following equality was true: 

height of pyramid _ height of staff _ 

length of pyramid’s shadow length of staff’s shadow 
From this he concluded that 

height of pyramid = -- height of staff — x (length of pyramid’s shadow). 

length of staff’s shadow 

Since each quantity on the right-hand side of the equation could 
be measured directly by Thales, he had only to perform the re¬ 
quired calculations in order to obtain the height of the pyramid. 

Thales probably justified this method by the following familiar 
theorem of plane geometry. 

Theorem: If two right triangles are similar , the ratio of a pair of 
sides in one triangle is equal to the ratio of the pair of corresponding 
sides in the other triangle. 

Let us see how this theorem applies to the physical conditions 
used by Thales. First, there were two triangles formed, as shown 
in Fig. 75. Since the ground was flat and horizontal and the 



Fiqore 75 


B 



staff and the pyramid were vertical, we assume that the angles 
C and C, are right angles and hence equal. Also we shall assume 
that angles A and A, are equal, since all the rays of the sun in the 
same locality at any definite time strike the ground at practically 
the same angle. It then follows that angles B and B, are equal, 
smce they are complements of the equal angles A and A,. Thus 
the angles of triangle ABC are equal respectively to the angles of 
triangle so that, by definition, the two triangles are si mil ar 

It then follows from the theorem stated above that the ratio of a 
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pair of sides in one triangle is equal to the ratio of the pair of cor¬ 
responding sides in the other triangle. Since BC corresponds to 
BiCi and AC corresponds to AiCi it follows that 

B X C X _ BC 
AiCi AC 
BC 

Hence B X C X = — • A X C X . 

A 0 

We thus see how a theorem of plane geometry enabled Thales to 
determine by indirect means the height of a pyramid. Clearly, 
to measure its height directly would have been extremely difficult, 
if not impossible. 

3. The Meaning of the Ratios of Sides of a Right Triangle. 

Since the theorem used to justify Thales’ measurement is the 
one upon which the general method of this chapter rests, let us 
examine it more closely. Suppose that we have two right triangles, 
ABC and A x B x C lt one considerably larger than the other, such 




that the acute angles A and A x are each 25°. The triangles are 
then similar, having their three angles equal, respectively. Since 
side BC corresponds to side B X C X} and AC corresponds to A X C X , it 
follows from the theorem stated in article 2 that 


BC = BiCi 
AC A x Ci 


What is more, if we had ten or a hundred or any number of right 
triangles, however large or small, each containing the acute angle 
25°, it would be true that in each of them the ratio 


( 2 ) 


len gth of side opposite the 25° angle 
length of side adjacent to the 25° angle 
would equal each of the ratios in equation (1). In other words, 
in all right triangles containing a 25° angle the ratio (2) above has 
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the same value. Similarly, in all triangles containing the acute 
angle 75°, the ratio 

length of side opposite the 75° angle 
length of side adjacent to the 75° angle 
has the same value, and so on for every other acute angle of a 
right triangle. However, as will be made clear later, for different 
angles this ratio will have different values. 

Because we shall be dealing with the ratios of the sides of a 
right triangle it will be convenient to give them names. We make 


the following 

Definitions: If A is an acute angle of a right triangle (Fig. 77), then 

, _ „ length of side opposite angle A 

sine of A shall mean -;--- - 

hypotenuse 

..... length of side adjacent to angle A 

cosine of A shall mean -:--- - 

hypotenuse 


tangent of A shall mean 


length of side opposite angle A 


length of side adjacent to angle A 
length of side adjacent to angle A 
length of side opposite angle A 
Sine of A, cosine of A, tangent of A , and cotangent of- A 


cotangent of A shall mean 


are 


abbreviated to sin A, cos A, tan A, and ctn A , respectively. There 


are interesting reasons why the 
names sine, cosine, tangent, and 
cotangent came to be used, but 
they need not be given here. It 
is important to notice that the 
words sine, cosine, tangent, and 
cotangent standing alone have no 
meaning. They must refer to a 
specific angle. The reader will also 
note that it is possible to form two 



other ratios in addition to the ones 


above; namely, the reciprocals of the first two listed. But we shall 
not need the others in-our applications. 

4. The Values of the Ratios. It is extremely important for 
the practical use of the ratios associated with an angle that the 
values of these ratios be known to us. Thales succeeded in meas¬ 
uring the height of the pyramid only because he was able to de- 
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termine the value of the ratio, tan A, for angle A in the triangle 
of Fig. 75. Although he did not know the size of the angle he was 
able to find the value of the ratio by dividing the length of the 
staff by the length of the staff’s shadow. Of course the value 
he obtained was only approximately correct because of errors in 
measurement and because he was dealing with a physical, and not a 
perfect, mathematical triangle. We shall now illustrate for some 
angles how the exact values of these ratios can be found by reasoning. 

Suppose our acute angle is 30°. We saw in the preceding article 
that for all right triangles containing the 30° angle as one of the 

angles of the triangle, the ratios sin 30°, 
cos 30°, tan 30°, and ctn 30° will be the 
same. We may then choose a particular 
right triangle to obtain the values of these 
ratios. Suppose our triangle is such that 
BC, Fig. 78, is one unit long. The reader 
may recall the theorem of plane geometry 
which states that in a right triangle whose 
acute angles are 30° and 60°, the side opposite 90° is twice as 
long as the side opposite 30°. This tells us that, in Fig. 78, AB 
is 2 units long. But, by the Pythagorean theorem, 

(AC) 2 + (BC) 2 = (AB) 2 . 

Or, using the values just mentioned, 

(AO 2 + 1=4. 

Hence (AC) 2 = 3, 

and AC = V3.* 



We now have the exact values of the sides of the right triangle 
containing the 30° angle. By the definitions of the ratios we have 
the following results: 


sin 30° = 


length of side opposite the 30° angle I 


2 


hypotenuse 

length of side adjacent to the 30° angle V^3 

cos 30° = — -r—^—:-- — 

hypotenuse ^ 

length of side opposite the 30° angle __ 

length of side adjacent to the 30° angle 

length of side adjacent to the 30° angle _ v^3 


tan 30 c 


ctn 30 length of side opposite the 30° angle 1 

• The negative solution is discarded here because we are interested only in the length of a 
side of a triangle. 
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We should now observe that the triangle just used to give the 
ratios for the 30° angle may be used to give the ratios for the 6 
angle. For example, 


cos 60° = 


length of side adjacent to the 60° angle _ 1 ^ 


hypotenuse 2 

Let us now find, by reasoning, the values of the ratios for an 
angle of 45°. As in the case of the 30° angle we are at liberty to 
choose one particular right triangle containing the 45° angle. Sup¬ 
pose that side BC of this triangle, Fig. 

79, is 1 unit long. If one acute angle is 
45°, the other is also 45° and the triangle 
is isosceles. Hence AC = 1 unit. By the 
Pythagorean theorem 

(AB) 2 = (AC) 2 + (BC) 2 . 

Substituting AC = 1, BC = 1, we have 
(AB) 2 = 1 + 1, 

(AB) 2 = 2, 

Hence AB = y/ 2 . 



Figure 79 


Thus we have as the values of the ratios for 45°, . 

sin 45° = 

V2 

cos 45° = —p. * 

V2 

tan 45° = 1, 
ctn 45° = 1. 


Mathematicians have employed the above and more advanced 
methods to calculate the values of the ratios for all acute angles. 
The results of their calculations will be found in Table II at the 
end of this book. The use of this table will be explained in the 
next article. 


EXERCISES 

1. By means of a protractor * draw an angle of 25°. From any point 
on one side of this angle drop a perpendicular to the other side. You 
now have a right triangle containing the 25° angle. Measure the 
lengths of the sides of this triangle and state the approximate values 
of sin 25°, cos 25°, tan 25°, and ctn 25°. 


* This is a simple instrument purchasable at stationery stores for a few cents. 
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2. Use the process described in exercise 1 to find the approximate values 
of the ratios for 75°. 


3. Using Fig. 78, find the values of sin 60°, tan 60° and ctn 60°. 

4. Using the values in the text and the results of exercise 3, tell how 
sin 30° and cos 60° are related. Sin 45° and cos 45°. Sin 60° and 
cos 30°. 

6. The results of exercise 4 suggest that the following general statement 
may be true: The sine of an acute angle is equal to the cosine of the 
complementary, angle. Prove this statement by reasoning from a 
figure containing an acute angle in a right triangle. 

6. By the method suggested in exercise 5, 
prove that the tangent of any acute an¬ 
gle equals the cotangent of the comple¬ 
mentary angle. 

7. The statements proved in exercises 5 ^ 

and 6 are theorems. Why are they en¬ 
titled to be called theorems? 



8. Suppose that angle A is contained in the right 
triangle of Fig. 80, where BC — 5 and AB = 13. 
Find AC and then find the four ratios for angle A. 

9. Suppose that angle B happens to be contained 
in the right triangle in Fig. 81, where AC — 3 
and BC — 5. Find AB and then find the four 
ratios for angle B. 

10. If -7-—j * 1, may we say that sin A — .15? If 
sin A 

so, what axiom justifies the step? Is it correct 
to use an axiom about numbers in this situa¬ 
tion? 


B 



Figure 81 


5. The Use of the Tables of the Values of the Ratios. Table II 
at the end of this book contains the values of the ratios of all angles 
from 1° to 89° * correct to four places, these values having been 
calculated as stated at the end of article 4. Let us now learn how 
to use this table. There are two things that we shall want to do 
with it. They are (1) to find the value of sin A, cos A, tan A, or 
ctn A of an angle when the angle A is given, and (2) to find the 
angle A when the value of its sin A, cos A, tan A , or ctn A is given. 
These two problems are explained in Examples 1 and 2, respectively. 

Example 1. (a) Find sin 37°. To do this, go down the left- 

hand column to 37°, and then across to the column headed sine. 
Sin 37° = .6018. 

(b) Find ctn 68°. Go down the extreme right-hand column to 

* For our purposes we do not require minutes and seconds. 
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Ctn 68° = .4040. Notice that this result is the same as that for 


tan 22°, and compare with exercise 6 of article 4. 

It is seen that when the angle is less than 45° the names standing 
at the tops of the columns are to be used, and when more than 45 


those at the bottom are to be used. 

Example 2. (a) Find angle A if tan A = .5095. Look for .5095 

in the columns headed and footed by tangent. The number is found 
in the column headed by tangent, meaning that A is less than 45 . 
In the row of .5095 and to the left we find 27°. Hence angle A is 27°. 

(b) Find angle A if cos A = .4695. Look for .4695 in the columns 
headed and footed by cosine. It is found in the latter column, 
which means that A is more than 45°. In the row of .4695 and to 
the right we see 62°. Hence A = 62°. 

(c) Find angle A if sin A = .6199. We look for .6199 in the 
columns headed and footed by sin, but do not find it. However, 
we find .6157 and .6293, and our number lies between them. This 
means that angle A lies between 38° and 39°. Observe that .6199 
is nearer to .6157 than to .6293. Hence, for a result which is 
accurate to the nearest degree, we take 38° as the value of A. 


EXERCISES 

1. Using the tables, find the values of cos 16° and sin 74°, tan 69° and 
ctn 21°. What striking fact is brought out? What theorems are 
responsible for such conciseness in the tables? 

2. In each of the following find angle A to the nearest degree: 

(a) sin A = .9563 (c) tan A = .7501 

(b) cos A - .9135 (d) ctn A = .2035 

3. How do the sine, cosine, tangent, and cotangent change in the tables 
as the angle increases from 1° to 89 c ? 

4. Can the sine ever be as large as 2? Justify your answer without using 
the tables. 

5. Can the tangent ever be as large as 100? Justify your answer without 
using the tables. 

6. What limitations are there on the values of each of the ratios? Jus¬ 
tify your answer without using the tables. 


6. Applications to Surveying and Simple Navigation. We are 
now in a position to show how the facts we have just learned 
about the ratios can be applied to solve practical problems by in¬ 
direct measurement. In this article we shall be concerned with 
applications in surveying and in simple navigation. The terms, 
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angle of elevation and angle of depression , and the notion of bearing , 
which are useful in these applications, have the following meanings: 

(a) If a man, who is standing on the ground and looking straight 

ahead, wishes to see the top of a tall build¬ 
ing, he must turn his eyes upward from the 
horizontal through a certain angle. That 
angle is called the angle of elevation of 
the top of the building. In Fig. 82, A is 
the position of the man’s eye,* B is the top 
of the building, C is the foot of the build¬ 
ing, AC is the horizontal street, BC is the 
vertical building, and angle BAC is the 
angle of elevation. 

(b) If the man, however, is at the top of the building and wishes 
to see a certain spot on the sidewalk, he must turn his eyes down¬ 
ward from the horizontal through some 
angle. That angle is called the angle 
of depression of the spot. In Fig. 

83, A is the spot on the sidewalk, B is 
the position of the man’s eye, DB is 
the horizontal line, and DBA is the 
angle of depression. 

(c) Assume that we are dealing with 
a small portion of the earth’s surface 

(say a portion with a radius of 
about 300 miles) in order that we 
may neglect the curvature of the 
earth and hence treat this small 
portion as though it were a flat 
plane. Now suppose that A and B 
are two points on this region and 
situated with respect to each other 
as shown in Fig. 84. The north- 
south and east-west lines through 
A , and the line through A and B 
are shown. We can then specify the direction of B from A by 
saying that B bears 40° north of east from A. If a person at A 


North 





* Wc arc neglecting the height of the man which makes very little difference in the result if 
AC and CD are largo in comparison with this height. If this is not the case, C would have to bo 
a point on the building on the same horizontal as A, the position of the man’s eye. 
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cliff 


wishes to look in the direction of B he may therefore firs ace 
east and then turn toward the north through an angle o 
Of course the bearing of B from A is also 50° 
east of north. 

Example 1. A surveyor wishes to determine 
the height of a vertical cliff which is situated on 
level land. Because the cliff cannot be climbed, 
the surveyor decides to measure its height in¬ 
directly. To do this he measures a convenient 
distance, let us say 125 feet, along the ground 
away from the foot of the cliff. From this point 
125 feet away, he measures the angle of elevation 
of the top of the cliff, using for this purpose an 
instrument called a transit. Suppose that this 
angle, to the nearest degree, is 62°. The physical situation then 
suggests to him the triangle A BC of Fig. 85 with right angle at C. 
Hence, to find the length of BC, he says 

BC 



ground 

Figure 85 


SO that 

From the table, 
hence 


AC 
BC 
tan 62° 
BC 


= tan 62‘ 


= AC • tan 62°. 

= 1.8807; 

= 125 • 1.8807 = 235.1. 

The surveyor therefore takes the height of the cliff to be 235 feet, 
to the nearest foot. The reader should satisfy himself that the 
height could not have been found by working with sin 62° or cos 62°. 
However, a solution could have been obtained using the cotangent, 
as follows: 

AC 


— = ctn 62°, 
CB 

AC = CB ctn 62' 


CB = 


AC 


ctn 62' 


125 

.5317 


The reader should perform the division, compare the answer with 
the one obtained above, and then decide which method is more 
convenient. 

Example 2. A surveyor is at the top of a cliff on one side of a 
canyon. He needs to determine the width of the canyon for geo¬ 
logical reasons and uses the method of indirect measurement be¬ 
cause it is the only possible one at his disposal. He therefore 
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fixes his attention upon a certain tree (let us call it B) on the edge 



C‘ - 'A 

Figure 86 


of the cliff on the other side of 
the canyon (Fig. 86). Let us 
represent his position by the 
letter A. He then measures 
off a convenient horizontal dis¬ 
tance (let us say 100 feet) at 
right angles to the line A B and 


thus comes to a third position C. 
In this position he measures the 
angle between the lines CB and 


CA by means of a transit and finds it to be 56°. He then has the 
triangle ABC . 


Hence 


^ = tan 56°, 

AB = AC • tan 56°, 

= 100 • 1.4826, 

= 148.26, or 148 feet to the nearest foot. 


Example 3. A building lot is shaped in the form of a right 
triangle, the hypotenuse of which is 320 feet and one arm, 150 feet. 
A surveyor wishes to describe accurately, for the purpose of record 
in a deed, the angle between the arm and the ^ 

hypotenuse. If he letters the vertices of the tri¬ 
angle as in Fig. 87, A is the required angle. Be¬ 
cause A is an acute angle of the right triangle we 
have 

AC 150 


cos A = 


= .4688. 


AB 320 
From the tables we find that 

A = 62°. 

If the direction of AC is east, we can describe 
the direction of AB by saying that B bears 62° 
north of east from A. 



The three preceding examples illustrate the use of the ratios 
to determine distances and angles by indirect measurement. Sur¬ 
veyors use the above processes continually in mapping large areas 
for private and governmental purposes. Often, by means of one 
or two direct measurements of lengths, they are able to calculate 
indirectly many others, related to these through triangles. 
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The following formulation of the problem of indirect measure¬ 
ment will serve as a guide in the solution of exercises and may 
lead to a better understanding of the problem. 

The Problem of Indirect Measurement by Means of the Ratios 

1. An unknown physical quantity, distance or angle, has to be 
determined. 

2. A physical situation must be present which leads to the con¬ 
sideration of a right triangle. 

3. This right triangle must contain the unknown quantity as 
one of its sides or angles. Enough of the other parts of the tri¬ 
angle must be measured by physical means (tape measure, tran¬ 
sit, etc.) to permit the calculation of the unknown part. 

4. This calculation involves the use of one of the four ratios. 
The proper ratio to use will depend on the physical situation. 

5. The number resulting from the calculation is taken as the 
value of the unknown distance or angle. 

The word “taken” in item 5 above was used deliberately. It 
calls attention to the fact that we replace a physical situation 
and problem by a mathematical situation and problem, find the 
solution of the mathematical problem, and then agree that this 
solution shall be “taken” or accepted as the solution of the physical 
problem. We justify this transfer of solutions by the fact that the 
mathematical situation fits the physical situation so closely as to 
be able to replace it. 

EXERCISES 

Draw a figure, in each case assuming the 
earth’s surface to be flat. 

1. If B is 6 miles north and 10 miles east from 
A what is the bearing of B from A? 

2. In order to determine the height of a tall 
tree situated on level ground, a man meas¬ 
ured off a distance of 200 feet from the foot 
of the tree to a point P. At P he found 
the angle of elevation of the top of the tree 
to be 17°. Find the height of the tree. 

Ans. 61 feet. 

3. From a point A on one side of a river, and 
directly opposite a point B on the other side, 
as shown in Fig. 88, a man measured off a 
distance of 165 feet to a point C in a direction at right angles to 
AB. By means of a transit he then found angle ACB to be 43°. 
Find the width of the river. 
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4. A person living in the neighborhood of New York City finds the 
angle of elevation of the top of the Empire State Building to be 5°. 
Assuming that this measurement was made at a point on the same 
level as the foot of the building, and using the fact that the building 
is 1248 feet tall, calculate the distance of the person from the foot 
of the building. Ans. 14,265 feet. 

5. A distant mountain, known to rise 10,000 feet above sea level, has 
an angle of elevation of 3° when viewed from a certain town at sea 
level. How far is the town from the mountain? 

6. The shadow of a building is observed to be 150 feet long and at the 
same time the shadow of a 15-foot lamp post is observed to be 6.5 
feet long. How high is the building? What is the angle of elevation 
of the sun? 

7. Three cities A , B, and C are so situated that C is 150 miles east of A, 
and B is 200 miles north of C. An aviator wishes to fly from A 
to B. What is the bearing of B from A? Ans. 53° north of east. 

8. A, B } and C are three cities. C is 250 miles west of A, and B is 160 
miles north of C. In what direction should a pilot steer his airplane 
in order to go directly from A to B, and how far should he travel in 
that direction? Ans. 33° north of west; 294 miles. 

9. A lighthouse whose beacon is 300 feet above sea level is situated on 
the edge of a rocky coast. It is safe for ships to come up to 500 feet 
from the coast. The closeness of a ship to the coast is conveniently 
measured by using the angle of elevation of the beacon from the 
deck of the ship. If the deck is 20 feet above the water, what is the 
largest safe angle of elevation? Ans. 29°. 

10. It is often necessary to determine the height of an object which is 
so far away or so difficult to approach that the method used in 
example 1 cannot very well be applied. A distant mountain sur¬ 
rounded by such impediments as dense forests or rivers is an example 
of such an object. To find its 
height the following method is 
used. From a point A (Fig. 89), 
which is easy to reach, the angle 
of elevation of the top of the 
mountain D is measured. Let C 
denote the point directly under 
D which is at the same level as 
A. A point B is then chosen on 
the line AC such that the distance 
AB can be conveniently meas¬ 
ured. The angle of elevation of D is again measured, this time 
from B. Suppose the three measurements are as follows: angle A 
is 25°, angle CBD is 29°, and distance AB is one mile, or 5280 feet. 
We can now find CD, the height of the mountain above A. In right 
triangle ACD , 
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so that 


5280 + BC 
CD 

5280 + BC 


= ctn 25°, 

= CD • ctn 25°. 



In right triangle BCD , 


^ = ctn 29°, 
CD 


giving BC = CD ■ ctn 29°. (2) 

We recognize that (1) and (2) are two equations in the two unknowns, 
BC and CD. Subtracting (2) from (1) gives 

5280 = CD • ctn 25° - CD • ctn 29° 

- CD (ctn 25° - ctn 29°), 

5280 

50 that C ° = ctn 25° - ctn ~ 2 9° 


which is easily computed. The student should complete the calcu¬ 
lation. The value of CD is only the height of the mountain above A. 
The height of the mountain above sea level can, of course, then be 
found if the height of A above sea level is known. 

11. In order to measure the height of a cloud at sea, a boy on land meas¬ 
ures off a distance of 300 feet between two points on a line with a 
point directly below the cloud. From these points the angles of ele¬ 
vation of the cloud are 30° and 40°. Use the method of exercise 10 
to find the height of the cloud. A ns. 555 feet. 


7. The Meaning of Latitude and Longitude. Before considering 
some applications of the ratios to navigation on the surface of 
the earth it is necessary to have a clear understanding of an old 
and convenient method of describing the positions of objects on 
the earth. In towns and cities we describe the positions of buildings 
by means of street names and numbers. The scheme used on the 
earth is latitude and longitude. 

As is well known, the earth is very nearly spherical and rotates 
on an axis. The axis is an imaginary line which runs through two 
points on the earth known as the north and south poles. The circle 
on the earth which is halfway between the north and south poles is 
known as the equator. Points on that circle are said to have 0° lati¬ 
tude. To indicate how far north or south of the equator a point is 
located, the following is done. Suppose we wished to indicate the 
position of Q, Fig. 90. We think of a vertical plane passing through 
Q, the north pole, and the south pole. This plane will cut out a 
circle on the surface of the earth. That circle will cross the equator 
at some point R. If 0 is the center of the earth, the lines OR and 
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OQ make an angle at O. The size of this angle is called the latitude 
of Q. From the figure we can see that if Q were close to the equator 
the angle would be close to 0°; if Q were at the north pole the lati¬ 
tude of Q would be 90°. To distinguish positions north of the 
equator from those to the south, we call 
the angles determined by the former posi¬ 
tions, north latitude, and the angles deter¬ 
mined by the latter, south latitude. Thus 
point S of Fig. 90 has a south latitude of 
30°, because angle ROS is 30° and S is 
south of R. 

The equator is a circle and therefore de¬ 
termines a plane in which it lies, just as 
the edge of a flat plate may be said to lie 
in the plane of a table top on which it lies. 

If we passed another plane through the 
point Q parallel to the plane determined by the equator, this new 
plane would cut out a circle, QQ 1 Q 2 Q 3 , on the surface of the earth. 
It appears obvious from Fig. 91 * that angles QOR f Q 1 OR 1 , and 
Q 2 OR 2 are equal, and therefore that Q, Q it and Q 2 have the same 

latitude. In other words, as we 
go north, or south, from the equa¬ 
tor we cross circles such that all 
points on any one circle have the 
same latitude. A circle of this 
kind, all of whose points have the 
same latitude, is called a circle of 
latitude. It is to be noticed that 
as we go toward the poles we en¬ 
counter smaller and smaller circles 
of latitude until at the north pole, 
or south pole, we find only a single 
point. 

We have seen, thus far, that we 
may describe how far a point is north or south of the equator by 
means of its latitude. But many points, indeed a circle of points, 
have the same latitude. To describe the position of a particular 
point we shall need to specify its position on the circle of latitude 
through it. For this purpose, all points on the semi-circle passing 

• A formal proof can easily be given without relying upon the figure. 


North Polo 



Figure 91 


North Polo 
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North Polo 



South Polo 


FlODRE 92 


through the north pole, the south pole, and Greenwich, England, 
are said to have 0° longitude. This semi-circle is called the prime 
meridian. All other points on the 
earth have longitude determined as 
follows. Let A (Fig. 92) be the point 
whose longitude is desired. The circle 
of latitude through A meets the prime 
meridian at some point B. Let C be 
the center of this circle of latitude. 

The size of angle ACB is known as 
the longitude of point A. Note that 
this angle is not at the center of the 
earth unless A is on the equator. If 
A is west of By but so that angle ACB 
is less than 180°, A is said to have 
west longitude; if east of B and angle 

ACB is less than 180°, then A is said to have east longitude. 
If a person were to proceed west along the circle of latitude 
starting from B f the points he would pass would have larger and 
larger west longitudes; if he were to proceed east from B f the 
points would have larger and larger east longitudes. Of course, 

the largest east or west longitude 
would be 180° and would occur at 
the same point on the circle of lati¬ 
tude. We should note also that any 
point, such as A' (see Fig. 92) on the 
semi-circle through the north pole, A, 
and the south pole has the same 
longitude as A. This semi-circle is 
called the meridian through A. No 
longitude is attached to the poles 
themselves. 

Let us now select a definite place 
on the surface of the earth, say New 
York City. The latitude of New 
York is approximately 41° north because angle POA (Fig. 93) is 
41°; and the longitude of New York is approximately 74° west be¬ 
cause angle BCA is 74°. 

The reader would do well to consult a terrestrial globe. Such globes 
do not show the angles which determine the latitude and longitude of 


North Polo 



South Polo 
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a given place, but merely the circles of latitude and the meridians. 
Flat maps are also used to represent portions of the earth’s surface 
and on them parallels of latitude and meridians are drawn. Such 
maps, like terrestrial globes, do not show the angles of latitude and 
longitude. Moreover, they distort the shapes of countries, seas, and 
other physical features of the earth. Some of these maps, for example 
Mercator Maps, distort the circles of latitude and the meridians so as 
to represent them by straight lines. 


EXERCISES 

1. Define the latitude and longitude of a point on the earth’s surface. 

2. If place B is directly north of place C, does it necessarily have 
the same longitude? Explain. If place A is directly west of place C, 
does it necessarily have the same latitude? Explain. 

3. What are the latitude and longitude of the point of intersection of 
the prime meridian and the equator? 

4. Peiping, China, is west of New York City. Can we conclude that 
it has west longitude because New York City has west longitude? 

5. Find some cities in Europe and in Asia having the same latitude as 
New York. 

6. Find some cities where midnight occurs at approximately the same 
time as in New York. 

7. What purpose do latitude and longitude serve? 

8. Does a difference of 1 degree in latitude with no change in longitude 
represent the same distance everywhere on the surface of the earth? 
Does a difference of 1 degree in longitude with no change in latitude 
represent the same distance everywhere on the surface of the earth? 

9. Suppose A and B are two points on the earth’s surface with the same 
north latitude but with longitudes differing by 1°. Where would arc 
AB be longer, when A and B are at latitude 40° or at latitude 60°? 
Judge by a figure. 

10. Suppose A and B are two points on the earth’s surface with the same 
longitude but with latitudes differing by 1°. Would the length of 
arc AB be greater when A and B have longitude 30° west or when 
their longitude is 60° west? 

11. Using 3960 miles as the radius of the earth, calculate the distance 
between two points on the equator if their longitudes differ by an 
angle of one minute. A ns. 1.15 miles. 

12. How far does a point on the equator move in one hour because of the 
rotation of the earth? Ans. 1035 miles. 
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APPLICATION TO NAVIGATION 

8. Application of the Ratios to Navigation on the Earth. The 
previous article explained how it was possible to desciibe t e 
positions of objects on the surface of the earth. The problems o 
navigation on the earth’s surface require that we be able to ca - 
culate distances and directions between two positions. In order 
to express distances we must use a unit of length. Since positions 
are specified by means of angles it would be convenient to use a 
unit of length directly associated with 
those angles. For this purpose let us ob¬ 
serve first that the equator and all the 
circles of longitude are of the same size, 
since the radius of each is the radius of the 
earth. Further, every student of high Fioure 94 

school geometry knows that it is cus¬ 
tomary to speak of the number of degrees, minutes, and seconds 
in an arc of a circle. This number is the same as that contained 
in the central angle subtended by the arc. For example, if AB f in 
Fig. 94, is an arc of a circle with center at O, the number of degrees, 
minutes, and seconds in arc AB is the same as that in angle AOB. 
Let us adopt then as the unit of distance on the surface of the earth 
the length of an arc of one minute on the equator. This unit of 

length is known as the geographical 
mile. It is equal to 1.15 ordinary 
(or statute) miles approximately (sec 
exercise 11, article 7), or more accu¬ 
rately 6080.2 feet. Thus, if a person 
moves 2 degrees along the equator or 
along any meridian he moves 120 
geographical miles. 

We note now that if a man moves 
along a meridian he is changing his 
latitude. Suppose that A on the 
meridian BAC of Fig. 95, has north 
latitude 30°, and that B has north 
latitude 35°. Then the distance traversed in passing through 5° 
of latitude along a meridian is 300 geographical miles. Let us re¬ 
member the general fact that the number of geographical miles 
traveled in moving along a meridian is equal to the number of 
minutes by which the latitude has been changed. 

Suppose a man moves along a circle of latitude, that is, he crosses 
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meridians. If he covers 5 minutes of arc along this circle of latitude 
does he cover 5 geographical miles? Not necessarily, for the cir¬ 
cumferences of the circles of latitude are not of the same length but 
vary with the latitude. Let us see if we can calculate the number 
of geographical miles traveled by a person who changes his position 
by 5 of longitude while moving along the circle of 40° latitude. 

North Po lo In Fi S* 96 > ABC is the circle of 40° 

north latitude, and we are supposing 
^at a P erson has moved from A to 

/att ^—j- B. The radius of this circle is PA. 

( 7/ V.j_ \ Since angle AOD is 40° and AP and 

p'TT Z'J . D0 are parallel, angle PAO is 40°. 

|° Moreover, APO is a right triangle. 

\ ^Vy i Equator J Hence 

\ \\ ! / cos PAO= —, 

\ \\. ! / OA 

PA 

-or cos 40° = —, 

South Pole OA 


(Mgr--** 

J ,p 


7v5 
' \ 

1 

1 





Equator 


South Pole 


Fiodre 96 PA = OA • COS 40°, 

2 ir-PA = 2 tt-OA- cos 40°. (1) 
But the circumference of the circle of 40° north latitude is 2 tt • PA. 
The circumference of the equator is 2 tt • OA. Hence, relation (1) 
shows that the circumference of the circle of latitude 40° equals the 
circumference of the equator times cos 40°. One minute of arc 
along the 40° latitude circle is ^ t of the circumference; likewise 
one minute of arc along the equator is ^00 of its circumference. 
We may say then that the length of one minute of arc along the 
40° latitude circle is equal to cos 40° times the length of one minute of 
arc along the equator. But one minute of arc along the equator is 
a distance of one geographical mile. Hence one minute of arc along 
the 40° latitude circle equals cos 40° times one geographical mile. 
If now we wish to calculate the distance traversed in passing 5° of 
longitude along the circle of north latitude 40°, we may say that 
since arc AB = 300', the length of arc AB = 300 cos 40° geogra- 
phical miles. 

The method used to obtain this result can be applied to dis¬ 
tances along any circle of latitude. We are therefore permitted to 
state the result more generally thus: The distance in geographical 
miles, m, covered in passing through A minutes of longitude along 
the circle of latitude B is given by the formula 

m = A cos B. 


(2) 
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Thus far we have considered distances covered while traveling 
along a circle of latitude or a meridian. If, however, we wis e o 
calculate the distances between two cities such as New Yoik an 
Washington by using their latitudes and longitudes we would have 
a slightly more complicated problem to solve because these two 
cities are neither on the same circle of latitude nor on the same 
meridian. The method of calculating such distances will be il¬ 
lustrated in examples 2 and 3. 

Example 1. A ship starts out from New York, whose longitude 
is west 74°, and sails eastward so that its latitude is always 41 
north. How far has it traveled when it reaches latitude 41° north 
and longitude 71° west? 

Solution. The ship covers three degrees or 180 minutes of longitude 
while traveling along the circle of latitude 41° north. According to 
formula (2) above, the distance in geographical miles is 180 cos 41°. 
Or m = 180 X .7547 = 135.8. 

Thus the ship traveled approximately 136 geographical miles to 
reach its final position. Since 1 geographical mile is 1.15 statute 
miles, we may convert our result into statute miles if we wish to. 

Example 2. A captain wishes to take his ship directly from A 
in latitude 41° north, longitude 73° west, to B in latitude 43° north, 
longitude 70° west. In what direction should he steer? 

Solution. To answer this question, let us first draw a figure, 
showing the positions of A and B . 

A third point C is also shown (Fig. 

97) having the same latitude as A 
and the same longitude as B. We 
have to find the value of angle A. 

Our method will be to find the 
lengths of the arcs AC and BC , treat 
the triangle ABC as though its sides 
were straight lines and angle C were 
a flat right angle, and then find angle 
A. The justification of this is (1), 
that the arcs AB, AC , BC are curved 
so slightly that no great error is 
made in treating them as straight lines 
for the short distance involved, and (2), that the angle at C on the 
earth is really a right angle, since AC runs east and west and BC 
runs north and south, except that its sides are curved, not straight. 
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To find the length of arc BC we note that points B and C have 
the same longitude and their latitudes differ by 2°. Hence the 
points are 120 geographical miles apart. To find the distance AC 
we use the facts that they have the same latitude and that their 
longitudes differ by 3° or by 180'. According to formula (2), 

arc AC = 180 cos 41° 

= 180 X .7547 
= 135.8. 

Therefore the length of arc AC is 135.8 geographical miles. Treat¬ 
ing triangle ABC as a plane triangle, we can now find angle A 
because BC 

taD A “ AC = 13^8 = - 8837 - 
From the tables we find 

A = 41°. 

Note that this problem could also have been solved if, instead of 
selecting C, we selected a point D having the same longitude as A 
and the same latitude as B. 

Example 3. A ship located at 30° north latitude, 50° west longi¬ 
tude sails for 200 geographical miles in 
the direction 38° north of east. Find 
the latitude and longitude of its new posi¬ 
tion. 

Solution. Assuming the small por¬ 
tion of the earth’s surface considered to 
be flat, consider the diagram in Fig. 98, 
where point A has 30° north latitude, 50° 
west longitude. In sailing from A to B 
the ship has sailed eastward a distance 
AC and northward a distance CB . We first find the lengths of AC 
and CB. Since 

AC AC 



Figure 98 


COS 38° = 


AB 200 


AC = 200 cos 38° = 200 X .7880 = 157.6. 
Therefore, the length of AC = 167.6 geographical miles. 
Also, since 

BC 


sin 38° = 


BC 


AB 200 

BC = 200 sin 38° = 200 X .6157 = 123.14. 
Therefore, the length of BC = 123.14 geographical miles. 
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The distance AC represents a change in longitude of t e s ip 
position with no change in latitude because C is directly eas o • 
We know from the discussion in the text that the distance in 
geographical miles should equal the difference in the number o 
minutes of longitude between A and C times the cosine o ie 
latitude of A. That is, 

157.6 = (difference in longitude) X cos 30° 

= (difference in longitude) X .8660. 


Therefore the difference in longitude = 


157.6 

.8660 


minutes = 


182 min¬ 


utes, approximately. Hence C, and therefore B, have a longitude 
approximately 3° east of A , or B has longitude 47° west. 

The distance BC represents the increase in latitude in going 
from C to B along the same meridian because B is directly north of 
C. But the number of geographical miles between C and B is the 
number of minutes' difference in latitude. This is 123.14 geographi¬ 
cal miles, or approximately 2°. Since A and C have latitude 30° 
north, B has latitude 32° north. 

The position of B is, then, latitude 32° north, longitude 47° west. 


EXERCISES 


1. How many geographical miles separate two points both having 
longitude 71° west but latitudes differing by 10°? What is their 
distance apart if tHeir longitude is 80° east? 

2. Find the distance in geographical miles between point A having 
latitude 60° north and longitude 65° west and point B having latitude 
60° north and longitude 70° west. Ans. 150 geographical miles. 

3. How far does New York move in one hour because of the ^earth’s 
rotation? The latitude of New York is 41° north. Ans. 679 geo¬ 
graphical miles. 

4. How far does a point whose latitude is 60° north move in one hour 
because of the earth’s rotation? 

5. A captain wishes to take his ship directly from 60° north latitude, 
70° west longitude, to 56° north latitude, 73° west longitude. In 
what direction must he steer his ship? How many geographical 
miles long is the trip? Ans. 69° south of west, approx.; 256 geo¬ 
graphical miles, approx. 

6. A man travels 120 geographical miles directly north from latitude 40 c 
south, longitude 50° west. What are his new latitude and longitude? 

7. A ship travels westward for 150 geographical miles from latitude 20° 
north, longitude 40° west. What are its new latitude and longitude? 
Ans. 20° N. Lat., 43° W. Long. 
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8 . 


9 . 


10 . 


City A bears 38° west of south from city B and the two cities are 

How many south and h ° w 

A ship starts out from 60° north latitude, 70° west longitude and 
travels for 200 geographical miles in the direction 30° north of east 
Determine approximately the latitude and longitude of its finai 
position. b uuai 

What assumption do you make in working problems such as 5, 8, or 9? 


9. Applications in Astronomy. Probably the most striking appli¬ 
cations of indirect measurement by means of the ratios are to be 
found in astronomy. The reason is not difficult to find. When 
astronomers wish to determine the distances from the earth to 
the moon, sun, and stars, or the sizes of the heavenly bodies, 
direct measurement is out of the question. 

Let us see, for example, how an astronomer can find the distance 
from the earth to the moon, or more exactly, from the center of 
the earth to the center of the moon.* At a time when the moon 
is in the plane of the equator, an observer at C (Fig. 99) is just 
able to see it; mathematically, this means that the line AC is 



tangent to the surface of the earth at C . We then know from 
plane geometry that the radius of the earth to C is perpendicular 
to AC. Moreover, angle ABC is the latitude of C. Since this 
can be easily measured, we can find angle BAC because it is the 
complement of angle ABC. Angle BAC turns out to be 57' 3" 
(57 minutes and 3 seconds), a rather small angle. It then follows 


that 


sin 57' 3" = 


BC 

AB 


• The method described is a simplification of the one actually used. 
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or 

Since sin 57' 3" 


AB = 


BC 




sin 57' 3 

.01659 * and BC f the earth’s radius, is 3960 miles, 

3960 


AB 


.01659 


By the use of logarithms, we obtain 

AB = 239,000. 

That is, the distance of the moon from the earth is 239,000 miles. 
This answer is a good approximation of the moon’s average distance 
from the earth. 

Having determined the moon’s distance in this way, the as¬ 
tronomer can make use of it to determine the moon’s radius by 
indirect measurement. This time use is made of an angle formed 
at the earth’s center. This angle (ABC in Fig. 100) is found by 



measurement to be 15' 33". t In the figure, A is the center of the 
moon, B is the earth’s center, BC is a line tangent to the moon’s sur¬ 
face at Cy and AC is the moon’s radius. Since, from plane geome¬ 
try, there is a right angle at C, we can say 


AC 

239,000 


sin 15' 33", 


or AC = 239,000 sin 15' 33" 

= 239,000 X .004523 
= 1080. 


That is, the moon’s radius is approximately 1080 miles. 

In both examples we assumed that the earth and moon are 
perfect spheres which, of course, they are not. However, they 
are so nearly spherical that our assumption causes no appreciable 


* This value comes from more accurate tables than Table II at the end of the book 

, 6rS i ^ eter “ ine L w hat the angle is when formed at the surface of the earth and 

then by calculation determine that it is 15' 33" when formed at the center of the earth. 
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error. Also because of the fact that the distance of the moon 
from the earth is not always the same, both of the measured angles 
used .in the above examples vary to some extent. The values 
used, 57' 3" and 15' 33", respectively, are average values for 
these two angles. Hence 239,000 miles is only an average distance 
from the earth to the moon and 1080 miles is an average value for 
the moon’s radius. 

EXERCISES 

(Draw a figure in each exercise.) 

1. Find the distance from the earth to the sun by the same method used 
to find the distance to the moon. The angle formed at the center of 
the sun is 8.8" and the value of sin 8.8" is 4.2959 • 10“ 5 . Use 4000 
miles as the earth’s radius. Ans. 9.3 • 10 7 miles. 

2. Find the radius of the sun by the method used to find the radius of the 
moon. The angle formed at the center of the earth is 16' and the 
value of sin 16' is .0046541. 

3. To determine the distance from the earth to a near-by star, the method 
of this article is retained in principle but there Is one change that has 
to be made in it. The earth’s radius can no longer be used, for it is so 
small compared to the distance of a star that the angle formed at the 
star is too minute to be measured. Instead the radius of the earth’s 
orbit (which is almost circular) is used and the angle it subtends at the 
star is measured. In Fig. 101, V represents the bright star Vega, 5 


E 



represents the sun, and E represents the position of the earth in its 
orbit. The line EV is at right angles to ES. The angle EVS formed 
at the star is exceedingly small, only 0.11". If the value of sini (hll 
is 5.3329 • 10“ 7 , find the distance from the sun to Vega. Use 93,000,- 
000 miles as the radius of the earth’s orbit. The answer can be taken 
as the average distance from the earth to Vega. Ans. 1.75 • 10 miles. 

4. Fig. 102 shows how astronomers determine the height of a.mountain 
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on the moon. BC represents the height of the mountain, angle &AC 
represents the angle of elevation of the sun from the point A on the 
moon, and AC represents 
the length of the moun¬ 
tain’s shadow. Astron¬ 
omers are able to measure 
angle BAC and the length 
AC. Suppose that these 
measurements are 35° and 
7000 feet, respectively, for 
a certain peak in the lunar 
Caucasus. Determine the 
height of this peak. 

6. From the top of a mountain 

3 miles high the angle of depression of the most distant object that 
can be seen on the surface of the earth is found to be 2° 14'. Find 
the radius of the earth, given that cos 2° 14' = .9992. (Hint: 
The line from the top of the mountain to the most distant visible 
object is practically tangent to the earth’s surface. Draw the earth’s 
radii.) Ans. 3747 miles. 

10. Applications to Mechanics. Probably the most common 
phenomenon in life is motion. We have but to think of the wind, 
the blood in our bodies, of our everyday movements, of automo¬ 
biles, airplanes, and projectiles in order to appreciate this fact. 
Objects in motion possess velocities. These velocities can be 
altered by applying forces to the objects. For example, the motion 
of a pendulum can be altered by striking the pendulum with a 
hammer. It is the object of that branch of science known as 
mechanics to study how objects behave when in motion and under 
the action of forces which affect motion. In this article we shall 
show how a great many problems involving forces and velocities 
can be solved by means of the ratios. 

When a force acts on an object, it acts in a definite direction 
and with a definite magnitude. Thus when a man holds a 12- 
pound weight in the palm of his hand, there is a 12- 
pound force pressing vertically downward on this hand. 

12 We can represent this force graphically by means of a 
straight line segment as shown in Fig. 103. The seg- 
w ment is drawn 12 units long, each unit representing 1 

Figure 103 pound of force and directed vertically downward. For 
convenience, each unit used here is one sixteenth of an 
inch. If we had wished we could have chosen one inch to be the unit. 
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and in that case we would have drawn the line 12 inches long. Thus 
both the magnitude and direction of the force are represented in 
the diagram. If a man pushes horizontally to the right against a 
heavy desk with a force of 25 pounds (“a force of 25 pounds” 

means the force that a 25-pound weight 

-exerts on a scale that is weighing it) we 

Figure 104 could represent the force by a line segment 

25 units long, directed to the right. In 
Fig. 104 each unit is represented by a length of iV of an inch so that 
the segment is 1^ inches long. Similarly, every force can be rep¬ 
resented both in magnitude and direction by a directed line seg¬ 
ment, in the way illustrated. If an object is at rest and a force 
is made to act on it, the object will move in the direction in which 
the force acts if it is free to move in that direction. Thus, if a 
person pushes horizontally against a desk which rests on a floor so 
smooth that friction is negligible, the desk will move in the direc¬ 
tion in which he pushes. 

Suppose, however, that two men push against the desk in differ¬ 
ent horizontal directions. They might do this in a great variety 
of ways, of course. For simplicity, let us assume that one man 
pushes the desk toward the rear of the room, while the other pushes 


the desk toward the side of the room, 
in such a manner that the two directions 
are at right angles to each other. Let 
us assume, furthermore, that they push 
with forces of 15 pounds and 20 pounds, 
respectively. This physical situation 
can be represented geometrically as in 
Fig. 105. The desk A is treated as 



Figure 105 


though it were a point, and extending 

from it are two perpendicular lines AB, 
Cx “ 7 * 1 ^ C representing the two horizontal forces. 

The question before us is: How will the 
16 fas desk move? Clearly it will not move in 

the direction of the 15-pound force, nor in 
s' the direction of the 20-pound force, but 

/b 20 _in some direction lying between those 

A Figure loo two directions. In fact, experience has 

shown that the desk will move along the 


diagonal AD of the rectangle ABDC shown in Fig. 106. Further- 
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more, it will move along this diagonal as if it were acted on y a 
force equal in magnitude to the length of the diagonal. In other 
words, the directed segment AD rep¬ 
resents in magnitude and direction a 
force which singly would move the desk 
in exactly the same way as would the 15- 
and 20-pound forces acting simultane¬ 
ously. This single force is called the re¬ 
sultant force of the 15- and 20-pound 
forces and the latter are called the two 
component forces.* Using the Pythago¬ 
rean Theorem, the length of AD is found to be 25 units, so that 
the magnitude of the resultant is 25 pounds. The direction of the 
resultant can be specified in terms of angle b. 

Since tan b = = .75, 

20 

b = 37°, to the nearest degree. 

Thus the resultant force has a magnitude of 25 pounds and acts so 
that angle b is 37°. 

Combinations of forces can, of course, be more complicated 
than the one just described. For example, the two forces might 
not act at right angles to each other, or there might be three or 
more forces acting in various directions. In every case, however, 
it is possible to determine the resultant force, which in some cases 
reduces to zero, and which, acting alone on the object, produces 
the same effect as the component forces. The reason for wishing 
to determine the resultant force acting on an object is that the 
knowledge of it enables us to predict what the behavior of the 
object will be. Furthermore, once the resultant force has been 
found, it is often more convenient to work with it alone than with 
the many component forces. Thus, according to Newton’s Theory 
of Gravitation, the sun, moon, and planets all exert forces on the 
earth, the resultant of which determines the precise way in which 
the earth moves in space. In many problems involving the motion 
of the earth in space it is more convenient to work with this re¬ 
sultant force than with the many component forces mentioned. 

* It would be equally well to represent the forces BA and CA as shown in Fig. 107. whore A 
represents the desk. In this case, the resultant force is DA, the diagonal of the rectangle. A 
comparison of this figure with Fig. 106 will show that DA has the same magnitude and direction 
as AD. 
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Let us now discuss briefly the converse problem of finding two 
perpendicular component forces which will produce the same 
effect on an object as a given resultant force. An illustration will 
serve to show how this problem arises and hence why it is im¬ 
portant. 

Suppose that a smooth block of wood is resting on a smooth 
table. By smooth, we mean that the friction between the wood 
and table can be ignored. We shall also neglect the weight of the 
block in the present discussion. If we press down vertically on 
the block with a force of 100 pounds the block will not move along 
the table. But suppose that instead we press on the block with a 
force of only 10 pounds making an angle of 40° with the vertical 

direction, as shown in Fig. 108. It 
is a matter of experience that the 
block will move along the table de¬ 
spite the fact that this force is 
smaller than the former one. An 
important conclusion can be drawn 
from a comparison of the action of 
these two forces, namely, that a 
force has no effect in a direction 
perpendicular to that in which it is 
acting. The 100-pound force ex¬ 
erted vertically downward had no 
effect on the horizontal motion of the block. Likewise if we let a 
ball drop from our hands, the force of gravity, which acts vertically 
downward, causes no motion of the ball in the horizontal direction. 

Let us return to the 10-pound force acting as in Fig. 108. It was 



vertical 

direction 


~] block 


table 

Figure 108 


block 


stated above that in this case the block 
will move horizontally. Why should it do 
this inasmuch as the force applied is not 
directed along the table? Physicists answer 
this question in the following way. The 
force R may be considered the resultant 
force of two perpendicular component forces 
B and C which would produce the same 
effect on the block. The reader should refer 
to the definition of resultant force. Two such, 
forces are shown in Fig. 109, C acting along the table and B acting 
vertically downward. Now, instead of dealing with R m order to 
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study the behavior of the block, we can deal with its equivalent, 
B and C. Since B acts vertically downward on the block, its 
direction is perpendicular to the table and hence it offers no e p 
in moving the block along the table.* But C does act along t e 
table, so that it alone is responsible for the motion of the block. 
To know therefore just how the block will move, we shall need to 
determine the magnitude of C. This is an easy matter since we 
know that R is 10 pounds and makes an angle of 40° with the ver¬ 
tical. Let us use c to designate the magnitude of C; r for the 
magnitude of R, etc. 

We then get ^ = sin 40°, 

c = r sin 40°, 

c = 10 X .6428 = 6.428. 

Hence the block will move to the right along the table as if it 
were being moved in that direction with a force of about 6£ pounds 
and there were no other force acting on it. We should note that 
the actual force acting to the right is less than the force of 10 pounds 
applied. This is in accord with our experience that some force 
is wasted because it is not acting in line with the direction of motion. 

This example serves to illustrate an important problem of me¬ 
chanics, which can be stated in the following general way: An 
object which is free to move only in a certain direction is acted upon 
by a force, and it is desired to determine the effect of this force 
in making the object move in the given direction. To solve the 
problem we proceed as in the example just discussed. We replace 
this resultant by two component forces equivalent to that result¬ 
ant, one force C acting in the given direction and the other force B 
perpendicular to this direction. After finding the magnitude of C, 
we know that the object will move in the given direction as if no 
force other than C were acting on it. This problem arises fre¬ 
quently in everyday life, as the following example will show. 

Example 1. If an automobile weighing 2000 pounds is to remain 
at rest on a hill inclined at an angle of 30° to the horizontal, what 
force tending to pull it down the hill must be counteracted? 

Solution. Here R is the force of gravity which acts on the 

* We are using here the fact pointed out in the last paragraph, that a force does no work in a 
direction perpendicular to its own. Since this fact is accepted from experience, it is not proven 
deductively and hence, logically, is an axiom. Moreover, it is an axiom of physics, but not of 
mathematics, since it is being used only to make a physical application. 
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automobile. The magnitude of R is 2000 pounds and its direction 
is vertically downward. But the automobile is not free to move 
vertically downward. It is free, however, to move down the hill. 
Hence we must replace the 2000-pound force by two components, 
B and C, the first directed down the hill and the other directed at 
right angles to the hill. This is shown in Fig. 111. The reader 
must be careful, however, to distinguish between the two diagrams. 




Fig. Ill represents forces and the unit adopted to represent forces 
has nothing to do with the unit used in drawing Fig. 110. However, 
we can use Fig. 110 to tell us the size of the angle between B 
and R. We note in this figure that the acute angle between R 
and the direction of the hill is 60°. This must also be the angle 
between B and R because B is in the direction of the hill. Using 
b and r to represent the magnitudes of B and R respectively, we 
then have 

cos 60° = -> 
r 

b = r cos 60°, 
b = 2000 • i = 1000. 

This means that a force of 1000 pounds acts down the hill on 
che automobile. If the automobile is to remain at rest this down¬ 
ward force must be counteracted or balanced by an equal force 
acting up the hill. This balancing force is the force of friction 
set up by the brakes. It is clear that an automobile builder must 
know what these downhill forces are going to be so as to supply 
brakes having the necessary resistance. 

The components into which a force may be resolved have many 
important applications. Suppose an airplane is directed hori- 



ART. 10J 


APPLICATIONS TO MECHANICS 


191 


zontally. The propeller forces the air back thereby causing a 
forward motion of the airplane. However, the air pressure acts 
against the wing. If the wing is tilted as in Fig. 112, the air pres¬ 
sure has a component perpendicular to the wing and this com¬ 
ponent helps to overcome the weight of 
the airplane which is directed downwards. 

If the wing were not tilted, no such lifting 
component would be present and the air¬ 
plane would not rise from the ground. 

Let us now turn from force problems 
to velocity problems. A velocity resembles 
a force in that it too has magnitude and 
direction and hence can be represented 
geometrically by a directed line segment. 

Because of this resemblance, velocity pro¬ 
blems lend themselves to the same methods of solution as do force 
problems. The following examples will make this clear. 

Example 2. A pilot is steering his airplane northward at the 
rate of 100 miles an hour when he runs into a wind blowing from 
the east at the rate of 40 miles an hour. If he still keeps his air¬ 
plane facing northward and keeps his engine working as before, 
in what direction will he actually be moving and with what speed? 
That is, what is his resultant velocity?' 

Solution. Whatever this resultant velocity turns out to be, it 
should be such as to carry the airplane 100 miles northward and 

40 miles westward each hour, 50 miles north¬ 
ward and 20 miles westward each half hour, 10 
miles northward and 4 miles westward each 
six minutes, and so on. Let us see how to find 
it. 

We may think of the airplane as possessing 
two velocities, one due to its own engine and the 
other due to the wind. These velocities can be 
represented by the directed line segments AC 
and AB, respectively, as shown in Fig. 113. AC 
is 100 units long and directed northward, while 
AB is 40 units long and directed westward so 
that the angle at A is 90°. The point A may be 
thought of as representing the position of the airplane. Clearly the 
airplane will not continue to move directly northward after running 
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into the wind, nor will the wind carry it directly westward, but it will 
move in some direction between north and west. As in the case 
of forces, experience tells us that the directed diagonal AD in the 
figure will be the direction while the length of AD represents the 
speed in this direction. In other words, AD represents in mag¬ 
nitude and direction the actual velocity of the airplane. This 
velocity will carry the airplane 100 miles northward and 40 miles 
westward in one hour and therefore is the correct resultant veloc¬ 
ity. To find its direction, we have 

100 

tan DAB = — = 2.500, 


so that angle DAB = 68°, to the nearest degree. 

To find magnitude of the resultant velocity, we have 


From this we find 
AD 


AB 

AD 

AB 

cos DAB 
107. 


cos DAB . 

= 40 
cos 68° 


40 

.3746 


Hence the airplane will be moving actually 68° 
north of west with a speed of 107 miles an hour. 

Example 3. A ship is sailing 35° east of north 
with a speed of 14 miles an hour. With what 
speeds is it traveling northward and eastward? 

Solution. In other words we are trying to find 
how many miles the ship is carried northward 
and how many miles eastward each hour. From 
Fig. 114 these are the distances AC and AB } re¬ 
spectively. Using right triangle ACD , we have 

cos 35° = — or AC = AD cos 35° = 14 cos 35°. 

AD 

Similarly, from triangle ABD we obtain 

AB = 14 sin 35°. 

Hence these two nuifibers are the desired speeds. They are called 
the northward and eastward component velocities, respectively. 
Their resultant is, of course, the actual velocity of the ship. 

Forces and velocities are, as we have pointed out, quantities 
having magnitude and direction. They are the most familiar 
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examples of such quantities. Another example, perhaps s lg y 
familiar, is acceleration, that is, the rate of change of ve oci y. 
All quantities having magnitude and direction are known as vec or 
quantities. Our treatment of force and velocity illustrates how 
one works with vectors. 


1 . 


2 . 


What 



EXERCISES 

Two forces of 50 pounds each act (a) in the same direction on an 
object, (b) in opposite directions, (c) at right angles to each other. 
In each case, find the magnitude and direction of the resultant force. 
A man wishes to drive his motor boat across a broad river. If his 
engine pushes with a force of 500 pounds cross-stream and the current 
pulls downstream with a force of 100 pounds, in what direction will 
the boat move? What is the magnitude of a single force acting on 
the boat in such a direction as to make the boat move in exactly the 
same way? Ans. At an angle of 79° with the downstream direction; 
510 pounds. 

3. A trolley car weighing 10,000 pounds is at rest on a hill inclined 12 
to the horizontal. What force is urging the car downhill? 
prevents the car from moving downhill? Ans. 2079 pounds. 

4. In order to move a car up a mountain 
railway a force of 12,000 pounds must 
be exerted on it along the tracks. If a 
cable is used to pull up the car and it is 
inclined 20° to the tracks (Fig. 115), 
with what force must the cable pull on 
the car? Ans. 12,770 pounds. 

6. A man is pulling a 180-pound box up a 
long to a platform 4 feet above 
the ground (Fig. 116). With 
what force must he pull up along 
the chute? Which requires less 
force, for the man to pull the box 
this way, or to lift it vertically 
upward from the ground to the 
platform? Ans. 60 pounds. 

6. A dirigible is traveling northward at a speed of 100 miles an hour. 
Find out in what direction and with what speed it will move if a wind 
starts blowing from the south at 30 miles an hour. Suppose the wind 
blew from the north instead. Finally, suppose that the wind blew 
from the west. 

7. A man who can row at the rate of 4 miles an hour in still water wishes 
to row across a river in which the current is 1 mile an hour. If he 
heads straight across, in what direction will he actually be moving 
and with what speed? In what direction would he have to head in 


track 

Figure 115 

smooth, flat chute 12 feet 


platforrn_ 



ground 

Figure 116 
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order to go straight across and with what speed would he actually 
travel? Ans. 4.1 mi./hr. downstream making an angle of 76° with 
the bank; 3.8 mi./hr. upstream making an angle of 75° with the 
bank. 

8. A steamer leaves New York traveling 18° east of south at 20 miles 
an hour. How fast is it moving southward, and how fast eastward? 

9. An airplane leaves the ground at an angle of 6° while going at 
70 miles an hour. How fast is it moving forward, and how fast is it 
rising? 

10. A boy pulls on a sled with a force of 100 pounds by means of a rope 
making an angle of 20° with the horizontal. What component of the 
100 pounds acts in a horizontal direction? If he used a longer rope 
so that the angle made by the rope with the horizontal would be 10°, 
would the horizontal component be larger? 


11. Comment. In this chapter we confined ourselves to the 
consideration of right triangles and of problems involving them. 
There are, however, many important problems leading to triangles 
which are not right triangles. For example, an object A might 

be acted on by two forces of 6 and 
8 pounds, making an angle of 60° 
with each other, and it is desired to 
find the magnitude and direction of 
the resultant force. It is a well- 
known fact in mechanics that if we 
complete the parallelogram A BCD 
(Fig. 117), the directed diagonal AC 
will represent the resultant force. 
Now, although AC appears as a side 
in the two triangles A BC and A DC, 
neither of them is a right triangle. To remedy this situation, we 
drop a perpendicular from C to A B extended, forming a right 
angle at E. Side AC is then the hypotenuse in right triangle A EC. 
Since BC = 8 and angle CBE = 60°, it follows that 



CE = 8 sin 60°, 

BE = 8 cos 60°, 

so that we know the lengths of AE and CE. Hence we can find 
the length of AC and the angle CAB, and these two quantities tell 
us what the magnitude and direction of the resultant force are. 
Similarly, whenever a physical situation leads us to consider an 
oblique triangle (one which is not a right triangle) it is always 
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possible to form one or more right triangles by dropping a pe 
pendicular from a vertex to the opposite side, extended if necessary. 
If we have enough information, we can calculate the unknown 
side or angle by considering the right triangles thus formed. 

There is one more point to be noted. Very many of t e 
problems we solved in this chapter by calculation with the ratios 
can also be solved, though not so accurately, by measurement of 
the unknown quantity on a carefully made drawing. For example, 
suppose we want to determine by this method the height of a cliff, 
whose angle of elevation is 18° when measured from a point at a 
horizontal distance of 200 feet from the foot of the cliff. With 
the understanding that 1 inch on 
paper is to represent 10 feet, we 
draw on paper a horizontal line AC 
20 inches long to represent the hori¬ 
zontal distance of 200 feet (Fig. 118). 

Then with a protractor we form an 
angle of 18° at A. Next, using ruler 
and compasses, we draw a perpen¬ 
dicular at C meeting the other side of the angle at the point B. 
Finally, using a ruler, we measure the length of BC. If this length 
is x inches, then the height of the cliff will be 10 x feet, since each 
inch on paper represents 10 feet. 

The student will note that the correctness of this method rests 
on the fact that the triangle drawn on paper is similar to the physi¬ 
cal triangle. Because of the fact that it depends on construction 
and measurement, this method does not give such accurate results 
as the calculation method used in this chapter. However, the 
method is often convenient to use when tables are not handy, 
when highly accurate results are not needed, or when problems 
involving long and tedious calculations arise. Such problems 
usually arise, however, only in connection with physical situations 
involving oblique triangles. 



12. Summary. We saw that if A is an acute angle in a right 


triangle ABC (Fig. 119), the ratios 


BC AC BC AC 
AB AB AC BC 


have defi¬ 


nite values which depend only on the size of angle A> and not on the 
size of the triangle ABC. These ratios are called sin A , cos A , tan 
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Figure 119 


A, and ctn A, respectively. The values of these ratios appearing in 
the tables are obtained by a method of reasoning and computation 
which was illustrated. 

It is a remarkable fact that the mere knowledge of the meaning 

of the ratios and the ability to use the 
tables enabled us to solve a great 
variety of important practical prob¬ 
lems. We solved problems in sur¬ 
veying, navigation, geography, as¬ 
tronomy, and mechanics, and they 
are only a few of the fields to which 
the ratios can be applied. In each 
problem we were faced with a physical 
situation requiring the determination 
of a length, an angle, or both, which it would be difficult or im¬ 
possible to measure directly. We were able to solve the problem 
in every case by setting up a right triangle, one or two of whose 
parts were the unknown quantities, measuring certain other parts 
directly, and then, using the proper ratio, to calculate the un¬ 
known parts, thereby measuring them indirectly. 

The branch of mathematics that we have been studying in this 
chapter is usually called trigonometry, and the ratios sin A, cos A, 
tan A, and ctn A are called trigonometric ratios. Because trigonom¬ 
etry uses theorems of plane geometry we may describe it as an ap¬ 
plication of plane geometry to the indirect measurement of distances 
and angles. In Chapter IX we shall see how trigonometry can be 
further extended, and in Chapter XII how the extension permits 
the solution of important scientific problems of a very different 
character from those studied in this chapter. 


REVIEW EXERCISES 

1. How did Thales measure the heights of pyramids in Egypt? Justify 
his method. 

2. If A is any acute angle, what do sin A, cos A, tan A, ctn A mean? 

3. If A is any given acute angle, does the value of sin A depend upon 
the size of the right triangle containing A? Answer the same ques¬ 
tion for each of the other three ratios, giving the reason for your 
answers. 

4. What assumption is made when indirect measurements of physical 
quantities are made by means of the ratios? 

6 . Name four physical quantities which cannot possibly be measured 
directly, but which can be measured indirectly by means of the ratios 



ART. 12] 


TOPICS FOR FURTHER STUDY 


197 


6. State in detail one type of problem which is solved by 

the chapter in each of the following fields: surveying, g > 
astronomy, and mechanics. . 

7. Show that if we know the values of any two sides or the v ^ues o 
one side and an acute angle of a right triangle we can a way 

mine the values of the remaining sides and angles. Hence m a p J 7 
ical situation a distance or angle can be measured indirectly prov 
that it can be made a part of a right triangle and that two sides or 
else a side and an acute angle of that triangle can be measured direc y. 

8. How is trigonometry related to plane geometry? 
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CHAPTER Vn 

COORDINATE GEOMETRY 


1. Introduction. As we have seen in the preceding chapters, 
the aim of algebra is to study numbers and their relations, while the 
aim of geometry is to study figures and their properties. Fre¬ 
quently, however, it is convenient, or even necessary, to use alge¬ 
braic methods in solving a geometric problem or to resort to geo¬ 
metric illustration in order to clarify an algebraic idea. For exam¬ 
ple, the geometrical problem of determining the area of a circle is 
solved by algebraic methods, the solution being the algebraic equa¬ 
tion A = 7rr 2 , and similar statements can be made for practically all 
measurement problems in geometry. The whole of Chapter VI on 
trigonometry illustrates the use of algebraic methods in geometry. 
On the other hand, in Chapter II we represented the number V2 
geometrically as the hypotenuse of an isosceles right triangle each 
of whose arms is one unit long. Moreover, we saw in the same 
chapter that a negative number could be represented geometrically 
by a distance measured in one direction from a straight line, a 
positive number being represented by a distance measured in the 
opposite direction from the line. In 1637, Ren6 Descartes dis¬ 
covered a new and powerful method of further unifying algebra 
and geometry, which resulted in great progress in mathematics and 
in the application of mathematics to science. This method con¬ 
sists in associating numbers with points and equations with geo¬ 
metrical figures by means of what is now called a Cartesian coordi¬ 
nate system, the word Cartesian coming from “Cartesius,” the 
Latinized form of the name Descartes. In the present chapter we 
shall show how these associations are made and to what use they 
can be put in mathematics, while in later chapters we shall consider 
their applications to science. 

2. The Cartesian Rectangular Coordinate System. The use of 
straight scales in daily life to measure quantities is quite familiar. 
A foot rule and a thermometer, for example, have such scales. To 
each position on such a scale there corresponds a number, and to 
each numerical value which the physical quantity can assume there 



ART. 2] 


RECTANGULAR COORDINATES 


199 


corresponds a position on the scale. This idea can be used to asso¬ 
ciate numbers with positions on any straight line in a plane. For 
convenience, let us consider a horizontal line. We first choose a 
point on this line, it does not matter which point, and assign it to 
the number 0. Then we choose any other point on the line, say to 
the right of 0, and assign it to the number 1. Taking the length 
of the segment from 0 to 1 as our unit length, we assign to number 2 
the point two units to the right of 0, to number 3 the point three 
units to the right of 0, and so on for all the positive integers. To the 
fraction i is assigned the point half a unit to the right of 0 and simi¬ 
larly to every other positive fraction is assigned a point. Points 
are^ assigned to the irrational numbers in the same way, the number 
“V2, for example, being 

represented by a definite -3 -2 —l 0 , 1 2 - 3 - 

point between 1.4 and 1.5 H 

(Fig. 120). Using the same Figure 120 

unit of length, we assign to 

each negative integer, fraction, and irrational number a point to 
the left of 0. To each real number, then, we have assigned a point 
on the line. Conversely, the distance of each point on the line from 
the 0 point is expressed by a real number, positive if the point is to 
the right of 0 and negative if to the left. That is, with each point 
on the line we associate a real number. We have thus shown that 
with each real number there is associated one point on the line 
and, conversely, with each point on the line there is associated one 
real number. 

This association of the real numbers with the points on a line is 
called a one-dimensional coordinate system. The point associated 
with 0 is called the origin of the coordinate system, and the number 
associated with each point is called the coordinate of the point. 
The coordinate of a point is therefore its directed distance from the 
•origin. 

Just as each point on a line can be associated with one real num¬ 
ber, so each point in a plane can be associated with one pair of real 
numbers. To do this we choose any two perpendicular lines in 
the plane and set up a one-dimensional coordinate system on each 
of them. We take the point of intersection of the two lines as the 
common origin of both coordinate systems and use the same unit 
of length in both systems. For convenience, let one of the perpen¬ 
dicular lines, designated XX'\ be horizontal, with its positive di- 


200 


COORDINATE GEOMETRY 


(CHAP. VII 


rection to the right, and let the other, designated YY' be vertical, 

with its positive direction upward (Fig. 121). 

Now let P be any point in the plane (Fig. 
1 122). The perpendicular from P to XX' meets 

, w the latter in a point with which some number 

X _{ o l X has been associated. This number is the first of 
—1 the pair of numbers to 

be associated with P 

■and is called the ab- n 3 ——. p 1 

Figure 121 scissa of P. Similarly, 2 - 

the perpendicular from f l- 

P to YY' determines a number on this line X “gig-jj X 

which is the second of the pair of numbers “1 

to be associated with P and which is called m 2 iv 

the ordinate of P. The abscissa and ordi- ~ Z Z! -4 

nate are called the coordinates of P. In Q 
Fig. 122, the abscissa of P is 2 and its x 

ordinate is 3. We write these coordinates Figure 122 


concisely in the form (2, 3), with the ab¬ 
scissa first, followed by the ordinate. The coordinates of Q are 
( — 3, — 4), the abscissa being — 3 and the ordinate — 4. It is 
most important to note that the coordinates of a point represent 
its distances from XX' and YY', the abscissa being its distance 
from YY' and the ordinate its distance from XX'. Thus P is 2 
units to the right of YY' and 3 units above XX', while Q is 3 
units to the left of YY' and 4 units below XX'. 

An association of pairs of real numbers with the points of a plane 
is called a two-dimensional coordinate system. There are several 
such systems used in mathematics, the particular one described 
above being perhaps the one most commonly used. It is called a 
Cartesian rectangular coordinate system, the term rectangular 
referring to the fact that the two lines of reference XX' and YY' 9 
meet at right angles. The line XX’ is called the X-axis and the 
line YY' the F-axis, and together they are called the coordinate 
axes. The point of intersection of these axes is called the origin 
of the coordinate system. It has the coordinates (0, 0). The axes 
divide the plane into four parts called quadrants, which are num¬ 
bered I, II, III, IV, as shown in Fig. 122. The letters x and y are 
used as symbols for the words abscissa and ordinate, respectively. 
Thus, for the point (2, 3), x = 2 and y = 3. As we shall see later, 
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the use of x and y in this way makes possible the linking up o geo 
metric figures and algebraic equations. # 

The idea of a two-dimensional coordinate system is really no 
new to the student. As we saw in Chapter VI, article 7, each pom 
on the earth's surface has a pair of coordinates, called its latitu e 
and longitude, which serve to specify its position. The coordinates 
in this case are measures of angles, rather than of distances. Simi¬ 
larly, astronomers find it convenient to treat the sky as if it were 
a spherical surface and hence to specify the position of each heavenly 
body on that surface by means of two angles known as right ascen¬ 
sion and declination, which are analogous to latitude and longitude. 
Coming down to earth again, we note that in many cities whose 
streets intersect each other at right angles, the location of any par¬ 
ticular intersection is specified by the numbers of the two inter¬ 
secting streets. Thus, in New York, we can speak of the corner of 
Fifth Avenue and Eighth Street. If we agreed to write the street 
number first and the avenue number second, the intersection of 
streets and avenues could be denoted by pairs of numbers just as 
points in a plane are. With this agreement the above-mentioned 
intersection would be designated (8, 5). 

EXERCISES 

1. To indicate the position of a point having given coordinates is called 
plotting the point. Plot these points: 

(a) with abscissa 3 and ordinate 4; 

(b) (-3, 4); 

(c) with x = 3 and y = — 4. 

2. Plot the following points: (—6, — 3), 

(3,0), (-3,0), (0,3), (0,-3), (0,0). 

3 . What are the coordinates of the 
points A, B t C t D t E, F t and G in 
Fig. 123? 

4 . Make a table showing the signs of 
the abscissa and ordinate in each of 
the quadrants. 

6 . (a) What is the abscissa of each point on the Y-axis? 

(b) What is the ordinate of each point on the X-axis? 

6 . (a) Give the coordinates of three points which are the vertices of a 
right triangle. 

(b) Give the coordinates of four points which are the vertices of a 
rectangle. 

(c) Do the same as in 6(b) with the added condition that no more 
than one vertex should be in any one quadrant. 


Y 
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3. Length of a Straight Line Segment. The rectangular coordi¬ 
nate system enables us to study relations among points in a plane 
in terms of the numbers, that is, coordinates, associated with those 
points. Perhaps the most important and also the simplest of these 
relations is the distance between two points, that is, the length of the 
straight line segment joining two points. The distance between 
any two points can be determined when their coordinates are 
known, as will now be shown. 

First, let us consider two points with equal abscissas, say the 
first quadrant points (3, 1) and (3, 5). (See Fig. 124.) The distance 
between them is clearly 4 units, which is the 
larger ordinate 5 minus the smaller ordinate 1. 

Now let us consider the first quadrant point 
(3, 1) and the fourth quadrant point (3, — 4). 

Here the distance is 5 and as before this is 
the larger ordinate 1 minus the smaller ordi¬ 
nate — 4,* that is, 

l-(-4) -1+4 = 5. 

Now let us take both points in the fourth 
quadrant, say (3, — 2) and (3, — 4). Again 
the correct distance 2 is the larger ordinate, 

— 2, minus the smaller one, — 4. Finally, if 
one of the points is on the X-axis, as in the 
pair (3, 0) and (3, 5) or (3, 0) and (3, — 4), the 
distance is still the larger ordinate minus the smaller ordinate. We have 
now considered all types of positions in the quadrants which pairs 
of points with the abscissa 3 may occupy. If we had considered 
two points with the same abscissa 5, or — 3, or anything else, we 
would have come to the same conclusion as to the method of finding 
the distance between them. Hence we may state 

Theorem I: The distance between any two points with equal abscis¬ 
sas is the larger ordinate minus the smaller. Stated algebraically , if 
(x v !/i) an d ( x t , y t ) are the coordinates of any two points such that 
x, = x x and y t > y lt the distance between the points is y t — y v t 

The problem of finding the distance between two points with 
equal ordinates is exactly analogous to the problem of finding the 

• By larger is meant algebraically larger. That is. any positive number is larger than any 
negative one. and of two negative numbers, the one having the larger numerical valuo is smaller 
algebraically. Thus—5< —3, 0 > —2, 5 > —7. 

t The subscripts 1 and 2 have nothing to do with the values of the coordinates. They serve 
only to distinguish the coordinates of one point from those of the other. 
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distance between two points with equal abscissas. We may there¬ 
fore state 

Theorem II: The distance between any two points with equal ordi¬ 
nates is the larger abscissa minus the smaller. Stated algebraically , if 
(x lt y t ) arid (x„ y t ) are the coordinates of any two points such that 
y t = y t and x t > x lt the distance between the points is x t — x v 

For example, the distance between ( — 3, 5) and (4, 5) is 4 — ( — 3) 
or 7, as can be verified by the use of a figure. 

Now let us find the distance between two points whose abscissas 
are unequal and whose ordinates are unequal. Suppose the points 
are Pi with coordinates (x,, y x ) and P 2 with coordinates (x 2 , 2 / 2 ), 
and that y 2 > y x and x 2 X\. P 2 must therefore lie above P\ in the 
plane, either above to the left (Fig. 125 a) or above to the right (Fig. 
125 b). The coordinate axes do not appear in Fig. 125, but let us 



(a) 

Figure 125 

suppose that the X-axis is parallel to the top edge of the page and 
the F-axis parallel to the side edge. In (a) and (b), Q is the point 
of intersection of the lines through P x and P 2 parallel to the axes. 
In (a) the abscissa of Q equals the abscissa of P 2f and the ordinate 
of Q equals the ordinate of P x . In (b) the abscissa of Q equals the 
abscissa of P 2 , and the ordinate of Q equals the ordinate of Pi. In 
both (a) and (b) 

P.A = V(P,Q) 2 + (P 2 Q)*, (1) 

by the Pythagorean Theorem of plane geometry. By Theorem I, 
in both (a) and (b), 

P> Q = 2/2 — 2/1 or (P 2 Q) 2 = ( 1/2 - y,) 2 (2) 

By Theorem II, in (b) 

PiQ = x 2 — x x or (P 1 Q ) 2 = (x 2 — Xi) 2 ; 

Pi Q = x, - x t or (P 1 Q ) 2 = (a;, - x 2 ) 2 = (x 2 - x,) 2 , 




and in (a) 
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for since x 2 — x x is the negative of Xi — x 2 , their squares are equal. 
Hence, in both (a) and (b), (P X Q ) 2 = (x 2 — x x ) 2 . Substituting this 
and (2) in (1) gives 

P1P2 = V / (x 2 - xi ) 2 + (2/2 - 2/1) 2 

as the distance between the points Pi and P 2 . It should be recalled 
that this formula was obtained under the assumption that y 2 > y x . 
However, we would have obtained the same result if we had assumed 
that y 2 < y x and had placed P x above P 2 in Fig. 125, as the student 
can now easily verify. We may therefore state 

Theorem III: If P x (x lt y x ), and P t (x t , y t ), have unequal abscis¬ 
sas and unequal ordinates the distance between them is given by the 

formula , ---- 

P,p, = V(X, - x ,) 1 + (y, - y t )\ (I) 

Example. Find the distance between the points (—4, 2) and 
(3, 5). Y 

Solution, (a) Let us first take P x [5 P» (3,5) 

and P 2 to be (— 4, 2) and (3, 5), Mil 

respectively (Fig. 126). Then x x = — 4, _X_ 

y x = 2, x 2 = 3, and y 2 = 5, so that y 2 > y x . _ 

Substituting these values in (I) gives Pi|H, 2 )_ 

-P.P, = V[3 - (- 4)]* + [5 - 2] 4 -1 o 3 X 


Figure 126 


V58. 




(b) Now take Pi and P 2 to be (3, 5) ^ P,( 3 , 6 ) 

and (— 4, 2), respectively (Fig. 127). | LJ-'l 

Then x t = 3, y t = 5, x* = — 4, and ~ ^ ^ ~ 

y 2 = 2, so that y 2 < y,- Substituting _ 

these values in (I) gives P, (-4.2) _ 

P.P 2 = V(- 4 — 3) J + (2 — 5)* J ‘I p l 


= V(- 7)* + (- 3)* 

= V58. 

The answers in (a) and (b) are the same. This serves to illus¬ 
trate the fact that in applying formula (I) it is immaterial which of 
the given points is taken as P x and which as P 2 . 

We have now shown how the distance between any two points 
in a plane can be found when the coordinates of the points are 
eiven. In each case we have to substitute the given coordinates 
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fo r letters in one of the algebraic expressions y 2 — Vu x 2 — x '> or 
V ( x 2 — Xi) 2 + (y 2 — t/0 2 . We have therefore succeeded in ex¬ 
pressing algebraically the geometric concept of the distance between 
two points, or what is the same thing, the length of the line segment 
joining two points. Indeed, as the student will be asked to show 
in an exercise, V(x 2 — Xi) 2 + (y 2 — yj 2 gives the distance between 
any two points, and not simply between poin ts with unequal abscis- 
sas and unequal ordinates. The expression \/(x 2 — £i) 2 + ( 2/2 — 2/i) 2 
is therefore the algebraic analogue of distance between two points 
or length of a straight line segment. We may state this fact as 

Theorem IV: The distance between any two points in a plane 
(*«> </.) and (x„ «/,) is V (x, - x,)’ + (y, - y,)‘. 

Although Theorem IV could be used to find the distance between 
any two points, it is more convenient to use Theorem I when the 
abscissas are equal and Theorem II when the ordinates are equal. 

EXERCISES 

In exercises 1-3, check your results by use of a figure. 

1. Use Theorem I to find the distance between each of the following 
pairs of points: (5,7), (5,1); (-2,-3), (-2, 1); (-3, -5), (-3, - 11). 

2. Use Theorem II to find the distance between each of the following 
pairs of points: (3,2), (0, 2); (-2, -5), (1, -5); (-2, -3), (-5,-3). 

3. Use Theorem III to find the distances between each of these pairs 
of points: (3, 2), (7, 8); (0, 4), (3, 0); (-2, 3), (4, -1); (-2, -3), 
(-5, -6). 

4. Find the distances between each of these pairs of points by use of the 
proper theorem: (2, 5), (-8, 5); (7, 2), (-1,4); (-3, 1), (-3, -4); 
(2, -3), (-3, 2). 

5. Find the distances in exercises 1 and 2 by Theorem IV. 

6. Prove that Theorem IV gives correctly the distances between points 
with equal ordinates and between points with equal abscissas. 

7. Does it follow fro m the results of exercis e 6 that we should always 
use the formula V (x 2 — xi) 2 + ( y 2 — y v ) 2 when finding the distance 
between two points? Explain. 

8. What kind of triangle is the triangle whose vertices are (5, 1), (4, 9), 
and (—3, 0)? 

9. Determine the distance of the point ( x y y) from the origin. 

4. Slope of a Straight Line Segment. In the preceding article it 
was shown that the important geometric concept of the length of a 
straight line segment can be expressed algebraically in terms of the 
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coordinates of the end points of the segment. The slope of a straight 
line segment is another important geometric concept and in the 
present article it will be shown how it too can be expressed in terms 
of the coordinates of the end points of the segment. Our aim here, 
however, is not to prove any theorems about slopes, as we did for 
lengths, but to formulate a precise definition for the slope which will 
agree with our everyday notion of the term. 

In daily life we often speak of the slope of a straight hill and com¬ 
pare the slopes of two or more such hills. When judging the slope 
of a hill we do not consider its height alone, but its height relative 
to the horizontal distance necessary to produce it. For example, if 
one hill rises to a height of 200 feet in a horizontal distance of 



100 60 
Figure 128 


100 feet and a second hill rises to 
the same height in a horizontal dis¬ 
tance of 50 feet, we would say that 
the second hill has the greater slope 
since it is steeper than the first (Fig. 
128). The ratios and W 
would commonly be taken as the 
measures of these two slopes, and in 
general the measure of the slope of 
any hill would be found by dividing 
its height by the horizontal dis¬ 


tance producing that height. Thus a hill rising to a height of 20 feet 
in a horizontal distance of 100 feet would have a slope of or &. 
We shall take over this everyday notion of the slope of a hill in 


defining the slope of a straight line segment. Such a segment either 
rises to the right or to the left, as shown in Fig. 129. Consider the 



Figure 129 
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segment in (a) first. If Q is the point of intersection of the parallels 
to the coordinate axes through Pi and P 2i we would naturally want 

the slope of this segment to equal the ratio . 

P\Q 


Since 


PiQ 


—-—, by Theorems I and II of article 3, we would wish to de- 

x 2 — X\ 

fine the slope of this segment to be —-—. But for the segment 

X 2 — x x 

in (b), = —-— > so that we would wish to define the slope of 

P 1h5 X 2 

this segment to be —-— • The everyday notion of slope thus 

X\ x 2 

seems to suggest that we make two definitions for the slope of a line 

segment, —-— when the segment rises to the right and —-— 

X 2 — X\ X\ x 2 

when the segment rises to the left. Instead, however, it is custom¬ 
ary to define the slope of both kinds of segments to be —-— > 

x 2 Xi 

and there is an advantage in so doing. It turns out as a result that 
the slopes of segments rising to the right are positive, the slopes of 
segments rising to the left are negative, and in both cases the nu¬ 
merical values of the slopes agree with our everyday notion of slope. 
We shall therefore be able to distinguish between these two types 
of segments by means of the signs of their slopes. This distinction 
could not be made if we used the two definitions mentioned above, 
for they would cause the slopes of all segments 
to be positive. 

To make this discussion clearer let us find 
the slope of the segment joining (2, 3) and 

(4, 9), using the suggested definition, —-— 

X 2 — X\ 

(Fig. 130). Choosing (4, 9) to be P 2 and (2, 3) 
to be Pi f we have x x = 2, y x = 3, x 2 = 4, and 
y 2 = 9. Hence 

V 2 - Vi 


9-3 = 6 = 3 
x 2 — x x 4 — 2 2 

This result agrees with our.everyday notion of 
slope. 
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Now let us find the slope of a segment rising 
to the left, say the segment determined by the 
points (2, 7) and (4, 1), Fig. 131. Let (2, 7) 
be P 2 and (4, 1) be Pi, Then 

V 2 ~ Vi = 7-1 = _ 6 = _ 3 

x 2 — Xi 2 — 4 — 2 

We note that the numerical value of this result, 

3, agrees with our common notion of slope. 

Having shown that the suggested definition 
of slope agrees with ordinary experience, let us Figure 131 

now adopt it. 

Definition: The slope of the straight line segment joining the two 

points (x lt y t ) and (x„ y t ) is defined to he — —— • 

x t — 

For convenience, the letter m is often used to designate slope. 
If we use m, the above definition can be stated thus: For the straight 
line segment joining (x l9 y 2 ) and (x 2 , y 2 ), 

2/2 - 2/i 

m = -- 

*2 — Xi 



EXERCISES 

1. (a) Find the slope of the straight line segment determined by each 
of the following pairs of points, choosing the first point in each pair 
to be P x i (5, 7), (1,3); (5, 7), (2, - 1); (-5, 6), (-2,1); (-5,-1), 
(1, -3). 

(b) Do the same as in (a), this time choosing the second point in 
each pair to be P|. Compare your results with those in (a). 

2. Prove that it is immaterial which of two given points is designated 

Pi and which P 2 when using the slope formula —-— • 

X2 Xi 

3. (a) A certain segment has a slope of 3. Does it rise to the right or 
to the left? Describe how sharply it rises. 

(b) Answer the same questions as in (a) for a line segment with 
slope —3. 

4. How sharply does a segment with slope * rise? One with slope f? 
One with slope - f ? 

6. Show that the quadrilateral whose vertices are, in order, (-1, -2), 
(4, -1), (3, 1), and (-2, 0) is a parallelogram. 

6. What is the slope of a sidewalk which rises 5 feet over a horizontal 
distance of 100 feet? 
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7. What is the slope of a railroad track which rises 250 feet over a hori¬ 
zontal distance of 2 miles? 

8. What is the slope of a line segment which rises 4 units and is 5 units 
long? 


5. Slope of a Straight Line. Having defined the slope of a 

straight line segment by means of the algebraic expression —- • 

X2 X\ 

we are now able to define the slope of a straight line. It should be 
recalled that a segment is only a part of a line, for a line extends 
indefinitely far in two directions. 

The following theorem states a property of a straight line which 
is useful to us in defining its slope: 

Theorem: All segments of the same straight line have the same 
slope. 

Consideration of Fig. 132 ought to be helpful in observing this 
fact. 



Since the slopes of all segments of the same straight line are equal, 
it is natural to make the following definition of the slope of a straight 
line: 

Definition: The slope of a straight line is defined to he equal to the 
slope of any one of its segments. 
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A few examples will suggest the way in which this definition can 
be used. 

Example 1. Find the slope of the straight line passing through 
(3, - 4) and (- 2, 3). 

Solution. We need only find the slope of the segment determined 
by the given points. By the definition of article 4 this turns out to 
be - l, which is therefore the slope of the line. The line rises to 
the left, i vertical units for each horizontal unit. 

Example 2. Draw the line passing through the origin with 
slope 2. 

Solution. Since the line can be drawn 
when two of its points are known, let us find 
a second point on it. To do this we move 1 
unit to the right of the origin and then 2 
units up. We are then at the point (1, 2) 
which must lie on the line since the slope of 
the segment determined by it and (0, 0) is 2. 

We then draw the line through (0, 0) and 
(1,2). (See Fig. 133.) Figure 133 

Example 3. Construct the line 
passing through (4, 1) with slope — £. 

Solution. This line rises to the left, 

£ of a vertical unit for each horizontal 
unit, or what is the same thing, it rises 
1 vertical unit for each 3 horizontal 
units. Hence if we move 3 units to 
the left of (4, 1) and then 1 unit up Figure 134 

we come to another point on the line, 

the point (1,2). We thus draw the desired line through (4, 1) and 
(1, 2). (See Fig. 134.) 

EXERCISES 

1. Find the slopes of the lines passing through (— 4, 3) and (1, — 2); 
(2, - 1) and (- 2,-4); (- 5, 0) and (0, - 4). 

2. Draw the line through (1, 2) with slope §. 

3. Draw the line through (— 1, 2) with slope — 4. 

4. Prove that parallel lines have equal slopes, and, conversely, that 
lines with equal slopes are parallel. 
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6. Curves and Equations. In this chapter thus far it has been 
shown that a rectangular coordinate system associates a pair of 
real numbers with each point in a plane and that this association 
enables us to express algebraically the geometric notions of length 
and slope. These ideas are not only interesting in themselves but 
are also necessary in order to understand what is perhaps the most 
important achievement of coordinate geometry, the association of 
algebraic equations with curves. 

The meaning of an algebraic equation in x , or in x and y t was 
made clear in Chapter III. The term ‘‘curve” is perhaps a new 
mathematical term, but the idea to which it refers is quite familiar. 
‘‘Curve” means the same as “locus,” that is, a set of points all of 
which satisfy the same condition. Thus circles, parabolas, ellipses, 
and hyperbolas are all curves, as is shown by their definitions given 
in Chapter V. A straight line is also a curve in this sense, for all 
of its points satisfy a certain condition. What this condition is will 
be brought out in article 9. 


In the remaining articles of the chapter it will be shown that an 
algebraic equation in two unknowns can be associated with each 
curve and, conversely, that a curve can be associated with each 
algebraic equation in two unknowns. 

7. The Circle and its Equation. 


equation is associated with a 
circle. Consider, for example, 
the circle whose center is the 
origin and whose radius is 5 (Fig. 
135). Suppose P is a point on 
this circle. Let (x, y) be .its un¬ 
known coordinates. By tne> gen¬ 
eral distance formula 

OP = v?+y* f 
and since P lies on the circle 

OP = 5. 

Hence Vx 2 + y 2 = 5, 
or x 2 -f y 2 = 25. (1) 


We shall first show how an 
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Figure 135 


That is, the sum of the squares of the coordinates of P equals 25. 
But the same is true for any point in the circle, and in fact P can be 
thought of as being any point on the circle. Equation (1) thus 
expresses a condition that is satisfied by all points on the circle and 
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by no other points, and for this reason we take it as the equation 
circle aSS ° Clated wlth the circIe - 14 “ called the equation of the 

The point (3, 4) lies on the above circle since these coordinates 
satisfy (1), that is, 3* + 4* = 25. But (2, 3) does not lie on the 
circle, since these coordinates do not satisfy (1), that is, 2 2 + 3 2 ^ 25 

The method of obtaining equation (1) applies, whktever the size 
of the radius. Hence we have 

Theorem I: The equation of the circle with center at the origin and 
radius r is ... 

x + y =r\ (I) 

Now let us consider the circle with center at 4(1, 2)* and radius 
5 (Fig. 136). If P(x, y) is any 
point on the circle 



X 


Fiqdre 136 


AP = 5. 

Also by the distance formula 
AP = V(x - iy + (y - 2 )». 

Hence V~(x - l) 2 + (y - 2)* = 5 
or (x - l) 2 + (y - 2) 2 = 25. (2) 

Equation (2) is therefore the equa¬ 
tion of the circle. The point 
(4, 6), for example, lies on the 
circle, since its coordinates, when 
substituted for x and y in (2), 
satisfy that equation, that is, 

(4 — l) 2 + (6 — 2) 2 = 25. But the point (2, 5) does not lie on 
the circle, since (2 — l) 2 + (5 — 2) 2 ^ 25. 

The method of obtaining (2) applies whatever the radius or 
center. Hence we have 

Theorem II: The equation of the circle with center at (a, h) and 

radius r is , , . x2 2 

(x - a ) 9 +(y- b ) 9 = r 2 . (II) 

We are to think of x and y in equation (II) as unknowns and of 

a, 6, and r as constants. For a specific circle, a, 6, and r will have 

definite values. Thus, for the circle with center at (—3, 1) and 

radius 3, we have a = — 3, b = 1, and r = 3, so that the equation 

is (x + 3) 2 + (y - l) 5 = 9. 

Equation (I) is the special case of equation (II) obtained by tak- 


* A(l. 2) means that (1, 2) are the coordinates of point A. 
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ing the center (a, b) to be (0, 0). Hence equation (II) is the genera 
equation of a circle. It is our first example of the use of an alge¬ 
braic equation to describe a curve. 

EXERCISES 

1. Why is x 2 -f- y 2 = 25 called the equation of the circle with center at 
the origin and radius 5? 

2. How can you determine whether or not a given point lies on a circle? 

3. Find the equations of the circles satisfying the following conditions: 

(a) Center at the origin and radius 7. 

(b) Center at (2, 1) and radius Vfi. 

(c) Center at (— 1, — 2) and radius 1. 

(d) Center at (3, 0) and radius 3. 

4. Find the center and radius of each of the following circles and draw 
its graph using compasses: 

(a) x 2 + y 2 - 16. 

(b) (x - 3) 2 + (y - 2) 2 = 9. 

(c) (r + l) 2 + (y + 5) 2 - 36. Hint: x + 1 - x - (- 1). 

(d) x 2 + (y - 2) 2 = 4. 

6. Determine which of the points: (9, 4), (— 5, 8), (— 6, 8), (10, 1), 
(0, — 10) and (— 8, — 6) lie on the circle x 2 + y 2 «= 100. 

6 . Determine which of the points: (5, 5), (7, 2), (- 6, 4), (— 5, — 5), and 
(— 5, 4) lie on the circle (x — 2) 2 + (y — l) 2 -= 25. 

7. State in words the equations in exercise 4, replacing x by the word 
abscissa and y by the word ordinate. 


In this 


I 


x+0y=2 
or x=2 


8. Equations of Straight Lines Parallel to the Axes, 
article we shall find the equations of straight 
lines parallel to the axes, and in the following 
article the equations of lines not parallel to 
the axes. 

Consider, for example, the straight line 
parallel to the F-axis and two units to the 
right of it (Fig. 137). The abscissa of every 
point on this line is 2. The equation of the 
line must be an equation which is satisfied by 
the coordinates of every point on the line and 
by no other point. The equation is therefore 

X + Q-y = 2, (1) Figure 13 

for any point with abscissa 2 satisfies this 

equation whatever its ordinate, whereas a point whose abscissa is 


Oi 


2 3 4 


-X 
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not 2 does not satisfy it. Equation (1) is usually written in the 
more concise form 

i = 2, (2) 

by omitting the term 0 y, which, of course, equals 0. 

By similar reasoning we can establish 

Theorem I: The equation of the straight line parallel to the Y-axis 
and a units from it is ~ 

x+f)y = a , 

07 x = a. (!) 

If a is positive, the line is to the right of the Y-axis, and if negative 
to the left. 


Lines parallel to the X-axis are treated in the same way. For 
example, the line parallel to the 
X-axis and 3 units below it (Fig. 

138) has the equation 

0-x + y = — 3, 
or simply y = — 3. 

In general we have 

Theorem II: The equation of the 
straight line parallel to the X-axis and 
b units from it is 

Ox + y = b, 

or simply y = b. (II) 

If b is positive , the line is above the X-axis , and if negative , below. 



r 


o J 

-i 

“2 0x-f !/ — — 

or ii ■ — 


& 

CO Tf 

1 1 


Figure 138 


EXERCISES 

1. (a) Why is 0 • x + y ~ —5 taken as the equation of the straight line 
parallel to the X-axis and 5 units below it? 

(b) Does (6, 10) satisfy the equation in (a)? Does (100, —5)? 

(c) Write the equation in (a) more concisely. 

2. Write the equations of the following lines: 

(a) 8 units to the right of the F-axis and parallel to it. 

(b) 3 units to the left of the F-axis and parallel to it. 

(c) The F-axis itself. 

(d) 6 units above the X-axis and parallel to it. 

(e) 1 unit below the X-axis and parallel to it. 

(f) The X-axis itself. 

3. Describe the position of the line corresponding to each of the fol¬ 
lowing equations: 

(a) x + 0-y = — 11. (b) 0-x + y = 7. 

(c) y = - 10. (d) x = -5. 

(e) x + 0-y = 0. (f) 0-x + y = 0. 
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4. Find the equation of the line passing through the first and third 
quadrants such that every point of the line is equidistant from the 
axes. Note that this line is not parallel to either axis and hence its 
equation has a form different from (I) and (II). 


9. Equations of Oblique Straight Lines. We shall now find the 
equations of oblique straight lines, that is, lines not parallel to the 
axes. Let us first consider some special line, say the line passing 
through (5, 7) with slope 2 (Fig. 139). 

To say that the slope of the line is 2 
means that the slope of each of its seg¬ 
ments is 2 (see theorem and definition in 
article 5). Hence, every point on the line 
satisfies the condition that the slope of 
the segment joining it to (5, 7) is 2. If 
( x , y) is any point on the line, the slope 
of the segment determined by (x, y) and 
(5, 7) is 2. That is, 


y -7 


2 , 


(i) 


x — 5 

by the definition of article 4. 

Multiplying both sides by x — 5 gives 

y - 7 - 2 x - 10. (2) 



Thus, for every point on the line, the ordinate minus 7 equals twice 
the abscissa minus 10. This last statement is not true for points 
not on the line. Hence (2) is the equation of the line. Likewise 
(1) is its equation since it is only a different form of (2). 

Let us check the correctness of (2). The point (5, 7) lies on the 
given line and hence its coordinates should satisfy (2). Substitu¬ 
tion shows that (2) is satisfied. Now let us determine whether 
some other point chosen at random, say (50, 60), lies on the line. 
These coordinates are found not to satisfy (2), so that this point 
does not lie on the line. 


Let us now generalize what we have just done by considering the 
oblique line which passes through the point (x x , y x ) with slope m. 
Every point on this line satisfies the condition that the slope of the 
segment joining it to (x lf y x ) is m. Hence if (x, y) is any point on 
the line, the slope of the segment joining (x, y) and (x x , y x ) is m. 
That is, 

9 9 9 9 9 

(3) 


y - 2/1 


= m. 


X — Xj 
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by the definition of article 4 (Fig. 140). 
Multiplying both sides by x — x x gives 

V - Vi = m (x - Xl ). * (4) 
Equation (4), and (3) as well, is the equation 
of the line since it is satisfied only when x 
and y are the coordinates of a point on the 
line. Thus we have proved the 



Theorem: The equation of the straight line passing through (x lf t/ x ) 
with slope m is , 

y-I / 1 = m(x-x 1 ). (I) 

Some examples will help to make the meaning and use of this 
equation clearer. 

Example 1. Find the equation of the straight line passing through 
(3, — 2) with slope 5. 

Solution. The equation could be derived by the method of the 
article or by substitution in (I). Let us use the latter method. 
Here (x it y x ) is (3, — 2), so that x x = 3 and — — 2. Also m = 5. 
Substituting these values in (I) gives 

y + 2 = 5 (x - 3), 
which is the required equation. 

Example 2. Does either of the points (20, 100) and (4, 3) lie on 
the line in Example 1? 

Solution. We must substitute the given coordinates in the equa¬ 
tion and note whether or not the equality holds. 

Substituting (20, 100), we see that 

100 + 2 ^ 5 (20 - 3), 
and substituting (4, 3), we obtain 

3 + 2 = 5 (4 - 3). 

We therefore infer that (20, 100) does not lie on the line, but that 
(4, 3) does. 

Example 3. Find the equation of the line passing through the 
points (2, 3) and ( — 1, 5). 

Solution. To use equation (I) we must first find the slope of the 
line by finding the slope of the segment joining the given points. 
The slope of this segment is 


5 — 3 = 2 
- 1 - 2 - 3 

Therefore the slope of the line is m 


- 2 
■ — • 

3 
2 
” 3* 


We then choose as 
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(x if 2 / 1 ) one °f the given points, say (— 1, 5). Substituting for 
X\ 9 Vu anc * m ^ equation (I), we obtain 

y - 5 = -1 (* + l), 

which is the desired equation. 

irYTTDrTQTTQ 


1. Find the equations of the following lines: 

(a) Passing through (2, 5) with slope §. 

(b) Passing through (—5, — 2) with slope 2. 

(c) Passing through (—1, 1) and (4, —2). 

(d) Passing through (0, 2) and (—5, —2). 

2. Show that we would have obtained the same equation in Example 3 
if we had chosen (2, 3) as (x lt yi). To show this it will be necessary 
to simplify the equation you obtain and also y — 5 - — l (x+l). 
Do this by solving each equation for y. 

3. Show that the equation of the line passing through (0, b) with 
slope m is y — mx + b. 

4. Find one point on the line and the slope of the line determined by 
each of the following equations: 

(a) y - 5 = 2 (x - 3) (b) y + 5 - 2 (x + 3) 

(c) 2 / + 3 = — 4 (x — 1) 


10. First Degree Equations and their Curves. In our study of 
curves and equations thus far we always started with a curve and 
then proceeded to find its equation. We did that as a matter of 
convenience. The converse problem, that of starting out with an 
equation and then determining the nature of its curve, is of equal 
importance. It arises now in connection with the straight line. 
We have found the equations of all possible straight lines and they 
all turned out to be first degree equations. Thus, a line parallel 
to an axis has the equation x = a or y = 6, and an oblique line has 
the equation 2/ — 2/i =* m {x — Xj). All are first degree equations, 
the first in x alone, the second in y alone, and the third in x and y. 
If now we reverse the procedure and start out with a first degree 
equation, would we always find that its curve is a straight line or 
would it happen that some first degree equations have other types 
of curves? 

It should be noted that the idea of the curve of an equation is 
being used for the first time. Though the student very likely 
understands its meaning it may be well to offer a brief explanation. 
Consider, for example, the first degree equation 2 x + y = 5. By 
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Figure 141 


the curve of this equation is meant the set of ail points whose co¬ 
ordinates satisfy the equation. Some of these points are (0, 5 ), 
(1, 3), (2, 1 ), and (3, — 1 ), as can be verified by substitution in the 
equation. The question raised above, when applied to this specific 
first degree equation, would then be this: Do all the points whose 
coordinates satisfy this equation form a straight line? We can gain 
some idea as to the answer to this question by plotting some points 
satisfying the equation and noting whether or not they seem to lie 
on a straight line. Some points are plotted in Fig. 141 and they 

appear to lie on a straight line. The ap¬ 
pearance of the figure is not a proof, of 
course, but it does make it plausible that the 
curve of the equation is a straight line. The 
proof of this fact is very simple. Write the 
equation in the form y = — 2 x + 5. In 
exercise 3 of article 9 the student showed 
that y = mx + b is the equation of the line 
passing through (0, b ) with slope m. Com¬ 
parison of these two equations shows that 
y = — 2 x + 5 is the equation of the straight 
line passing through ( 0 , 5) with slope — 2 . 

Now let us show that the curve of every first degree equation in 
x and y is a straight line. The equation 

Ax + By + C = 0 (I) 

may be taken as the typical equation of the first degree in x and y , 
for any particular first degree equation, such as2x + i/-5 = 0, 
can be obtained from this by assigning the proper values to the 
constants A , 5, and C. 

Let us note that (I) really represents a first degree equation 
only when A and B are not both zero. Hence all first degree equa¬ 
tions may be divided into two classes. To the first class will belong 
all equations in which 5 = 0 and A 0, and to the second class 
will belong all equations in which B 0, regardless of the value of 
A. Similarly our proof is divided into two parts. 

(a) Let 5 = 0 and A 0. 

Equation (I) then becomes 

Ax + C = 0, 

C 

or x -- 7 • 

A 

This is recognized to be the equation of a line parallel to the F-axis. 
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(b) Let B 5* 0 and place no restriction on the value of A. Solv¬ 
ing (I) for y gives _ . ^ 


then 


By = — Ax — C, 
-Ax C 


y = 


A C 

and finally y = (H) 

This is the equation of the straight line which passes through 


^0, — with slope — ^ (see exercise 3 of article 9). 

Thus we have transformed the typical first degree equation, 
under the two possible conditions, into two forms, each of which 
represents a straight line. Hence, we have proved that the curve 
of every first degree equation is a straight line. 

This fact and the fact that every straight line has a first degree 
equation can be stated as a single theorem, as follows: 

Theorem: All straight lines are represented by first degree equations 
in two unknowns and t conversely , all first degree equations in two un¬ 
knowns represent straight lines . 

Thus the simplest of all curves is associated with the simplest of 
algebraic equations. Consequently, equations of the first degree 
are called linear equations and equation (I) is called the general 
linear equation. 

It often happens that we are given a linear equation and need to 
draw the corresponding line. This is usually best done by finding 
two points on the line, not too close together, and drawing the line 
through them. The details of this process are discussed in the fol¬ 
lowing example. 


Example. Draw the line for the equation 2 x — 3 y — 6 = 0 
and determine its slope. 

Solution. Although any two points would serve to determine the 
line, the two points in which the line meets the axes are usually the 
easiest to obtain. To find the point in which the line meets the 
X-axis, called the x-intercept, let y = 0 in the given equation and 
compute the value of x. The value of x is 3. One point on the line 
is therefore (3, 0). To find the point in which the line meets the 
F-axis, called the {/-intercept, let x = 0 in the equation and com¬ 
pute the value of y. The value of y is — 2. Hence a second point on 
the line is (0, — 2). Plot these two points and draw a straight line 
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through them (Fig. 142). If more points on the line are desired they 
can be found by substituting values for one of the unknowns in the 
equation and then computing the correspond¬ 
ing values of the other unknown. Thus, sub¬ 
stituting 4 for y gives 9 for x, so that (9, 4) is 
a third point on the line. 

To find the slope of the line find the 
slope of the segment determined by the two 
intercepts, or by any other two points on 
the line. Using the intercepts we obtain 


0 - (- 2 ) 
3-0 


- as the slope of the line. 
o 



EXERCISES 

1. Find the intercepts and slope of the line represented by each of the 
following equations and draw the line: 

(a) x - y - 1 = 0. (d) 4 x - 3 y = 0. 

(b) 3 a; + y - 6 = 0. (e) x = 12 - 6 y. 

(c) 2 y =- 3 x + 5. (f) y - - 2 x - 5. 

2. Draw the lines represented by the following equations: 

(a) x - 4 - 0. (c) 3 y - 5 - 0. 

(b) 2 x - 3 - 0. (d) 2 y + 7 - 0. 

3. Determine which of the points (7, 1), (-1, 3), and (4, -1) are on the 
line represented by 2 x — 3 y = 11. 

4. What does the expression “curve of the equation x — y — 1 = 0” 
mean? 


11. Equations of the Conic Sections. After showing that all 
straight lines have first degree equations, we considered the possi¬ 
bility that some first degree equations might have other curves than 
straight lines. We saw, however, that the curves of first degree 
equations are always straight lines. The second degree equation 
now merits a like consideration. We found that the equation of 
every circle has the form (x — a) 2 + (y — b) 2 = r 2 . Expanded 
this becomes x 2 — 2 ax -f a 2 -f y 2 — 2 by + b 2 = r 2 . This is a 
second degree equation in x and y, the letters a, b, and r representing 
constants. Are there other curves which also have second degree 
equations? The answer to this question is yes, there are other 
curves, the conic sections, and in the present article their equations 
will be considered. 

Let us first determine the equation of a parabola. For the defi- 
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nition of the parabola see Chapter V, article 5. As in the case of 
straight lines, where lines parallel to the coordinate axes have 
simpler equations than other lines, so in the case of parabolas those 
which are situated in some special position with respect to the axes 
have simpler equations than others. The simplest possible equation 
for a parabola is obtained when the 
latter is situated with its vertex at 
the origin, its axis along the upper 
half of the F-axis, and hence with 
its focus F also on the upper part of 
the F-axis, as shown in Fig. 143. 

Let us determine the equation of 
such a parabola. Let its focus be a 
units from the origin. The coordi¬ 
nates of the focus are then (0, a) 
and the equation of the directrix is 
y = — a. To find the equation of 
this parabola let us recall that each 

point on it satisfies the condition that its distance from the focus 

equals its distance from the directrix. Hence if P is any point on 

the parabola and S is the point in which the perpendicular from P 

meets the directrix, _ _ 

PF = PS. (1) 

If the coordinates of P are (x, y)> the distance formula I, of article 3, 
gives 

a V IT — 111"-*- Mi — n\~ 

( 2 ) 



y =- a 


Fioure 143 


= V(x - 0y + (y - a) 2 
= Vi ! + (y - a)*. 


S and P have the same abscissa, and hence the distance between 
them is the difference of their ordinates, that is, 

PS = y - (- a) = y + a. (3) 

Substituting (2) and (3) in (1) gives 

(4) 


VV + (y — a) 1 = y + a. 


We could take this as the equation of the parabola, if we wished to, 
but greater simplification is possible. Squaring (4) gives 

x* + (y - a ) 2 = (y + a) 2 

or x 2 + y 2 - 2 ay + a 2 = y 2 + 2 ay + a 2 

or x = 4 ay. 
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Equation (I) is the simplest form of the equation of the parabola. 
Let us note that it is a second degree equation in x. Had we con¬ 
sidered a parabola situated in some other way with respect to the 
coordinate axes, still we would have obtained a second degree equa¬ 
tion, though perhaps one more complicated than (I). 

Since the constant a in (I) is the distance of the focus from the 
origin, the equation of the special parabola whose focus is at (0, 3) 
is x 2 = 12 y since a = 3. To find points on this parabola we sub¬ 
stitute values for x in its equation and compute the corresponding 
values of y. In doing this it is convenient to use the equation in the 
x 2 

form y = —. Thus x = 1 gives y = -&, so that (1, -&) is a point 
on the parabola.' Other points are tabulated below: 


X 

12 

- 6 

EZJ 

0 

3 

6 

12 

y 

12 

3 

■El 

0 

i 

3 

12 


If these points and others are plotted, the familiar form of the 
parabola will be suggested by them (Fig. 144). The student may 

perhaps prefer this method of 
finding points on a parabola to 
the rule and compass method ex¬ 
plained in Chapter V. 

The algebraic equation x 2 = 12 y 
is a concise and complete nu¬ 
merical description of the pa¬ 
rabola represented in Fig. 144. 
Hence it might be more useful 
than the definition of Chapter V 
in discovering facts about the 
parabola. The following are 
some general facts concerning 
the shape of the parabola which 
are deduced from its equation. 
Some of them were mentioned in Chapter V. 

1. No part of this parabola lies below the X-axis. This is de¬ 
duced from the equation by noticing that if we substitute negative 
values for y, the corresponding values of x are imaginary. Since 
there are no points in the plane with imaginary abscissas, there are 
no points on the parabola with negative ordinates, that is, no part of 
the parabola lies below the X-axis. 
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Figcke 144 
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2. The parabola is symmetrical with respect to the F-axis. To 
show this we solve the equation for x, obtaining x = ± ^12 y. 1 o 
each positive value of y there correspond two values of x differing 
in sign. Thus to y = 3 correspond x = 6 and x = — 6. This 
means that (6, 3) and (— 6, 3) are points of the parabola. The line 
segment determined by these points is bisected at right angles by 
the F-axis. For this reason the points are said to be symmetrical 
with respect to the F-axis. Similarly each other positive value of 
y determines two symmetrical points. Since, as we have shown 
above, there are no points on the parabola with negative ordinates, 
it follows that all the points of the parabola are symmetrical in 
pairs with respect to the F-axis. We therefore say that the parab¬ 
ola is symmetrical with respect to the F-axis. 

3. The parabola extends indefinitely far from the ori gin in two 
directions. Consider its equation in the form x = =fc V12 y. As 
y takes on larger and larger positive values, x takes on larger and 
larger positive and negative values. Hence the curve rises indefi¬ 
nitely high above the X-axis, at the same time extending indefi¬ 
nitely far to the right of the F-axis in the first quadrant and in¬ 
definitely far to the left of it in the second quadrant. 

Since the method of obtaining the equation of a curve when the 
definition of the latter is given has been amply illustrated with the 
straight line, circle, and parabola, this step will be omitted in the 
discussion of the ellipse and 
hyperbola. 

The ellipse (see Chapter V, 
article 5) whose foci are at (c, 0) 
and (— c, 0) and for which the 
sum of the distances is 2 a has 
the equation 


( 


L + l = i 

a 2 + b 2 


(n) 



Figure 145 


where b = Va 2 — c 2 . 

Hence a and b in equation 
(II) represent, respectively, half 
the lengths of the major and 

minor axes of the ellipse. The ellipse in this case has (a, 0) and 
(—a, 0) as x-intercepts, and (0, b) and (0, — b) as F-intercepts 
(see Fig. 145). 
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Consider, for example, the ellipse whose foci are at (3, 0) and 
(- 3, 0) and for which the sum of the distances of each of its points 


from the foci is 10. 
b = Va 2 — c 2 = V 5 2 -^3* = 4. 

The equation is therefore 

x 2 y 2 

gi + 5 = !• (5) 

The ^-intercepts are (5, 0) and 
(— 5, 0), and the y-intercepts 
are (0, 4) and (0, — 4), as 
shown in Fig. 146. The 
student should show that the 
sum of the distances of each 
intercept from (3, 0) and 
(- 3, 0) is 10. 

A hyperbola (see Chapter 
V, article 5) whose foci are at (c, 0) and 
(— c, 0) and for which the difference of 
the distances is 2 a has the equation 


Here c = 3. . Since 2 a = 10, a = 5. Hence 



* y - 1 
T5 “ n = 1, 


1 


(ni) 


\ 

/ 

(-c,0)V-a, 


r’j 

• t 


Figure 147 


where b = y/c 2 — a . 

The x-intercepts are (a, 0) and (— a , 0), 
but there are no y-intercepts, as shown in 
Fig. 147. 

Consider, for example, the hyperbola 
which has its foci at (5, 0) and 
(— 5, 0) and for which the dif¬ 
ference of the distances of each 
of its points from the foci is 8. 

Herec = 5. Since 2 a = 8, a = 4; 
hence 

b = = 3. 

The equation is therefore 

ff-?- 1 * (6) 

The x-intercepts are (4, 0) and 

(— 4, 0) and there are no ^-intercepts, as shown in Fig. 148. The 
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student should show that the difference of the distances of each 
intercept from (— 5, 0) and (5, 0) is 8. 

If the student draws the curves of equations (5) and (6) by the 
method of plotting points he will find that they resemble in shape • 
and location those shown in Figs. 146 and 148. 

We chose the ellipse and the hyperbola in very special positions 
with respect to the coordinate axes and for that reason obtained 
such simple second degree equations. Ellipses and hyperbolas in 
any other position, however, would still have second degree equa¬ 
tions, though they are likely to be more complicated in appearance 
than (5) and (6). 

We have now seen that circles and the conic sections have second 
degree equations in x and y. No other curve can have a second 
degree equation, but we shall not prove the fact. Recalling from 
Chapter V, article 6, that a circle is a special kind of ellipse, we can 
state the following 

Theorem: The conic sections have second degree equations in x 
and y and } conversely , every second degree equation in x and y repre¬ 
sents a conic section. 

Thus we see that the equations next after first degree equations 
in order of complexity are associated with the conic sections. 

EXERCISES 

1. Find the equations of the following parabolas: 

(a) With focus at (0, 5) and directrix y = — 5. 

(b) With focus at (0, 1) and vertex at (0, 0). 

(c) With vertex at (0, 0) and directrix y «■ — 2. 

2. Which of the points (3,1), (4, 2), (- 8, 8) lie on the parabola x 2 = 8 ?/? 

3. Find 10 points of the parabola x 2 — 8 y and use them to sketch the 
curve. 

4. Find the coordinates of the focus and the equation of the directrix 
for the following parabolas: 

(a) i 2 = 24 y (b) y = ^ 

(c) 7 y - a? = 0 (d) z* - y = 0 

6. What does it mean to say that x 2 = 12 y is the equation of the pa¬ 
rabola with focus at (0, 3) and directrix y = — 3? 

6. Using the equation x 2 = 4 y, show that the chord of a parabola which 
passes through the focus and is perpendicular to the axis of the pa¬ 
rabola is four times the length of the segment joining the focus and 
vertex. The length of this chord is called the focal width of the 
parabola. 
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8. Find the equation of an ellipse whose x-intercepts are (4, 0), (—4 0) 
and whose y-intercepts are (0, 3), (0, - 3). 

9. Show that (4, 0), (-4, 0) and (5, i) are points on the hyperbola 

whose equation is — — = 1 . 

16 9 


12. Curves of Equations. In studying curves and equations in 
this chapter our usual procedure has been to start out with some 
familiar curve and then derive its equation. We reversed this pro¬ 
cedure once when we started out with the first degree equation 
Ax + By -f- C = 0 and showed that its curve is always a straight 
line. Let us continue with this latter procedure, for it involves an 
important idea. 

Each equation in x and y that one writes down has a corresponding 
curve. T hus xy = 12 represents the curve such that the product of 
the abscissa and ordinate of each point is 12, and y = x 3 represents 
the curve such that for each point on it the ordinate equals the cube 
of the abscissa. We see therefore that a limitless number of curves 
can be obtained by taking algebraic equations as their definitions. 
Of course defining a curve in this algebraic way leaves us for the 
time being without knowledge of the sha^e of the curve, just as 
defining the conic sections, as we did in Chapter V, left us for a while 
without knowledge of their shapes. But we can almost always get 
a good idea of the curve defined by an equation by finding points 
satisfying the equation and plotting them. Furthermore, analysis 
of the equation frequently gives important information about the 
shape and location of the curve. Let us see how the curves of 
several equations are obtained by this method. 

Let us first consider xy = 12. This is a second degree equation 
because it involves the product of x and y, and hence its curve is a 
conic section according to the theorem of article 11. But we do not 
know which conic section it is, nor how it is located with respect to 
the coordinate axes. Analyzing the equation we note that the 
abscissa and ordinate of each point on the curve must have like 
signs since their product must be the positive number 12. Hence 
if x is positive, y must be positive, and if x is negative, y must be 
likewise. Thus all the points on the curve are in the first and third 
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quadrants. This is confirmed by plotting the points corresponding 
to the pairs of values in the table below. 


X 

l 

2 

3 

4 

6 

12 

y 

12 

6 

4 

3 

2 

1 


X 

waa 


Bl 

m 

- 6 

- 12 

y 

DEI 

- 6 

EX9 

Bl 

- 2 

- 1 


The plotted points shown in Fig. 149 clearly suggest a hyperbola, 
which is actually the curve of the equation. The curve does not 
cross the X-axis since, if we let x equal 0 in the equation, we observe 
that there is no value of y that satisfies the equation. Similarly, 
the curve does not cross the F-axis. But from the equation we note 
that as x gets closer to 0, y becomes larger numerically. Hence, as 
the curve gets nearer to the F-axis, it extends higher and higher in 
the first quadrant and lower and lower in the third quadrant. Simi¬ 
larly, since x becomes larger numerically when y gets closer to 0, the 
curve recedes indefinitely far to the right in the first quadrant and 
indefinitely far to the left in the third quadrant as it gets closer to 
the X-axis. The hyperbola, smoothly drawn, appears in Fig. 150. 
It can be shown that every equation of the form xy = a, where a 
is a constant, represents a hyperbola. 




o 


ft 


. : U 
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Figure 149 
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Now let us consider the equation y = x 2 — x — 6, also represent¬ 
ing a conic section. To draw the curve, we assign values to x , 
compute the corresponding values of y } and plot the resulting points. 
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The plotted points shown in Fig. 151 are obtained from the table 


X 

- 3 

— 2 

- 1 

0 

1 

2 

3 

4 

y 

6 

0 

- 4 

- 6 

-,6 

- 4 

0 

6 


and suggest that the curve is a parabola, which is actually the case. 
The parabola is smoothly drawn in Fig. 152. It can be shown that 
every quadratic equation of the type y = ax 2 + bx + c represents 
a parabola. 



As a last example, let us consider y = x 3 , which does not repre¬ 
sent a conic section, since it is a third degree equation. We note 
that since there is no constant term in the equation, (0, 0) satisfies 
the equation. Hence the curve passes through the origin. Analyz¬ 
ing the equation further, we note that if x is positive, y is also posi¬ 
tive, and if x is negative y is likewise negative. Hence the curve 
lies entirely in the first and third quadrants. Also we note that as 
x increases numerically y does also. From this we infer that the 
curve rises higher and higher as it moves to the right in the first 
quadrant, and falls lower and lower as it moves to the left in the 
third quadrant. All these observations are confirmed by the 
following table of values and the corresponding points plotted in 
Fig. 153. 


X 

- 4 

- 3 

- 2 

- 1 

0 

1 

2 

3 1 

4 

y 

- 64 

- 27 

- 8 

- 1 

0 

1 

8 

27 

64 


The curve of the given equation is the smooth curve shown in 
Fig. 154. 
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EXERCISES 

1. What is meant by the expression “curve of an equation”? Illus¬ 
trate, using the equation xy = 12. 

2. Obtain as much information as you can about the curves of the fol¬ 


lowing equations by analyzing the equations. Use that information 
together with a table of values to draw the curve in each case. 


(a) y =*= x 2 . 

(b) y = 

- -x 2 . 

(c) y = 3 x 2 . 

(d) y = -3 I s . 

, , 12 
(e) y = - — • 

(f) y - 

36 

= —. 

X 2 

(g) y = x 4 . 

(h) y = x i . 
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3. Draw the curve of each of the following equations using only a table 
of values: 

(a) y = x 2 - 3 x. (b)y=-i 2 + 3x. (c) y = x 2 + 3. 


(d) y = -x 2 + 3. 


(e) y = x 2 - 9. 


(0 V 


x - 12. 


13. Applications of Coordinate Geometry. The work of this 
chapter indicates the possibility of associating an equation in x 
and y with each geometric curve. Now curves and equations are 
among the most important things studied in geometry and algebra, 
respectively. This association therefore connects plane geometry 
and algebra in a fundamental manner by means of the rectangular 
coordinate system, and we can expect this connection to be of value 
in the solution of purely mathematical problems. If, furthermore, 
we recall that curves and equations arise in many practical situa¬ 
tions we shall realize that this connection between plane geometry 
and algebra may also have practical advantages. Although these 
mathematical and practical advantages of coordinate geometry will 
be amply illustrated in the following chapters, a few will be men¬ 
tioned here. 

The applications of the conic sections discussed in Chapter V may 
be reconsidered from the point of view of coordinate geometry. 
No two of the ellipses in which the planets move about the sun lie 
in the same plane. Hence the coordinate system in terms of which 
we express the equation of one of these ellipses will not be suitable 
for the other ellipses. It is convenient, therefore, to associate with 
each planet its own coordinate system, which we shall imagine to 
be set up so that the major axis and the minor axis of its orbit lie, 
respectively, on the X-axis and the F-axis of the coordinate system. 
If a and b are half the lengths of the major and minor axes of the 
ellipse, respectively, the equation of the ellipse is 




Since these ellipses are generally almost circular, the values of a and 
b are nearly equal. This is seen, for example, in the equation of 
the earth’s orbit, which is approximately 

* + -jg— -1 

(92.90) ! (92.89) 2 

The unit of length for measuring a and b here is a million miles 
The elliptic orbits of comets also have equations like (1), when 
we have assigned to each orbit a suitable coordinate system, but 
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since these ellipses are long and narrow the value of a is much 
greater than that of b. Each parabolic comet has an equation oi 

the form * 2 = 4 ay (2) 

where a represents the distance from the vertex to the focus. Since 
the vertex is the point on a parabola nearest to the focus, the va ue 
of a in (2) represents the distance from the comet to the sun w en 
the former is nearest the latter. This minimum distance, common y 
called the perihelion distance, seldom exceeds 1.4 X 10 miles. 

It is the knowledge of such equations as (1) and (2) that permits 
astronomers to predict many useful facts, such as when lunar and 
solar eclipses will occur, when Mars will be nearest to the earth and 
hence when its visibility will be best, when a comet will return, 
and so on. 


Laws of science are often expressed by means of equations repre¬ 
senting straight lines or conic sections. Thus, if an object falls 
from rest and the resistance of air is neglected its velocity v (feet per 
second) after being in motion for t seconds is given by the equation 
v =* 32 t. This law of falling bodies is represented by a straight line 
through the origin with slope 32 (Fig. 155). For convenience in 
graphing we often use different units on the two axes. The distance 
5 (feet) fallen by the same object in t seconds is given by the equation 
5 = 16 i 2 , which is another important law of falling bodies. It is 
represented graphically by a parabola with focus at (0, u*r) and 
vertex at (0, 0), as shown in Fig. 156. In Figs. 155 and 156 the por- 



Figure 155 Figure 156 


• Fath: Elements of Astronomy, p. 178. 
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tions of the curves to the left of the Y-axis have no physical sig¬ 
nificance since they correspond to negative values of the time t. 

If a fixed weight of a gas is kept at constant temperature, the 
equation relating the pressure P and volume V is PV = C, where 
C is a constant. This equation, known as Boyle's Law of Gases, is 
represented by a hyperbola as shown in Fig. 157. Only the branch of 
the hyperbola in the first quadrant has physical meaning, however, 
since only along it are the values of P and V both positive. 




Many other equations serving as laws of science could be given, 
equations not necessarily representing conic sections. By means 
of coordinate geometry the scientist is able to draw the curves of 
equations and thus to form charts, so to speak, of the laws of 
science. More important than this, however, is the use of coordi¬ 
nate geometry in the discovery of the laws of science. This will be 
discussed in Chapter X. 

An example of an equation which is not a law of science but which 
is used in engineering because of the shape of its curve is y = x z . 
This curve, shown in Fig. 158, was discussed in article 12 of the 
present chapter. If a railroad train traveling at high speed were to 
pass abruptly from a straight track to a circular track there would 
be great danger of it jumping the tracks, just as poorly constructed 
toy trains do. To avoid this danger a portion of the curve of the 
equation y = x 3 often serves as a transition curve between the 
straight track and the circular track to allow the train to pass gradu¬ 
ally from one to the other. 
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As an example of the use of coordinate geometry in solving 
purely mathematical problems, let us consider briefly the problem 
of solving algebraic equations in one unknown x. In Chapter 111 
we studied this problem from an algebraic point of view and were 
able to develop methods and formulas for solving all first degree 
equations of the type ax + b = 0 and all second degree equations 
of the type x 2 + ax + b = 0. A few simple higher degree equations 
were also solved, by the method of factoring. No formulas were 
developed, however, for solving such higher degree equations, 
because of the difficulty of handling such formulas. But by the 
methods of coordinate geometry the real roots of these higher 
degree equations can be determined approximately, as will now 


be shown. 

Let us consider the third degree equation in x, 


x 3 - 2x 2 - 6x + 11 = 0. 


(3) 


We form the equation 

y = x s - 2x 2 - 6x + 11 
and draw its curve very care¬ 
fully from a table of values 
(Fig. 159). 


X 

V 

4 

19 

3 

2 

2 

- 1 

1 

4 

0 

11 

- 1 

14 

- 2 

7 

- 3 

- 16 



The curve is seen to intersect the X-axis in three points. At 
each of these points, y = 0. Therefore at each the abscissa must 
be such as to make x 3 — 2x 2 — 6x + ll equal to 0. That is, 
these three abscissas are solutions of the equation x 3 — 2 x 2 — 
6 x +11 =0, which is equation (3). The values of these ab¬ 
scissas can be estimated from the curve itself. They are 2.7, 1.5, 
and — 2.4, these values being only approximations, of course, to 
one decimal place. 

In this way the values of the real roots of algebraic equations 
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can be determined approximately. The values of non-real roots 
cannot be found by this method since non-real numbers have no 
place in our rectangular coordinate system. 

EXERCISES 

1. Find the values of the real roots of 2i 3 -i* + i + 3 = 0 to one 
decimal place. 

2. What does the curve of exercise 1 lead you to believe concerning the 
number of complex roots that the equation has? Explain. 

3. Find the cube root of 5 to one decimal place by determining the posi¬ 
tive real root of x 3 — 5 * 0. 


14. Coordinate Geometry in Space. Thus far we have been 
studying coordinate geometry in a plane. All of the important 
ideas discussed can be extended to three-dimensional space, as 
will be shown in the present article. 

We saw that the position of a point on a line can be specified 
by one real number or coordinate, and that the position of a point 
in a plane can be specified by a pair of real numbers or coordinates. 
We shall now see that the position of a point in space can be speci¬ 
fied by a triplet of real numbers. 

Consider any plane A in space. For convenience, let us think of 
A as being the plane of this page. Let a rectangular coordinate 
system of the type we have been discussing be set up on A, with an 
X-axis and a F-axis. Now every point in space is at a certain 
perpendicular distance from the plane A. Let us designate this 
distance by z, which we shall take to be positive for points above A , 
and negative for points below A. Thus, for a point 4 units above 
A t z = 4, while for a point 4 units below A, z = — 4. It is con¬ 
venient to have a Z-axis along which to measure the z distances of 
points. For this axis we take the straight line which passes through 
the intersection of the X- and F-axes and is perpendicular to plane 
A. For a point on A f z = 0. 

Now consider any point P in space. It will have a definite 
value for z. Also the perpendicular from P to A will meet A in 
a point having definite coordinates x and y in this plane. Hence 
this point P is associated with the numbers x, y, and z. No other 
point in space is associated with these numbers in their present 
order and meaning. We therefore call x, y, and z the coordinates 
of P and write these coordinates in the form (x, y, z). Thus 
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(3, 2, 0) are the coordinates of the point in A for which x = 3 and 
y = 2; (3, 2, 4) are the coordinates of the point which is 4 units 
above (3, 2, 0), and (3, 2, — 4) represents 7 

the point 4 units below (3, 2, 0). The 
point of intersection of the three axes has 
the coordinates (0, 0, 0). These points 
are shown in Fig. 160, in which the three 
axes are drawn in perspective. 

We thus see that the position of every 
point in space is specified by the triplet of 
real numbers x , y , and z. This manner of 
associating the points in space with real 
numbers is called a rectangular coordinate 
system in space. It is an example of a 
three-dimensional coordinate system. 

Having associated the points in space with real numbers, we 
are now able to express algebraically the distance between two 
points in space. Thus the distance between the points (xi, yu z x ) 
and ( x 2f y 2 , Z 2 ) is given by the formula 

V(x 2 — x,) 2 -f (y 2 — i/,) 2 4- (z 2 — Zi) 2 , (1) 

though this fact will not be proved here. The resemblance of this 
formula to \/(x 2 — Xi) 2 + ( y 2 — y x ) 2 , which represents the distance 
between two points (xi, y x ) and (x 2 , y 2 ) in a plane, is well worth 
noting. Using (1), the distance between (3, 0, 0) and (0, 0, 4) is 

V(S - 0) 2 + (0 - 0) 2 + (0 - 4) 2 = 5. 



By means of our three-dimensional coordinate system it is pos¬ 
sible to represent geometrically algebraic equations in x, y, and z. 
Consider, for example, the equation x 2 + y 2 + z 2 = 25. In a man¬ 
ner analogous to that followed earlier with curves and equations in 
two unknowns, we take as the figure representing this equation the 
set of all points in space whose coordinates satisfy this equation. 
Now any point that satisfies this equation must have coordinates 
(x, y, z) such that x 2 + y 2 -f z 2 = 25, or, what is the same thing, 
such that Vx 2 + y 2 + z 2 = 5. This last condition can also be 
written in the form 


V(x - 0) 2 + (y - 0) 2 + (* - 0) 2 = 5. 

From this and the distance formula (1), we infer that any point 
(x, y , z) satisfying the given equation must be 5 units from the 
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origin (0, 0, 0). Hence the figure representing x 2 + y 2 4 - z 2 = 25 
is the set of all points at a distance of 5 units from (0, 0, 0). The 
figure is therefore the spherical surface with center at (0, 0, 0) and 
radius 5. (5, 0, 0), (- 5, 0, 0), (0, 5, 0), (0, - 5, 0), (0, 0, 5), and 

(0, 0, — 5) lie on this surface, since these triplets of values satisfy 
the equation. 

Similarly, x 2 + y 2 -f- z 2 = r 2 represents a spherical surface with 
radius r and center (0, 0, 0). We should note how similar in form 
this equation is to x 2 -+■ y 2 = r 2 , the equation of a circle in a plane. 

The fact is that all equations in x, r/, and z represent surfaces 
in space, and often these equations are strikingly similar in form 
to the equations of curves in a plane, as is shown by the following 
comparison: 


1. 

2 . 

3. 


Curves in a plane 
Ax + By + C = 0 
is a straight line. 
x 2 + y 2 = r 2 


is a circle. 


£ + £ = 
a 2 % 2 


1 


1. 

2 . 

3. 


Surfaces in space 
Ax + By + Cz + D 
is a plane. 
x 2 + y 2 + z 2 = 7 a 
is a sphere. 

a t+ H‘ + c‘ 1 



is an ellipse. 

Z 



is an ellipsoid. This is a closed 
surface, which may have a va¬ 
riety of shapes depending on 
the values of a, b, and c. One 
possible shape is that of a foot¬ 
ball (see Fig. 161). Another is 
that of the earth, which is like 
a sphere flattened at top and 
bottom. 




is a hyperbola. 


5. x 2 = 4 ay 
is a parabola. 


4 £-£-£„ i £ + £-£- 1 

a 2 b 2 c 2 ' a 2 ^ b 2 c 2 
are hyperboloids, one form of 
which is illustrated in Fig. 162. 

5. x 2 + y 2 = 4 az 

is a paraboloid of revolution, 
which is a surface obtained by 
revolving a parabola like that in 
Fig. 143 about the y-axis (Fig. 163). 



Figure 162 


Figure 163 


We note that a first degree equation in x, y, and z represents a 
plane which has no curvature and hence can be thought of as 
the spatial analogue of a straight line. Second degree equations 
represent surfaces which are spatial analogues of the conic sections. 
These surfaces are called quadric surfaces. Every cross-section of a 
quadric surface is a conic section. Thus every cross-section of an 
ellipsoid is an ellipse, a cross-section of a hyperboloid is either an 
ellipse or a hyperbola, while a cross-section of a paraboloid is either 
an ellipse or a parabola, as can be visualized from l'ig. 163. Thus 
the right circular conical surface, or cone, which we considered in 
Chapter V, article 6, is just one special type of quadric surface 
Since its Gross-sections are either parabolas, ellipses, or hyperbolas, 
it was used in Chapter V to explain the name “conic sections.” 

EXERCISES 

1. How is a rectangular coordinate system in space set up? 

2. Describe the positions of the following points: 

(a) x - - 2, y - — 3, z - - 5. (d) (0, 3, 0). 

(b) (4, 3, 1). (e) (0, 0, 3). 

(c) (3, 0, 0). (f) (0, 0, 0). 

3. By what type of geometric figure is an equation in three unknowns 
represented? 

4. Find the coordinates of three points on the plane 2 x + y — z = 1. 

5. State the equation of the sphere with radius 4 and center at (0, 0, 0). 

6. How many numbers or coordinates are needed to locate a point on 
a line? In a plane? In three-dimensional space? 
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15. Coordinate Geometry of More Than Three Dimensions. We 
have seen that the geometry of three-dimensional space is associ¬ 
ated with algebraic equations in three unknowns. Since in algebra 
we also consider equations in four unknowns, it would be desirable 
to represent such equations geometrically too. Naturally we 
might expect to use a four-dimensional rectangular coordinate 
system in which each point has four coordinates. This would 
require that we set up four mutually perpendicular axes, just as in 
three-dimensional space we used three mutually perpendicular 
axes, and in the plane we used two such axes. Here we run up 
against a stone wall, for we are not able to visualize four axes so 
arranged that each is perpendicular to the other three. Stated 
differently, to represent geometrically equations in four unknowns 
we need to be able to visualize a space in which the position of each 
point is specified by exactly four real numbers, and human beings 
do not seem to possess this ability. We can visualize three-dimen¬ 
sional space, in which the position of each point can be specified by 
three real numbers. Often, of course, we visualize two-dimensional 
space, as when we deal with geometry in a single plane, and one¬ 
dimensional space, as when we consider the motion of a physical 
object in a straight line. But four-dimensional space seems to be 
beyond our powers of visualization. 

The algebra of equations in four unknowns, however, offers no 
similar stumbling-block. We can set up such equations, as 
x + y + z — w = 5, for example, find values of x } y f z, and w 
which satisfy the equations, and solve problems in connection with 
them. Indeed there is no essential difference between the algebraic 
problems of equations in four unknowns and equations in three 
unknowns, except that the geometric picture is lacking for equa¬ 
tions in four unknowns. Nevertheless, it is convenient to carry 
over into the study of these equations the geometrical language 
used in connection with equations in two and three unknowns. 
Thus we say, for example, that (2, 1,5, — 4) represents a point, 
and x 2 + xf + z 2 + vr = r 2 represents a sphere in four-dimensional 
space, but of course visualization of these geometric terms is im¬ 
possible. The geometry of four dimensions has been thoroughly 
developed by the algebraic methods of coordinate geometry, and, 
though the language used is always geometrical, visualization and 
representation of figures play no part in the study. The meaning 
of the preceding sentence can be made clearer by means of an 
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example. The plane curves whose equations are x 4 y and 
x - 2 t/ 4 = 0 intersect in the point (2, 1), because we see by sub¬ 
stitution that these coordinates satisfy both equations. T us 
without drawing the curves or even knowing what they look h e 
we are able to discover a fact about them simply by studying their 
equations. Similarly, it is possible to speak of figures in four¬ 
dimensional space and to discover facts about them, their inter¬ 
sections, for example, solely by studying their equations. 

Although we usually think of the physical world as being three- 
dimensional, there is a point of view from which it can be regarded 
as four-dimensional. Any event which occurs in the physical world 
does so in a certain place and at a certain time. Hence to specify 
the event unmistakably, that is, to distinguish it from all other 
events, requires that its position in space and the time of its occur¬ 
rence be given. Its position in space can be specified by three 
numbers (x t y t z ), that is, its coordinates with reference to a rectangu¬ 
lar coordinate system in space, and the time can be specified by a 
fourth number t. The four numbers x , y , z, and t , and no fewer, 
thus serve to specify the event unmistakably, and we would therefore 
say that the physical world is four-dimensional in events. Of 
course, only three of these dimensions are spatial ones, the fourth 
being temporal. We can, therefore, regard the physical world as 
one-dimensional in time, three-dimensional in space, and four¬ 
dimensional in events, or, as modern writers say, in space-time. A 
better understanding of the term space-time and of the notion of a 
four-dimensional world will result from the discussion of the theory 
of relativity in Chapter XX. 

EXERCISES 

1. Find two sets of values of the unknowns that satisfy 

x + y + z — w = 1. 

2. Can the sets of values obtained in exercise 1 be represented geo¬ 
metrically? Explain. 

3. Construct a model with 3 thin sticks so that each is perpendicular 
to the other two. They suggest the 3 coordinate axes in a three- 
dimensional rectangular coordinate system. Now try to add a 
fourth stick to your model so that it shall be perpendicular to each of 
the other three. 

4. Explain the sense in which the physical world was said to be four¬ 
dimensional in this article. 
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16. Summary. The Cartesian rectangular coordinate system 
associates each point in a plane with a pair of real numbers called 
the coordinates of the point. This makes it possible to study 
geometry in a plane algebraically in terms of the coordinates of 
points, and, conversely, to express algebraic problems geometrically. 
This branch of mathematics is called coordinate geometry. 

By means of rectangular coordinates, it is possible to express 
geometric concepts algebraically. Thus the slope of a straight line 

segment is expressed by —-— and the distance between two points 

_ *2 - *1 

by V (#2 — Xi) 2 + (y 2 — 2/0*. A curve is expressed by means of an 
equation in x and y y and, conversely, each equation in x and y 
represents a curve. Thus, every first degree equation in x and y 
represents a straight line and every second degree equation repre¬ 
sents a conic section. Perhaps the greatest achievement of co¬ 
ordinate geometry is that it relates equations and curves, for in 
so doing it links up one of the most fundamental ideas in algebra 
with one of the most fundamental in geometry. 

There are several advantages of such a relation between curves 
and equations. If we wish to study the properties of a curve we 
may do it conveniently and accurately by finding the equation of 
the curve and studying it, for the equation is a complete and 
concise numerical description of the curve. On the other hand, it 
is often very useful when studying an algebraic equation to be able 
to visualize it in the form of a curve. Finally, since each equation 
has a curve, equations can serve as a fruitful source of new types of 
curves. Thus, third, fourth, and still higher degree equations in 
x and y yield an unlimited variety of curves different from straight 
lines and conic sections. 

The geometry of space can also be studied by means of co¬ 
ordinates. Here a three-dimensional coordinate system is used, 
each point in space having three coordinates. Each equation in 
x, y t and z represents a surface in space and, conversely, each surface 
in space has an equation in x, y } and z. First degree equations rep¬ 
resent planes and second degree equations represent conic surfaces. 

Some of the most interesting aspects of coordinate geometry 
are its extensions to four and more dimensions. Because it is im¬ 
possible to visualize four-dimensional space and its figures, four¬ 
dimensional coordinate geometry has been developed by non- 
graphical methods. 
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REVIEW EXERCISES 

1. (a) What is a one-dimensional coordinate system? 

(b) What is a two-dimensional system? 

(c) What is a three-dimensional system? 

2. What is coordinate geometry? 

3. (a) What algebraic expression represents slope in a P la “f; ? 

(b) What algebraic expression represents distance in a plane. 

4. (a) How is a plane curve expressed algebraically? 

(b) How is an equation in x and y expressed geometrically. 

5. What is meant by the equation of a curve? 

6. Of what use is it to know the equation of a curve? Give some speci ic 

examples. . . 9 

7. Of what use is it to be able to represent an equation by a curv 
Give some specific examples. 

8 . (a) What is the general equation of a straight line? 

(b) What is the general equation of a circle? ? 

9. What types of curves do second degree equations in x and y represen 

10. By what type of geometric figure is an equation in x, y, and z repre ¬ 
sented? 

11. In what important way does four-dimensional coordinate geometry 
differ from coordinate geometry of one, two, and three dimensions. 
In what ways does it resemble these latter geometries. 

# 
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on coordinate geometry and Chapter X is on the equations of the 
come sections. The basic ideas of coordinate geometry are pre- 
sented in a very stimulating manner. 


TOPICS FOR FURTHER STUDY 

1. Polar coordinates in a plane. Oglesby and Cooley: Plane Trigonorrv- 
elry, revised edition, articles 70, 71, 72; and Logsdon, M I • A 
Mathematician Explains, Chapter 5, article 10. 

2. Locating heavenly bodies by coordinates. Fath, Edward A.: Ele¬ 
ments of Astronomy , Chapter III. 

3. Coordinate geometry before Descartes. D. E. Smith, pp. 316-324. 

4. The notion of dimensions. Manning, J. W., especially the intro- 
duction. 

5. Equations of the second degree in x, y, z, and their surfaces. Young 
J. W., *ort, T., and Morgan, F. M.: Analytic Geometry, Chapter 
aIV. 


6. Representation of complex numbers by rectangular and polar coordi¬ 
nates.^ Graham and John: Advanced Algebra, revised edition, articles 
153, 154, 155. 

7. Solution of algebraic equations by coordinate geometry. Graham 
and John: Advanced Algebra , revised edition, articles 40, 41, 65, 66 
72, / 4. 

8. Proof of theorems of plane geometry by means of coordinates. 
Young, J. W., Fort, T., Morgan*, F. M.: Analytic Geometry, article 15; 
and Logsdon, M. I.: A Mathematician Explains, Chapter 5, article 9. 


HISTORICAL TOPICS ON PART I 

For each topic consult Cajori, F.: History of Mathematics, and Ball, 
W. W. R.; A Short Account of the History of Mathematics. In these his¬ 
tories, additional references will be found. 

1. Mathematics of the Phoenicians, Babylonians, and Egyptians. 

2. Chinese and Japanese mathematics. 

3. Greek mathematics. 

4. Mathematics of the Hindus and the Arabs. 

5. Mathematics in Europe during the Middle Ages. 

6. Renaissance mathematics. 



PART II 

THE FUNCTION CONCEPT 


In Part I we considered the logical nature of some 

important ideas in elementary algebra, the methods an P r 
geometry, and the unification of algebra and geometry J 

coordinate system. Some of the ideas discussed were known to ancient 
races, such as the Babylonians, the Egyptians, and the Gree ^ s ’ 
ideas were introduced in medieval times by the Hindus an ’ 

and still others, such as coordinate geometry, had their origin in m 
recent times. But almost all of these ideas were known and used 
before 1700, to mention an approximate date t and hence in tins s 
may be considered not modern. It is not to be inferre , of course, 
that these ideas are for that reason unimportant . On the contrary, 
they are most important since they are the foundation upon which 
more modern ideas in mathematics are built. Perhaps in no o er 
field does knowledge which is historically old play so great a part as 
it does in mathematics. For example, much of modern mathematics 
is based on the geometry of Euclid which dates from the third cen- 


tury b.c. . , 

In the seventeenth century, roughly speaking, there came into matne- 

matics the ideas of a varying quantity and of a relation among sue i 
quantities } and these two ideas have largely determined the character 
of mathematics ever since. It is not difficult to see why these ideas 
should have come into mathematics at that time. Mathematics in t le 
seventeenth and eighteenth centuries was closely allied to many physical 
sciences. Kepler, Pascal, Descartes, and Newton, for example, were 
physicists as well as mathematicians. Then, too, the physicists of 
those times were concerned largely with studying aspects of the physical 
world involving motion and change. Copernicus stated that the earth 
is not stationary, but moves about the sun. Kepler discovered that the 
planets move about the sun in elliptical orbits. Galileo found that the 
oscillations of a pendulum are synchronous, that is, take place in the 
same length of time. Newton explained sound as a vibratory motion in 
the air and Huyghens explained light as a vibratory motion in a “sub¬ 
tle” ether. The most significant achievement of the age in the field of 
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biology was the discovery of the circulation of the blood by Harvey. 
Even here the ideas of motion and change are involved. 

These reasons would account for the introduction of the idea of a 
varying quantity into mathematics. A moment's reflection will show 
that such quantities are among the commonest and most important 
that occur in experience. A person's weight and wealth, a country's 
population, percentage of illiteracy, and foreign trade t food prices, 
wages, rent, daily temperature and pressure of the atmosphere — these 
are just a few of the familiar quantities which vary. Every science 
social, physical, and biological, is largely concerned with studying the 
variations in quantities and the relations among varying quantities 
in order properly to understand changes and, where possible, to control 
and predict them. 

Part II of this book will be devoted to the study of varying quantities 
and relations among variables or, as they are known in mathematics, 
variables and functional relations. In Chapters VIII and IX these 
ideas will be developed mainly from a mathematical point of view 
and in Chapters X through XIII their uride applications in various 
sciences and arts will be considered. As will be seen, the idea of a 
functional relation is not only immensely useful outside of mathe¬ 
matics, but also serves to unify much in mathematics, in particular 
some of the most important ideas discussed in Part I. 



CHAPTER VIH 

THE FUNCTION CONCEPT 

1. Introduction. In this chapter the meaning of a function will 

be made clear. Since the idea of a function is bound up with the 
idea of a varying quantity or variable, the latter will e c°nsi 
first. Although the discussion will be related to experience g 

out, the greater part of the work of showing the practical usefulness 

of functions will come in later chapters. 

2. Variables and Constants. Most of the quantities occurring 
in daily life do not maintain a fixed value, but, instead, change 
continually. The price of a commodity, a person’s weight, the 
speed of a moving automobile, and the temperature of the at¬ 
mosphere are some examples of quantities whose values change. 
Such changing quantities are called variables. Quantities whic 
do not change in value but which maintain a fixed value are called 
constants. The number of players on a college football team, the 
length of a day, the boiling point of water at sea level, and the 
speed of light in a vacuum are examples of constants. 

Some variables are so nearly constant that for some purposes 
they may be considered as actually constant, while for other pui- 
poses the variation must be recognized. Thus, the lengths of the 
steel rails in a railroad track vary with the rise and fall of tem¬ 
perature. For this reason a gap is left at the joints to allow for 
expansion, so that the track will not buckle in warm weather. 
The steel in a carpenter’s hammer expands and contracts in the 
same way that the steel rails do, but since the changes are too small 
to affect the usefulness of the tool, its size is considered constant. 

Similarly, in mathematics a quantity which may have various 
values in a discussion is called a variable, whereas a quantity whose 
value is fixed throughout a discussion is called a constant. lhus, 
in coordinate geometry, each time we draw the curve of an equation 
in x and y we treat x and y as variables, since we permit them to 
take on many different values. For example, as a point moves 
along the circle x 2 y 2 = 25, its abscissa and ordinate both change 
in value and hence are variables. In this circle, however, the 
radius is constant and has the fixed value 5. Similarly, for the 
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straight line y = 2 x + 3, x and y are variables, whereas 2 and 3 
are constants representing the slope and y-intercept, respectively. 
It must not be thought that only variables are represented by 
letters of the alphabet. Constants, too, are often represented in 
this way. Thus in the general linear equation, y = mx -f- b , 
m and b are constants representing the slope and y-intercept, re¬ 
spectively. When constants and variables are both represented 
by letters in the same discussion, it is customary to let the final 
letters of the alphabet, such as x , y, z , stand for the variables and 
earlier letters, such as a, 6, k , and m, stand for the constants. 

Often the investigator decides for himself what values a variable 
may have in a discussion. For example, one may be interested 
in studying the values of 2 x + 3 when a; is a variable having only 
positive integral values. At other times the values a variable may 
have are determined by the nature of the situation in which it 
occurs. Thus, along the straight line y = 2 x + 3, x may have all 
real values, and similarly for y. Along the circle x 2 + y 2 = 25, 
however, x may have only real values between — 5 and + 5, and 
the same for y. Along the parabola y = 4 x 2 , y can have only 
positive values. The rate of interest paid by banks is a variable 
having only positive rational values. The population of a country, 
of course, can have only positive integral values. 

EXERCISES 

1. Give two examples of variables and constants in daily life; in chem¬ 
istry; in biology; in physics; in astronomy; in economics. Be sure 
that the variables in your examples are numerical quantities. 

2. State the range of values that x and y may have on the curves of 
the following equations: 

(a) j/ = x + 5 + 

lo y 

(b) X s + / = 16 (e) fe ~ 9 = 1 

(c) x 2 = 12 y (0 y - x 4 

3. Give an example of a variable occurring in daily life which may have 

(a) positive and negative values. 

(b) only positive integral values. 

3. The Meaning of a Function. It often happens that two 
variables in a situation are so related that for each value of the 
first a corresponding value of the second is determined. We then 
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say that there is a functional relation between the variables or that 
the variables are functionally related, and we call the second vai la c 
a function of the first. For example, if a certain cut of meat se s 
at 25 cents a pound, the number of pounds bought determines the 
price the shopper pays. For two pounds, the price is 50 cents, 
for three pounds it is 75 cents, and so on. Hence the number of 
pounds bought and the price paid are functionally related, the 
latter being a function of the former. Since the price depends on 
the number of pounds, the price is called the dependent variable 
and the number of pounds is called the independent variable. 
In other similar situations these terms are used in the same way. 
That is, the dependent variable is always a function of the inde¬ 
pendent variable. The word “function” as used in mathematics 
always has the technical meaning which we have given it here. 
It should be noted that in everyday usage the word usually has a 
quite different meaning, as illustrated in the statement: the func¬ 
tion of the heart is to pump blood through the body. 

The following additional examples of functional relations should 
help to make the idea clearer: 

(1) The cost of sending a letter by first class mail is a function 
of its weight. 

(2) The height to which a ball will rise when thrown upward is a 
function of the speed with which it is thrown. 

(3) The radius of a circle of latitude is a function of the latitude. 

(4) The cost of production of a commodity is a function of the 
quantity produced. 

(5) The distance an automobile can travel on one gallon of gaso¬ 
line is a function of the speed at which it travels. 

Often more than two variables in a situation are so related that 
if values of all but one are given, a corresponding value of that one 
can be determined. In this case the one variable is said to be a 
function of all the others. It is called the dependent variable and 
the others are called the independent variables. The following 
are some examples of functional relations with two or more inde¬ 
pendent variables: 

(1) The time at which a student arrives at school is a function 
of the time at which he starts and the time required to make the 
trip from his home to school. 

(2) The price at which a commodity sells is a function of the 
supply and the demand. 


248 


THE FUNCTION CONCEPT 


[CHAP. VIII 


(3) The per capita wealth in a country is a function of the total 
wealth and the number of inhabitants. 

(4) The rate at which the population of a country changes is a 
function of the birth rate and the death rate. 

Many of the ideas discussed in previous chapters are sources of 
functional relations. The following are among the most important 
of these sources: 

(1) The formulas of measurement considered in Chapter V are 
functional relations. For example, the value of the area of a circle 
depends on the value of the radius in accordance with the formula 
A = tt r 2 , and hence the area is a function of the radius. The 
area of a rectangle is a function of the length and the width, the 
formula being A = l • w. Here there are two independent variables, 
l and w. 

(2) Each algebraic expression in a; is a function of x if x is re¬ 
garded as a variable. Thus the polynomial x 2 + x — 3 has the 
value — 1 when x has the value 1, the value 3 when x is 2, the 
value — 3 when x is 0, and so on, and hence it is a function of x. 

(3) When we are seeking solutions of an equation in x and y 
we can proceed by assigning values to x and then computing the 
values which y must have in order to satisfy the equation. Thus 
if we let x = 2 in the equation 3 x -f 4 y = 26, we have 6 + 4 y = 26, 
so that y must have the value 5 to satisfy the equation. Similarly, 
for each other value assigned to x, a value of y is determined. 
Hence y is a function of x. 

(4) \Ve saw in Chapter IV that each positive number has a 
logarithm. Thus the number 100 has 2 for its logarithm, 3 has 
.4771 for its logarithm, and so on. If, therefore, we let x be a 
variable which may have only positive values, log x is a function 
of x since for each such value of x a value of log x is determined. 
Similarly, the trigonometric ratios studied in Chapter VI can be 
thought of as functional relations, since for each value of x between 
0 degrees and 90 degrees, sin x, cos x, tan x, and ctn x have definite 
values. 

(5) Let a system of rectangular coordinates be set up in a plane. 
Consider a curve in this plane of such a character that it is met 
by a line parallel to the y-axis in only one point. (The parabola 
shown in Fig. 164 is an example.) The ordinate y on such a curve 
is a function of the abscissa x, since to each value of x there cor¬ 
responds a definite value of y. 
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In the preceding article it was noted that often a variable may 
take on only certain values. Hence it often happens tha e re 
tion between the variables in a functional relation is true only lor 

certain values of the inde- 
Y pendent variable. The set 

of values which the independ¬ 
ent variable may have is 
called the range of the inde¬ 
pendent variable. Thus in the 
functional relation y = log x, 
the range of x consists of all 
positive numbers. In the re¬ 
lation y = sin x, the range of 
x is from 0° to 90°, excluding 
these two values.* In this 
same relation y can have only 

imlnnc KofxirPPn O And 1 . 



Although functional relations with two or more independent 
variables are important in mathematics and in practical experience, 
in the rest of this chapter and in subsequent chapters only func¬ 
tional relations with one independent variable will be considered. 


EXERCISES 

1. The circumference of a circle is a function of the radius. State the 
precise relation in words; by means of an equation. 

2. (a) Express symbolically by means of an equation: The time required 

to cook beef is J hour for each pound of beef and then 5 hour 
more. 

(b) What is the independent variable? The dependent variable? 

(c) How many hours are required to cook 6 pounds of beef? 

(d) How many pounds of beef can be cooked in 2 hours? 

3. The blood pressure of a normal adult is approximately 110 plus 
half the person’s age. 

(a) What are the independent and dependent variables? 

(b) Express the relation by means of an equation. 

(c) What should the blood pressure of an 18 year old person be? 

4. An airplane travels at a constant speed of 150 miles an hour. 

(a) Express by means of an equation the functional relation between 
the number of hours traveled and the number of miles covered. 

(b) What are the independent and dependent variables? 

6. Find two different situations in daily life, two in physical science, 
and two in social science, in which one variable is a function of an- 
* This range will be extended in Chapter IX. 
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other. Be sure your variables are numerical quantities. Where 
possible, state the exact functional relation. 

6. A trapper can paddle his canoe at 4 miles an hour and walk through 
the woods at 1| miles an hour. By means of an equation express 
the functional relation between the total distance covered, the num¬ 
ber of hours paddled, and the number of hours walked. 

7. Find a situation in daily life (not one used in the text) in which one 
variable is a function of two independent variables; three independent 
variables. 

4. Expressing Functional Relations in Mathematics. An im¬ 
portant problem of mathematics is to discover when one variable 
is a function of one or more other variables and then to express 
this relation precisely in such a way as to make its character appar¬ 
ent. The discovery of the existence of functional relations is 
usually a relatively simple matter in elementary mathematics. 
For example, it is easy to see that the area of a circle is a function 
of the radius. But it is more difficult to determine precisely what 
the character of the relation between the variables is. Thus 
the student will recall that it was no easy problem in plane geom¬ 
etry to prove that A = n r 2 is the precise expression of the func¬ 
tional relation between the area and the radius of a circle. 

By a precise expression of a functional relation is usually meant 
its expression in one of the following ways: 

(a) A precise verbal statement. 

(b) An equation. 

(c) A table of values. 

(d) A graph. 

The precise verbal statement of the functional relation between 
the area and radius of a circle is simply this: The area of a circle is 
7 r times the square of the radius. The equation A = tt r 2 is also a 
precise expression of the same functional relation. It is equivalent 
to the verbal statement in precision but superior to it in concise¬ 
ness. For this reason equations are generally to be preferred to 
verbal statements as precise expressions of functional relations. 
The passage from a verbal statement to an equation is effected by 
replacing words by mathematical symbols. 

Very often it is desirable to know how the dependent variable 
changes in value when the independent variable changes in some 
definite way. Sometimes the equation of the functional relation 
is useful for this purpose. For example, from the equation for the 
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area of a circle, A = 7 r r 2 , we not only see that A increases w en 
increases, but that the value of A is multiplied by 4 w en_ e 
value of r is doubled. Thus, when r *= 1, A = tt, and when r — , 
.4 = 4 7 T. Usually, however, an equation cannot be analyzed as 
easily as this so as to tell us how the variables change with respec 
to each other. Consequently, it is useful to set up a table of values 
from the equation and to study this expression of the functional 
relation, or else to draw a graph from the table of values and study 
this way of expressing the relation. In both cases we proceed as 
we did in Chapter VII, article 12, when drawing the curve of an 
equation. Suppose, for example, that we are given the equation 
y = x 2 — x — 2 and wish to determine how y changes when x in¬ 
creases, it being understood that the range of the independent 
variable x is unlimited, that is, x may have any real value. We 
can set up the following table of values and study it: 



- 5 


- 3 

m 

- 1 

0 

B 

2 

ID 

4 



28 

18 | 

10 

8*1 

0 

- 2 

5a 

0 

in 

10 

18 | 


We see that as x increases by changes of one unit from — 5 to 0, 
y decreases from 28 to — 2, and that as x increases in the same way 
from 1 to 5 f y increases from — 2 to 18. We also note a symmetri¬ 
cal repetition of the values of y. Although this table of values is 
precise, it is only a partial expression of the given function since 
it disregards all but integral values of x, and then only the integral 
values from — 5 to +5. We therefore cannot expect to have it 
answer all our questions with regard to the variation of y with re¬ 
spect to x. For example, it does not tell us how y changes be¬ 
tween x = 0 and x = 1, or between any other two consecutive 
integral values of x, or for values of x larger than 5 or smaller 
than — 5. To get some of this information we can compute y for 
values of x such as £, — 3£, 6 , 7, 8, — 6 , — 7, — 8, but obviously 

we cannot consider all possible values of x. 

For more complete information regarding the variation of y it is 
useful to draw a graph of the functional relation, which may be 
done by using the above table of values. We plot the 11 points 
of the table and then draw a smooth curve through them from left 
to right (Fig. 165). The justification for drawing a smooth curve 
through the points is in the fact that the curve of the equation is a 
parabola (see Chapter VII). The curve drawn is a precise expression 
of the given function from x = — 5 to x = 5. It is easy for the eye 
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to follow the curve from left to right, and in doing so to note the 
manner in which y changes. At a glance we note that y decreases 
continually until a certain smallest value is attained, and from 

then on y continually increases. Further 
observation shows that this smallest value 
of y is about — 2\ and that the correspond¬ 
ing value of x is about £. Also we note 
that near this lowest point the curve is not 
as steep as it is far from it. From this we 
infer that y decreases more rapidly between 
x = — 5 and x = — 4, for example, than 
between x = — 1 and x = 0, and increases 
more rapidly between x = 4 and x = 5 than 
between x = 1 and x = 2. Thus the curve 
not only tells us how y changes between 
two consecutive integral values of x , which 
the above table of values could not do, but 
also gives us information concerning the 
rate at which y changes. The curve is therefore a more complete 
expression of the functional relation between x = — 5 and x = 5 
than the table of values. The curve also has the advantage that it 
can be appreciated at a glance. On the other hand, the table has 
the advantage of showing precisely the value of y corresponding to 
some particular value of x, whereas the curve can give this informa¬ 
tion only approximately. Finally, the curve, like the table of 
values, is only a partial expression of the given functional relation 
since it does not consider values of x larger than 5 nor smaller 
than — 5. 

It has just been shown that both a table of values and a curve 
are in general superior to an equation in showing the way in which 
the dependent variable changes when the independent variable in¬ 
creases. It is very important, nevertheless, to know an equation 
for a functional relation since it is a complete and precise expression 
of the relation. From an equation we can calculate as complete 
a table of values as we please, and from this table as extensive a 
curve as we please. The ability to calculate values of the de¬ 
pendent variable for definite values of the independent variable is 
of great importance in the practical application of functional rela¬ 
tions. This will be considered in Chapter XI. 


Y 
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EXERCISES 


1. The following table represents corresponding values of x and y in a 
certain functional relation. Describe how y changes when x increases 
from — 5 to 4* 5. 


1? 

- 5 

- 4 

- 3 


m 

0 

l 

2 

3 

4 

5 

n 

11 

9 

6 

sH 

pi 

0 

2 

3 

•2 

5 

9 


2. Fig. 166 shows the curve representing a certain functional relation. 

(a) Describe how y changes as 
we move along the curve 
from left to right, as x 
increases from — 6 to 7. 

(b) Where does y seem to be 
decreasing most rapidly? 

(c) Where does y seem to be 
increasing most rapidly? 

(d) Where does y seem to be 
equal to zero? 

(e) Where does y seem to be 
greatest? Least? 

3. By inspection of the equation, 
y - 3 x + 5, determine how y 
changes when x increases. 

4. In the equation y - x 2 , how does y change when x is doubled? 
Tripled? 

5. In the equation xy = 1, how does y change when x increases? When 
x is doubled? Tripled? 

6. Draw the graph of the functional relation y = x z — 3 i 2 - x + 3 and 
from it determine how y changes when x increases from — 5 to -f 5. 

7. (a) State the four important methods of expressing a function 

precisely. 

(b) Discuss the relative merits of each of the four methods. 

5. Functions Outside of Mathematics. One of the most im¬ 
portant problems in many sciences, as well as in mathematics, is 
to determine when certain variables are functions of others and 
then to express these functional relations as precisely as possible. 
Thus the physicist may try to determine how the length of a piece of 
wire depends upon its temperature; the botanist might try to de¬ 
termine how the rate of plant growth depends on such variables as 
temperature, amount of rainfall, amount of sunshine, and elevation 
above sea level; the doctor may wish to find the relation between the 
severity of a typhoid epidemic and the number of bacteria in 
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drinking water; the economist may seek the relation between the 
supply of a commodity and its price; the sociologist may attempt to 
discover the way in which the amount of unemployment affects the 
marriage rate. The list can be extended indefinitely. 

The mere knowledge of the existence of a functional relation 
between two variables is usually of small practical value. What 
is important is to be able to obtain a precise expression of the 
relation. For example, it is not enough for a motorist simply to 
know that the number of miles he can travel on one gallon of 
gasoline depends on the speed at which he travels. He wants more 
precise knowledge of the functional relation. For example, he 
wants to know at what speed the mileage per gallon of gasoline 
is greatest. 

Sometimes the problem of determining a precise expression for a 
functional relation which arises in experience is solved simply by 
borrowing a formula from mathematics. For example, the volume 
of an expanding spherical balloon is a function of the radius, and 


the exact relation is expressed by the geometrical formula V 



where V and r represent volume and radius, respectively. The 
other formulas of measurement proved in geometry are used in 
the same way to express other functional relations occurring in 


experience. 

Usually, however, the investigator himself has to do the work 
of finding an expression for the functional relation. In some cases 
an instrument can be devised which will record the functional 
relation directly in the form of a graph. An earthquake is recorded 



in this way by a seismograph. The curve in Fig. 167 shows how the 
intensity, I, of the quake changes with the time T. We observe 
that the quake consists of successive shocks of varying intensities. 
This curve is used to determine the intensity of the quake at any 
definite time, and the maximum intensity, as well as to give other 
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information useful in locating the center of the quake. 
bureaus the temperature and the barometric pre ; n deDendent 
directly on graph paper by means of instruments, st ,r Um ents 

variable in both cases being the time. There are 


Blood 


Time 


for recording the periodic variation of the pressure of blood in the 
artery of a human being (see Fig. 168), the periodic variation ot tne 
air pressure against the ear drum corresponding to a musical soun 
(see Fig. 169), and the variation of many other quantities which are 
functions of time. 

Pr.'iiur. (Violin Ton.) 


Time 


Figure 169 

Functional relations of the type just mentioned, for which 
graphs can be obtained directly by means of instruments, arc the 
exception, rather than the rule. Most functional relations arising 
in experience are of such a type that a table of values of the 
dependent and independent variables must be obtained before 
a graph or an equation expressing the relation can be determined. 
Such tables consist of numerical data collected in various ways. 
Sometimes the data are physical measurements made in connec¬ 
tion with an experiment. Often the data are social or economic 
statistics collected over a period of time. For example, the fol¬ 
lowing table gives the population of the United States in each 
census year from 1790 to 1930: For each year appearing in the 
table there is a definite population. Hence the table expresses 





256 


the function concept (chap, vm 


Year 

Population 

Year 

t v> s* a r . V ill 

Population 

1790 

1800 

1810 

1820 

1830 

1840 

1850 

1860 

3,929,214 

5,308,483 

7,239,881 

9,638,453 

12,866,020 

17,069,453 

23,191,876 

31,443,321 

1870 

1880 

1890 

1900 

1910 

1920 

1930 

38,558,371 

50,155,783 

62,947,714 

75,994,575 

91,972,266 

105,710,620 

122,775,046 


a functional relation between the population and the year, the 
former variable being a function of the latter. This table affords a 
very good idea of the way in which the population has changed. 

Statistical tables like the one shown above are very widely used 
A large variety of them are found in the World Almanac 
Another example of a table of values is given below. It shows 


T (degrees, Centigrade) 

10 

20 

30 

40 

50 

60 

W (grams of iodide) 

136 

144 

152 

160 

168 

176 


the weight (W), in grams, of potassium iodide that can be dis¬ 
solved in 100 grams of water at various temperatures ( T ). The 
table, which is the result of measurements made in a chemical 
laboratory, is therefore an expression of the functional relation in 
which the temperature is the independent variable and the weight 

of the substance is the dependent 
variable. The student should draw 
some conclusions as to the way in 
which W changes as T increases. 

Once a table of values has 
been determined for a functional 
relation, it may be used as a 
means of drawing a graph of the 
relation. As was mentioned in the 
preceding article, one advantage 
of a graph is that it shows at a 
glance how the dependent variable 
changes with respect to the in¬ 
dependent variable. For example, 
Fig. 170 shows the graph drawn from the population table given 
earlier. The year is the independent variable and is represented 



Year 


Figure 170 
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as the abscissa; the population is the dependent variable and i 
represented as the ordinate. For economy of space e sea 
the horizontal axis starts with 1790 rather than with 0, eac s P a 
on the horizontal axis represents 10 years, and each space on 
vertical axis represents 10 million people. In order to draw 
graph, 15 points were plotted corresponding to the 15 pairs o va ues 
in the table. Then a smooth curve was drawn through these 
points from left to right. This curve is then taken as the graphical 
expression of the given functional relation. Strictly, however, 
the graph of the relation consists only of the 15 plotted pom s, 
since all we are given concerning the relation are the 15 pairs o 
corresponding values. The smooth curve has been drawn main y 
to help the eye to follow the trend of the 15 census numbers.. Stu y- 
ing the curve we observe that it rises more and more sharply im l 
the point corresponding approximately to 1910 is reached. At t is 
point the curve is steepest. To the right of this point the curve 
continues to rise, but slightly less sharply. From these observa¬ 
tions we infer that the population increased more and more rapidly 
until about 1910, at which time it was increasing most rapidly. 
Thereafter the population continued to increase, but at a slightly 
diminishing rate. Such conclusions are not so readily drawn from 
the table of values alone. 

The graph of the solubility table mentioned earlier is shown in 
Fig. 171. As in Fig. 170, a smooth curve has been drawn, rather than 
merely discrete points. From the ^ 
curve, which appears to be a straight 

line, we may infer that the weight of 180 " ✓ 

substance which can be dissolved in- 170 ' 

creases uniformly as the temperature 160 ‘ 

increases. That is, the same increase 160 ' 

in temperature always produces the 140 “ 

same increase in the quantity of sub- 130 

stance which can be dissolved. 120 

Now that we have seen how the no - 
graph of a functional relation can be 100 o io 20 30 40 60 60 - ^ 
obtained from a table of values, it is Figure 171 

natural to ask whether an equation can 

also be obtained from a table of values. The answer to this ques¬ 
tion is that, by using the table of values together with the graph, 
it is often possible to find an equation expressing a functional 
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relation. The discussion of the process of finding an equation in 
this way, however, will be postponed until Chapter X. In that 
chapter other methods of obtaining equations of functional relations 
will also be considered. But whatever the method used, once the 
equation has been obtained it is generally desirable to draw a graph 
from it so as to study the variation of the function. Such graphs 
were drawn in article 4 in connection with purely mathematical 
equations. Let us now draw one for an equation having physical 
significance, say the equation 

h = 128 t - 16 t\ 

which expresses the way in which the height h to which a ball 
rises depends on the length of time t the ball has been in flight, 
the ball -having been thrown straight up with a speed of 128 feet 
a second. The dependent variable h is measured in feet and the 
independent variable t in seconds. The graph of this equation is a 
parabola, as we saw in Chapter VII, article 12, but since only posi¬ 
tive values of h and t have physical significance here, we shall want 
to draw only that portion of the parabola lying in the first quadrant. 
Hence we set up a table of values which includes only positive values 
of t and h, as shown below: 



0 

1 

2 

3 

4 

5 

6 

7 

8 

LTl 

0 

112 

192 

240 

256 

240 

192 

112 

0 


Only integral values of t are used since they are easiest to calculate 
with and are sufficient to afford an accurate graph. For values of t 
greater than 8, the corresponding values of h are negative, and 
hence such values of t are excluded from the table. The table 
shows how the height of the ball changes with the passing of time. 
Eight seconds after being thrown up the ball is back at the ground 
again. We are thus dealing with a functional relation in which 
the range of values of the independent variable t is only from 0 to 8. 

The graph is shown in Fig. 172. For convenience each space on 
the vertical axis represents 25 feet. Although the table gives 
the values of h only for integral values of t , we know from the fact 
that the given equation represents a parabola that h is positive 
for every value of t from 0 to 8. This, of course, agrees with ex¬ 
perience, since at every instant of its flight the ball is at a definite 
height. Hence the graph consists not only of the nine points 
plotted from the table, but of the smooth curve drawn through 
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Fioure 172 


them from t = 0 to t = 8. This portion of a parabola is the graphi¬ 
cal expression of the physical relation between t and h. T e CU J V ® 
must not be thought of as a picture of the path of the ball, u 
rather as a graph of the relation 
between the corresponding values of 
h and t during the flight. Actually, 
of course, the ball travels directly 
upward in a straight line and then 
down again in a straight line. 

Graphs like the one shown in Fig. 

172 enable scientists to visualize the 
character of a functional relation 
expressed by an equation. Another 
example of such a graph is shown 
in Fig. 173. It is an expression of 
Boyle’s Law of Gases. This law 
states that the volume, V , and the 
pressure, P, of a fixed weight of an 
ideal gas ' enclosed in a container 
are related according to the equation PV = C, where C is a 
constant, provided that the temperature of the gas remains fixed. 

That is, if the volume of the gas is 
made to vary, say by means of a 
piston, the pressure will also vary, 
and, if during these variations the 
temperature is kept from changing, 
at any time the product of the 
volume and the corresponding pres¬ 
sure will have the same constant 
value. The curve of this equation 
-V is a hyperbola with its branches in 
the first and third quadrants (see 
Chapter VII, article 12). Since only 
positive values of P and V have 
physical significance in Boyle’s Law, only the branch in the 
first quadrant need be shown. The curve in Fig. 173 therefore 
expresses the relation between P and V. It shows at a glance 
that as the volume increases the pressure always decreases. 


O 


Figure 173 
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EXERCISES 

1. The following table shows the relation between the average height and 
weight of American men and women between the ages of 15 and 19: 


Av. Hgt. 
(inches) 

Av. Wgt. 

(men) 

Av. Wgt. 
(women) 

60 

113 

112 

61 

115 

114 

62 

118 

117 

63 

121 

120 

64 

124 

123 • 

65 

128 

126 

66 

132 

130 

67 

136 

134 

68 

140 

138 

69 

144 

141 

70 

148 

145 

71 

153 

150 

72 

158 

155 


(a) What do you infer from the table concerning the way in which 
the weights of men from 15 to 19 change as their heights increase? 
Do the same for the weights of the women. 

(b) Approximately what is the weight of a man 5 feet, 4 \ inches tall? 
Of a woman of the same height? 

(c) Draw a smooth curve for the men’s heights and weights, treating 
weight as a function of height. For convenience start the hori¬ 
zontal scale with 60 and the vertical scale with 100. 

(d) Draw a graph of the women’s heights and weights, using the 
same coordinate axes as in (c). 

(e) What does each graph show at a glance? 

(f) Compare the men’s and women’s heights, using both graphs. 

2. Insurance companies have discovered that in a group of 100,000 per¬ 
sons living at the age of 10, deaths occur on the average in accordance 
with the following table selected from the American Experience Table 
of Mortality: 


Age 

Number Living 

Age 

Number Living 


100,000 

70 

38,569 


92,637 

75 

26,237 


85,441 

80 

14,474 

40 

78,106 

85 

5,485 

50 

69,804 

90 

847 

60 

65 

57,917 

49,341 

95 

3 
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(a) Using this table, draw some conclusions concerning the rate at 

which people die at various ages. • onp 

(b) Draw a smooth curve for the functional relation, a nare 

space on the horizontal axis to represent 5 years an P 

on the vertical axis to represent 5000 people. 

* (c) Using this curve, do what is asked in (a). Is the curve more use¬ 
ful than the table in giving the information? . , .? 

(d) At what age does the mortality rate appear to be highest 

Lowest? - 

(e) About how many people would be living at the age ol ^o. 

3. The pressure of the atmosphere is often measured by the height, ot 
a column of mercury which it can support in a barometer, 
lowing table shows the pressure in inches of mercury at various e 
vations (in feet) above sea-level: 


Elevation 

Pressure 

Elevation 

0 

30.0 

24,000 

6,000 

23.8 

30,000 

36,000 

12,000 

19.0 

18,000 

15.0 



Pressure 


11.8 

9.5 

7.5 


4. 


(a) Draw a smooth curve, allowing eacn space uu me 
to represent 3000 feet of elevation and each space on the vertical 
axis to represent 2 inches of pressure. 

(b) What do you infer about the way in which pressure depends 
on elevation? 

(c) How high is a balloon whose barometer shows a pressure ol 
8.0 inches? 

(a) Draw the graph of Boyle’s Law, PV - C, when C — 12. 

(b) What do you infer from the curve concerning the way in which 
the pressure changes as the volume increases? Does the pressure 
always change equally rapidly? Explain. 

6. The pressure of water depends on the depth below the surface in 
accordance with the equation P = .433 D, where D is the depth in 
feet and P is the pressure in pounds per square inch. 

(a) Draw the curve of the equation. 

(b) How does P vary with D? 

(c) Using the equation, calculate the pressure on a diver’s suit at a 
depth of 100 feet. 

(d) How deep may a diver go if his suit can bear at most a pressure 
of 100 pounds per square inch? 

6. A ball thrown downward with an initial speed of 100 feet a second 
gains speed at the rate of 32 feet a second each second. That is, at 
the end of the first second its speed is 132 ft./sec., at the end of the 
second second it is 164 ft./sec., and so on.. Determine the equation 
expressing the functional relation between the two variables, speed 
and time. 
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7. The growth of the population of modern nations is generally reDre- 

SjSf % a cur y e ‘ ike that shown in Fig. 174. Discuss thcJaffn 
which the population of a nation grows as the nation gets older 

““ ot 8rowth “ ™ rt »* 



6. Further Remarks on the Meaning of a Functional Relation. 

Now that some familiarity with the mathematical meaning of a 
functional relation has been acquired, it is appropriate to consider 
some further aspects of the notion. According to the definition 
given in article 3, a variable y is a function of a variable x if for 
each value of x a corresponding value of y is determined, the cor¬ 
respondence being called a functional relation. Thus, any corre¬ 
spondence which can be set up between two sets of values such 
that a definite value in one set is made to correspond to a definite 
value in the other, is a functional relation. For example, the first 
column in the following table gives the value, in millions of dollars, 
of Siamese imports from the United States in each year from 1929 
to 1933; the second column shows the number of marriages in New 
York City in those same years: 


Siamese Imports 

Marriages 
in New York 

3.1 

65,780 

2.4 

63,337 

1.3 

61,574 

.7 

58,957 

.8 

60,116 
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Thus to each amount of imports in the table there is made to cor¬ 
respond a definite number of marriages, and vice versa. The corre¬ 
spondence is therefore a functional relation in which either variable 
may be regarded as independent, the other then being the dependent 
one. The student may object to calling this correspondence a func¬ 
tional relation because he may not see how the amount of imports 
could have had any effect on the number of marriages. Indeed the 
amount of imports actually may have had no effect whatever on 
the number of marriages. But such considerations of cause and 
effect are entirely irrelevant when we are determining whether or 
not we are dealing with a functional relation, for the definition of 
a functional relation does not require that one variable should be 
the cause of the other. It only requires that to each value of one 
variable there shall correspond a value of the other variable. The 
above table establishes such a correspondence and hence expresses 
a functional relation. Of course it is a functional relation of no 
practical value. No one would think of basing any predictions on it. 

On the other hand there are functional relations in which there 
appears to be some physical relation between the variables. One 
example of this is the functional relation between the height to 
which a ball rises when thrown vertically upward and the speed 
with which it is thrown upward. Another example is the func¬ 
tional relation between atmospheric pressure and elevation above 
sea level. It is this type of functional relation, in which the variables 
seem to be physically related, which usually turns out to have prac¬ 
tical value. The important point of the present discussion, how¬ 
ever, is that a functional relation according to the definition may 
be either of this latter type or of the type previously discussed, in 
which there is no apparent physical relation between the variables. 
Thus it is seen that the notion of a functional relation between 
variables is broader than the notion of a physical relation between 
variables, since the latter is included in the former, but the former 
is not included in the latter. If the definition of a functional rela¬ 
tion had been such as to require the variables to be physically re¬ 
lated, then each time we said that there was a functional relation 
between two certain variables we would be obliged to prove that 
the variables were physically related. It would be extremely diffi¬ 
cult, if not impossible, to give such a proof, even in the simplest of 
situations. The definition of a functional relation avoids this 
difficulty. 
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Another point Worth mentioning is that the word “function” has 
come to be used to some extent in non-mathematical fields when the 
idea of one thing depending on another is involved. It is used in 
statements like the following: 

(a) Good government is a function of the honesty of its officials. 

(b) An individual’s personality is a function of his heredity and 
environment. 

The things which are regarded as variables here are not variables 
in the sense in which this term is used in mathematics since they 
are not numerical quantities. They are variables, however, in the 
sense that they are not fixed, but are subject to change. Similarly, 
“function” is used less strictly here than in mathematics. 

7. Summary. In this chapter the meaning of a variable and 
of a function were set forth. It was seen that many of the ideas 
considered in previous chapters, for example equations, ’curves 
logarithms, trigonometric ratios, can be regarded from the func¬ 
tional point of view. Regarded in this way, they acquire a com¬ 
mon character which they have not hitherto appeared to possess. 

A functional relation may be expressed precisely by a verbal 
statement, an equation, a table of values, or a graph. Each of 
these methods of expression has certain advantages and hence 
it is often desirable to express the same functional relation in more 
than one way. 

Variables and functions are common in daily life and in science 
and it is important to be able to express them precisely. Mathe¬ 
matics furnishes methods of doing this. More specifically, mathe¬ 
matics studies as many types of functional relations as it possibly 
can, showing how to express each type and discovering the prop¬ 
erties of each. In the following chapter some of the important 
elementary types of functional relations will be considered. 


REVIEW EXERCISES 

1. What is a variable? 

2. When is one variable said to be a function of another variable? Oi 
two or more variables? 

3. In what sense is an algebraic expression in x a function of x? 

4. In what sense is an equation in x and y a functional relation? 

6. State the important methods of expressing a functional relation 
precisely and give the relative advantages of each method. 
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TOPICS FOR FURTHER STUDY 

1. General applications of functions. Griffin, Chapter I. 

2. Functions in economics. Articles on Laws of Political Economy, 
Functions, and Curves in the Dictionary of Political Economy , edited 
by Pal grave. 

3. Variation in the cost of living since 1913. See the World Almanac l 

4. Functional relations in daily life. No reference is needed here. 
The student is expected to analyze his own experiences thoroughly 
with the object of discovering in them all the functional relations 
he possibly can. 



CHAPTER IX 

SOME TYPES OF FUNCTIONS 

1. Introduction. Chapter VIII was devoted to an explanation 
of the function concept. We now give our attention to some par¬ 
ticular types of functions which have important applications. Our 
purpose is to become familiar with several types of functions, and 
some of the properties of each, so that we shall be able to select a 
suitable function to represent a given situation. In this chapter 
we shall study the purely mathematical properties of the functions 
which are considered; their applications will be illustrated in later 
chapters. 

. None of the functions which we are about to study is entirely 
new to us. They have appeared earlier in this book, but we have 
not heretofore considered them as functions. Some of them are 
already familiar to us in equation form, as well as in tabular and 
graphical form. These will be reviewed here so that we can con¬ 
sider their functional character and observe the special properties 
which any one of the forms of representing them may show that 
they possess. Other functional relations to be considered here 
have occurred before in tabular form only, and for these we shall 
find equations and draw graphs. From the equations and graphs, 
properties may be observed which would not be brought to our 
attention by the tables. 

2. Algebraic Functions. Equations in two variables were first 
introduced in Chapter III. There such an equation as2x — 3y = 7 
arose from a problem, and the variables represented values in the 
problem which were at the time unknown. It will be recalled that 
two independent equations were needed to determine these val¬ 
ues, and we were interested in each equation only in connection 
with these special values. Yet, even at this point, a functional 
relation between the two variables was evident; for we noticed 
that if one equation in two unknowns, x and y f was given, we could 
find a value of y corresponding to each value which might be 
assigned to x. Thus every algebraic equation in two variables 
expresses a functional relation between these variables. 
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ALGEBRAIC FUNCTIONS 

Definition: If y is a function of x such that the relation between 
y and x can be expressed by an algebraic equation * y is said to e an 

algebraic function of x. 

When we wish to find values of y corresponding to given values 
of x, it is convenient to have the equation connecting these vaiiab es 
solved for y } that is, to have y set equal to an expression containing 
x and constants only. Thus, if 


we write 


5x - 2y - 7 

y 



or, if 3 xy = 16, 

16 

we write y = -— 

o X 

Probably the most common type of functional relation is that 
which is expressed by an equation of the first degree in two variables. 
This equation has already been called a linear equation, Chapter VII, 
in article 10, since its graph is a 
straight line. Likewise, when y 
is related to x by such an equa¬ 
tion, y is said to be a linear 
function of x. We may take as 
the type of the linear function, 

y = mx + b (1) 

which is a general linear equation 
in x and y. From Chapter VII 
we recall that when the linear 
equation is in this form, the 
straight line which is the graph, 
or locus of this equation, has the slope m and crosses the y axis 
at y = b (see Fig. 175). Thus, any linear function is represented 
graphically by a straight line. The most important characteristic 
of this function is easily observed from its graphical representation. 
This is the fact that the ratio of a change in y to the corresponding 
change in x is constant, that is, when y x corresponds to x x and y 2 



corresponds to x 2f —-— is equal to the same constant m, no 

r 2 — x, 

matter what values are given to x Y and x 2 , as long as they are 

* See the definition of algebraic expression and algebraic equation in Chapter III, articles 5 
and 8 respectively. 
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not the same. This fact follows from the definition of the slope 
of a line given in Chapter VII, article 5. 

There are many situations in nature in which two quantities 
vary according to a linear relation. One of the most common is 
that of a body moving with a constant speed, say 50 miles per hour; 
if s represents the number of miles which the body moves in \ 
hours, the equation which relates the distance to the time elapsed is 

s = 50 t. 

As another example let us consider a common method of estimating 
the cost of building a house. Many builders make an estimate 
based on the number of cubic feet of contents in the house. Thus, 
the cost per cubic foot in a certain community may be 40 cents. 
Then if n represents the number of cubic feet, the cost of construc¬ 
tion, C dollars, is « 


Now if the proposed house is to be built on a lot costing $3000 the 
total price of the house and lot, P dollars, is given by the linear 


function 


P = .40 n + 3000. 


Because of the large number of situations in which the ratio of the 
change in one variable to the corresponding change in the other is 
constant, it is probable that linear functions are used more than 
any others. 

If the expression mx + b in (1) which is the most general first 
degree expression in x, is replaced by the most general second degree 
expression in x, namely, ax 2 -f bx + c, we have 

y = ox 2 -f bx -I- c. (2) 

In this case y is said to be a quadratic function of x. Equations of 
this type were graphed in Chapter VII and we found there that 
the graph is always a parabola. 

While the quadratic function is used less frequently than the 
linear function, there are nevertheless many variables in nature 
which are related in this way. One of the best known applications 
of this function is the formula for the number of feet a body falls 
in t seconds, when dropped, neglecting air resistance: 

s = 16 t\ 

This one and several others have already been encountered in 
Chapter III. Some of the properties of the quadratic function are 
found from those which have already been noted for the parabola 
in Chapter VII. Some others, such as the greatest or least value of 
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such a function, can be found by methods which will be discussed 
in Chapter XV. One way of determining roughly whether a situa¬ 
tion under observation is represented by a quadratic function 
such as (2) is to graph the corresponding values of the variables 
and see whether the points thus found seem to lie on a parabola. 

It is clear that we can form other typical algebraic functions by 
setting y equal to polynomials in x of the third degree, fourth 
degree, and so on. None of these is as useful as the linear and 
quadratic functions, although in some special fields of application 
such as mechanics and statistics, functions of the third and fourth 
degree arise rather often. A type of algebraic function which is 
used about as often as the quadratic function is 



Examples of this type will be discussed in article 3. 

Equation (3) suggests the possibility of forming algebraic func¬ 
tions by means of fractions of a more complicated form than (3). 
Thus, for example, we may write the following functions: 

x + 2 

y x' + 5i-3’ 

_ 2 x 8 — 7 x + 5 

V x , -2x , + i 1 -i-2‘ 

By using radicals as well as fractions we may write many other 
functions, such as 

y = Vx - 2; y = VlQ>~- x 2 ; y = |. 

EXERCISES 

1. What is a linear function of x? 

2. What is a quadratic function of x? 

3. What is the characteristic property of a linear function? 

4. From each of the following functional relations obtain an expression 
containing only x and constants, which is equal to y: 

(a) 3 x - 4 y + 2 = 0. (b) 2 x - y - 5. 

(c) 5 y + 3 = 2 x. (d) x 2 - 3 x + 2 - y - 0. 

(e) 3 x 2 + 2 y - 4 x + 4 = 0. (f) xy = 24. 

(g) 5 xy = 32. (h) x*y = 64. 

(i) x 2 + y 2 = 4. (j) (x + 2) y = 5. 

(k) (x - 3)2/* - 12 = 0. (1) x 2 y + 3 xy - y + 2 + x 2 - 3 x = 0. 


y 

y 


i 


x - 3' 
x + 2 
x - 3' 
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6. In which equations of exercise 4 is y a linear function of x? 

6. In which equations of exercise 4 is y a quadratic function of xt 

7. Represent each of the following functions by a table and by a graph 
letting x take on values within the limits indicated: 

x between 0 and 8. 


(a) y = 2 x - 3, 

(b) 3 y = 6 — x, 

(c) y = i 1 - 4 x - 1, 

(d) y = 50-x*, 

(e) y = 16 + 10 i - x», 
12 

V ”T’ 

12 


(0 

(g) 

(h) 


V ~ ~~x’ 


x between 1 and 5. 
x between — 2 and 5. 
x between 0 and 8. 
x between 0 and 12. 
x between \ and 12 . 

x between \ and 12. 


V4^?, 


x between — 2 and 2. 

8. Does the table represent the function in each example of exercise 
7 better than the equation or not so well? Explain. 

9. Does the graph represent the function in each example of exercise 
7 better than the equation or not so well? Explain. 

10. If the following data were obtained from observation, what type of 
equation would you expect to represent the functional relation 
between x and y? 


1 

3 

5 

7 

9 

11 

13 

15 

4 

8 

12 

16 

20 

24 

28 

32 


3. Some Important Special Cases of Algebraic Functions. Two 
of the algebraic functions mentioned in article 2 have special appli¬ 
cations to problems which are often called variation problems. One 
type of variation, known as direct variation, is defined as follows: 

Definition: If the variable y is equal to the product of a constant 
multiplied by x, y is said to vary directly as * x. 

The equation representing direct variation is 

V = kx, ( 1 ) 

in which k stands for an arbitrary constant whose value depends 
upon the situation under discussion. Equation (1) is seen to be a 
special case of a linear function. We have already considered a 
linear function in article 2 which is an example of direct variation, 
in which the value of k is 50, namely, 

s = 50 t. 

• Notice that the phrase "vary as” has the special meaning assigned to it by the definition. 
We may use "vary with” to designate any functional relation between two variables whereby a 
change in one would produce a change in the other. 
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£=■: "i’S irsstxrK i£ ; 

units of time t, which elapses. That is, 

s = kt. 

In direct variation, the quotient or ratio of two variables is con¬ 
stant. Thus, from (1), y 

— — AC* 

X 

Similarly, in the example, f = *, and, in particular for k = 50, 

i = 50. If we choose for * and y two pairs of values, *, and 2 /., and 

l, and 2 / 2 , such that both pairs satisfy the equation y = kx, we have 

= kx u and y 2 = 


or 


Hence 


Xj 

yi 

Xi 


and — = k. 


V_2 

X2 


This equation may also be written 


2/i *i 


—. This shows that when y 
V2 x 2 

varies directly as x, values of y are proportional to corresponding 
values of x, or more briefly y is proportional to x. 

A second type of variation, known as inverse variation, is defined 

as follows: 

Definition: If a variable y is equal to the quotient of a constant 
divided by x, y is said to vary inversely as x. 

The equation representing inverse variation is 

y = -• (2) 

X 

For example, suppose several people travel a given distance d 
miles, at different uniform speeds. The number of hours t, spent in 
travel by these people varies inversely as the speed in miles per hour. 
If this speed is represented by s, the equation giving t as a function 

of s is ^ 

t = — • 
s 

In this case the constant of the definition is d and represents the 
distance in miles. 
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In inverse variation the product of the two variables is constant 
JLhus, from (2) 

V x = K (3) 

and in the illustrative example 

st = d. 

The graphical representation of a function of the form of (3) 

has already been seen in Chapter 
VII, article 13. It is reproduced in 
Fig. 176 with A; = 12, and only 
10 H positive values of x used, since in 

the applications generally only 
positive values have significance. 
Two properties of this function 
are brought out by the graph, 
namely, that the values of y decrease 
“ X as the values of x increase, and that 
neither x nor y takes on the value 0 

Figure 176 sin . Ce the CUrve does not meet either 

axis. In the case of direct varia¬ 
tion, on the other hand, increase in one variable is associated with 
increase in the other, if k is positive, and y = 0 when x = 0. 

If we choose for x and y two pairs of values, x, and y lt and x 2 and 
y«, such that both pairs satisfy the equation (3), we have 

t/iXi = k and y 2 x 2 = k. 

Hence 2 /iX, = y 2 x 2 . 

Dividing both members of this equation by x x y 2f we have 


O 


■ ■ » i 


-i—i. 


» ■ i ■ 


10 


Vi = x, 

2/2 X! 

This equation represents a proportion between values of y and 
corresponding values of x, as in the case of direct variation, but this 
proportion differs from the one in the former case in that the second 
ratio is inverted. Hence, when y varies inversely as x, we say 
that y is inversely proportional to x. 

Variation problems often involve more than one independent 
variable. Thus, we have the 

Definition: If a variable y, is equal to the product of a constant 
multiplied by the product xt, y is said to vary directly as x and t. 

The equation representing this type of variation is 

y = kxt. 
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For example, the cost of several dozens of eggs varies directly as the 

number of dozens bought and the price P^ d ° zen p variab les 

Another type of variation m which two indepenaen 

y, is equal to the product of a constant 

multiplied by the quotient y is said to vary directly as x and m- 

versely as t. . . . 

The equation representing this type of variation is 

kx ( 5 ) 

y = —• ' > 

For example, the strength of a beam of constant depth vanes 
directly as the breadth and inversely as the length between supporte. 

The following examples illustrate the procedure to be followed in 
solving problems involving variation. _ 

Example 1. If y varies directly as x, and y = 10 when x - 2, 

find y when x = 7. ^ 

Solution. Since y varies directly as x , equation (1) is the type 

equation to be used: y _ kx (1) 

Since y = 10 when x = 2 , substituting these values in (1), we have 

in = lc - 2 . 


Hence #c = o. 

Putting k = 5, in equation (1), we have as the special equation of 
variation in this problem, y = 5 x. 

To find y when x = 7, all that is necessary is to substitute x = 7 in 
this special equation. Thus 

y = 5 • 7 = 35. 

Since the procedure used in example 1 is typical of that needed in 
most variation problems, it may be helpful to summarize the steps. 
(1) We must know what type of variation is involved. This enables 
us to write down an equation in the variables given, with a con¬ 
stant k, as yet unknown. (2) We must know one set of values of 
the variable which satisfies this equation. This knowledge makes 
it possible to evaluate the particular value of k to be used. (3) 
Placing the value of k thus found in the type equation, we obtain 
the special equation fitting the given situation. (4) This equation 
may be used to find further results called for in the problem. 
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Example 2. The load which a beam of a given material and of 
fixed length will support varies directly as the width and the square 
of the depth If a beam 2 inches wide and 4 inches deep supports 
600 pounds, how much will be supported by a beam 3 inches wide 
and 6 inches deep of the same length and the same material? 

Solution. Let S = the number of pounds a beam will support, 
w = the number of inches in the width, 
d = the number of inches in the depth. 

Then since S varies directly as the width and the square of the 
depth, from equation (4), with w and d 2 as the independent variables 


we have 

Since 
we have 

From this equation 


S = kwd 2 . 

S = 600 when w 
600 = k • 2 • 4 2 . 

. 600 

*- 32 " 


2 and d = 4, 


Substituting this value of k in the general equation, S = kwd?, we 


have 


32 


To find S when w = 3 and d = 6, we substitute these values in the 
special equation just found. Thus, if w — 3 and d = 6, 

5 = ^. 3 - 6 * 

32 

= 2025. 

Hence the beam 3 inches wide by 6 inches deep will support 2025 
pounds. 


EXERCISES 

1. If y varies directly as x, and y = 32 when x = 4, find y when x = 3; 
when x = 6. 

2. At a fixed temperature the volume of a perfect gas varies inversely 
as the pressure applied to it. A certain gas kept at 40° centigrade, 
occupies 10 cubic inches when under a pressure of 5 pounds per 
square inch. What will its volume be when the pressure is reduced 
to 1 pound per square inch? 

3. The consumption of coal by a locomotive in tons per hour varies 
directly as the square of the speed maintained in miles per hour. 
Express this relation by a formula. If 4$ tons per hour are required 
to maintain the speed of 30 miles per hour, how much will be used 
when the speed is 40 miles per hour? 
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4. A. electric current verier Inver,.* ~ the g 

If the current /, is 22 amperes when the resistance n, 

what is I when R is 10 ohms? When R is 20 ohms? 

starts 

descend if his suit will stand at most a pressure of 78 pounds per 
square inch? /Ins. 13 pounds per square inch, 180 teet. 

6. The maximum range of a projectile varies directlyas the square of 
the initial velocity. If the maximum range is 12010^ "hereto 
initial velocity is 400 feet per second, write the exact formula express 
ing the maximum range as a function of the initial velocity. What 
is the maximum range when the initial velocity is 500 feet per second^ 
When it is 1000 feet per second? What initial velocity wdl 
required in order that the maximum range shall be 48,UUU ieetr 

7. One of Kepler's laws states that the time required for a planet to 
complete one revolution about the sun varies directly as the square 
root of the cube of its distance away from the sun. The earth s 
revolution requires one year. How many years are required by 
Neptune, which is 30 times as far from the sun as the earth' Hint: 
Let the unit of distance be the distance of the earth from the sun. 

8 . The frequency n (number of vibrations per second), of a stretched 
string varies directly as the square root of the tension t pounds, and 
inversely as the length l inches, if the mass per unit length of the 
string remains fixed. Express this relation by a formula. Find the 
exact formula if the frequency is 256 vibrations per second when the 
tension is 25 pounds and the length is 30 inches. Find the frequency 
if the tension is kept at 25 pounds while the length is shortened to 
15 inches. Answer to last part: 512 vibrations per second. 

9. Using the law of variation given in example 2 above, find the load 
which a beam 2 inches by 6 inches will support when placed on edge 
(that is, when 6 inches is the depth), if it will support 400 pounds 
when laid flat (that is, when 6 inches is the width). 

10. Newton’s law of gravitation is stated as follows: Every body in the 
universe attracts every other body with a force which varies directly 
as the product of their masses and inversely as the square of the 
distance between them. State this relation by a formula letting the 
masses be represented by m\ and m^ t the distance by r, and the force 
by F. How is F affected by doubling r and keeping m\ and rrvi fixed? 

11. As a special case of the general law stated in exercise 10, we may say 
that the weight of a person varies inversely as the square of his dis¬ 
tance from the center of the earth. How much would a man weigh 
at a height of 1000 miles above the surface of the earth if he weighs 
150 pounds when on the surface of the earth? Assume that the 
radius of the earth is 4000 miles. 
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12. The number of vibrations per second of a pendulum varies inversely 
as the square root of the length of the pendulum. If a clock rur* 
twice as fast as it should, that is, registers two hours when only one 
hour has elapsed, how would you change the length of the pendulum 
to make the clock keep correct time? 


4. The Logarithmic Function. In our work in Chapter IV we 
often made use of the table of logarithms. By means of this table, 
if we are given any positive number to three significant figures we 
can find its logarithm to the base 10. In other words this logarith¬ 
mic table represents a functional relation connecting an independent 
variable which can take on any positive value expressed by three 
significant figures, and a dependent variable which is the logarithm 
to the base 10 of any such number. If we represent the independent 
variable by x and the dependent variable by y we are thus led to 
write this functional relation in equation form 

y = logio x. (1) 

The range of values which x is allowed to assume here consists of 
all positive numbers expressible by three significant figures. By 
means of a more extensive table this range can be extended to 
positive numbers expressible by four, five, or more significant 
figures. Indeed, it is possible to prove that every positive real 
number possesses a logarithm to the base 10, or for that matter 
to any other positive base except unity. Thus instead of equation 
(1), we may write y = l ogb x, (2) 

where b represents some positive number different from unity, and 
x can take on any positive value (see p. 119). 

As an aid in learning some of the characteristics of the function 
represented by equation (1), let us draw its graph on a rectangular 
coordinate system. The table of values of this function is the 
table of logarithms to the base 10, Table I at the back of the book. 
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Choosing sufficient pairs of values to get a good idea of the shape 
of the graph, we obtain the curve in Fig. 177. 

° f An examination of the graph of y = log,„ z emphasizes the fact 

that there are no real log- 
arithms of negative numbers Y 

since no portion of the graph 
lies to the left of the F-axis. 

It also calls attention to the 
fact that the logarithm is 
a function which increases 
steadily as x increases. This 
increase of the function is 
rapid for x < 1, but becomes 
slower and slower beyond 

x = i. This is inferred from the fact that the graph rises as it ex¬ 
tends to the right, but rises 
less and less sharply, the fur¬ 
ther it extends to the right. 

The graph of y = log 6 x 
has the same general shape 
as that of y = logio x but 
the scale on the F-axis is 
changed if b is different from 
10. The following table 
shows values of y obtained 
from y = logio x and from 
y = log 2 x; it will be noticed 
that each value obtained from 
y = log 2 x is approximately 
3.322 times the corresponding value obtained from y = logio x. 
Fig. 178 shows the graphs of y = log 6 x for b = 2, 3, and 10. 



X 

i 

4 

1 

2 

4 

8 

10 

y = logio x 

- .6021 

- .3010 

0 

.3010 

.6021 

.9031 


nnESHFi 

- 2 

- 1 

0 

1 

2 

3 

3.322 


The following statements illustrate some of the uses of the 
logarithmic function in representing quantitative relations in 
nature: 

(1) The number of signals that can be sent per minute through a 
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submarine cable was shown by Lord Kelvin to be given by the 

formula s = 2.306 a — log 10 ^ where D is the external diameter of 

the core, d is the diameter of each strand of the enclosed copper 
wire, and a is a constant depending on the length and quality of the 
materials. 


(2) If it is assumed that the myelin sheath of a nerve insulates 
a nerve just as a submarine cable is insulated by its covering, 
then the velocity of a nerve impulse is given by the same formula 
as that for a submarine cable. 


(3) Weber and Fechner stated the psychological law that the 
intensity of sensation varies as the logarithm of the stimulus 
(See Chapter XII.) 

(4) In a certain municipality the assessed valuation of a piece 
of property 100 feet deep is m dollars a front foot. If the property 
is d feet deep and w feet wide the valuation is given by the formula 


wm. 

v = — log 10 d. 


(5) Laplace stated that the satisfaction purchased by money 
varies as the logarithm of its amount. 


EXERCISES 

1. Plot the graph of y - 2 logio x. Note that each ordinate is twice 
the corresponding ordinate of the graph of y = logio x. 

2. Plot the graph of y = logi 0 (2x). Note that logio (2 x) - 
logio 2 + logio x; hence each ordinate of the graph of y = log w (2 x) 
exceeds the corresponding ordinate of the graph of y = logio x by 
logio 2. 

3. Plot the graph of log3 x. (Make a table of values by taking x as J, 
}, h 3, 9, respectively.) 

4. Plot the graph of y = — logio x. 


5. The Exponential Function. The table of logarithms not only 
gives us the value of the logarithm of any number expressed by 
three significant figures, but, when used to find antilogarithms, it 
gives us the power of 10 corresponding to a given logarithm. Thus 


the statement 


antilogarithm .3010 = 2 


means 


2 = 10 


.3010 


When using the table in this way, we think of any logarithm in 
the table as being given arbitrarily, and then find the result of 
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raising 10 .= the power determined b,-W. 

in equation form y = jo*. (^ 

The expression 10* is called an exponential function, since the in¬ 
dependent variable appears as an exponent 

If we can find the values of 10* only through a givenJ»b e of 
logarithms, then the range of values of the variable x is ^tncted 
to those values which appear as logar.thms m the table (together 
with any integral characteristic). However, by making use of the 
definition of a fractional exponent in Chapter IV, we can evaluate 
10 1 for any value of * expressible by a decimal. Further, by adding 
a definition of an irrational exponent, it would be possible o 
evaluate 10 1 for all real values of x. Hence, in equation W, we 
generally allow the range of values of x to include all real numbers. 
In practice, irrational values are replaced by approximating deci¬ 
mals. On the other hand, since the result of raising 10 to any power, 
positive, negative, or 0, is always positive, there are no negative 
values of y determined by this function. 

Since the same table of values represents the relations between 
the variables in the cases of the logarithmic function and the 
exponential function, these two relations are really the same. 
They are merely written in different forms with the variables x 
and y playing opposite roles in the two functions. 1 hus 

y = logio x and x = lO 17 


state the very same relation. By interchanging x and y in the 
second equation, since here the exponent is considered as the in¬ 
dependent variable, this equation becomes the same as (1). From 
this fact we should expect the graph of the exponential function to 
have the same relation to the X and F-axes as does the logarithmic 
function to the F and X-axes respectively. Thus if, in Fig. 177, 
we replace x by y, and y by x, turn over the sheet on which the 
figure is drawn and hold it before a light so as to see the positive 
X-axis extending to the right and the positive F-axis extending 
upward, we shall see the graph of y = 10 1 as shown in Fig. 179. 
Of course the graph can also be obtained independently by 
using a table of values. To find a value of y in this table 
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niLibS Ply 1156 the rUle f0r 611(11118 an antilogarithm of a given 




Fiodre 179 


The graph of the function y = 10 1 calls attention to the fact, 
already noted, that the value of y is always positive, since the 
graph is entirely above the X-axis. It is also evident from the 
graph that the function always increases as x increases, the increase 
becoming very rapid as x takes on positive values larger than 1. 

The graph of y = where b is any positive number except 1, 
has exactly the same shape as that of y = 10', if the scale on the 

X-axis is changed when b is 
different from 10. For, 
suppose logio b = a, then 
b = 10° and b x = (10°)* 
= 10 ox . That is, y = b x 
and y = 10“ are two ex¬ 
pressions of the same func¬ 
tional relation. Hence an 
exponential function hav¬ 
ing a positive base other 
than 1 can always be ex¬ 
pressed by the use of ten 
as the base. The table below shows values of 10*, 10' 6 *, 10“*, and 
3 • 10* 6z corresponding to the same set of values of x , while the 
graphs of these functions are shown in Fig. 180. It will be 
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observed that the^aph of y - W “ e e ”° sit f ve and negative 
obtained by graphing y - l t e p be noted that 

directions on the X-axis reversed. It short ^ 

each ordinate of the graph of y 


X 

- 2 

- 1 

0 

1 

2 

y = 10* 

.01 

.1 

1 

10 

100 

y = 10- 5 * 

.1 

.316 

1 

3.16 

10 

I-10- 

100 

10 

1 

.1 

.01 

v = 3 ■ 10-“ _ 

.3 

.948 

3 

9.48 

_30 _ 


Because of the large values of y which correspond to sman 

of x, the scale on the F-axis in Fig. 180 has been made smaller 

than that on the X-axis. 

EXERCISES 


1 . 


2 . 


3. 

4. 
6 . 


Plot the graph of each of the following: 

(a) y - 2 • 10*. (b) y = 10 

(d) y - 2**. (e) y = 2 *. 

Hint: Make tables of values for (c), (d), 
values of x. 


(c) y 3 2*. 

and (e), using integral 


Express each of the functional relations of exercise 1 by means of a 
logarithmic function. 

Plot the graph of x = lO*. 

What is an exponential function? 

What characteristics of the function 10* can be observed from the 
graph? Of the function 10“*? Of the function 3 • 10 6x ? 


6. Arithmetic and Geometric Progressions. In practical appli¬ 
cations it often happens that it is known through observation just 
how the dependent variable changes as a result of a change in the 
independent variable. For example, we may know that a change 
in the independent variable is accompanied by a proportional 
change in the dependent variable. In this case we know from 
article 2 that a linear equation represents this relation. It would 
be highly desirable to have at hand so great a variety of familiar 
equations that, however one variable may be observed to change 
relative to the other, an equation representing the relation between 
these variables could be written down. But while it may seem too 
much to expect to have an equation for every possible case of this 
kind, there are many important cases in which a type of equation 
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fitting the situation is known. Probably the equation needed most 
often for this purpose is the linear equation, which has already been 
discussed. In many other cases we shall find that the logarithmic 
and exponential equations serve our purpose-, as will appear presently. 

It has been observed in the case of several functional relations in 
nature that when one variable takes on a set of values such that 
each is equal to the preceding one plus some fixed constant, the 
other variable takes on a set of values such that each is equal to the 
preceding one multiplied by a fixed constant. For example, the 
variables, which will be designated by x and y , may have correspond¬ 
ing values tabulated as follows: 


X 

1 

3 

5 

7 

9 

11 

13 

JL 

* 

1 

3 

9 

27 

81 

243 


In this table each value of x is equal to the value immediately 
preceding, plus 2, while each value of y is equal to the value im¬ 
mediately preceding, multiplied by 3. The set of values of x is 
said to form an arithmetic progression, and the set of values of y 
is said to form a geometric progression. For generality, we may 
state the following definitions. 

Definition I: A set of numbers taken in order, each of which is 
equal to the number immediately preceding plus the same constant, 
is called an arithmetic progression. 

If we represent the first term in an arithmetic progression by c, 
and the constant difference by d , the first four terms of the pro¬ 
gression are c, c + d, c + d + d, c + d + d + d, or c, c + d, 
c + 2 d, c + 3 d. It is clear that each term is c plus the product 
of d multiplied by the number which is one less than the number 
of the term. Thus the fourth term is c + 3 d, the fifth term is c + 
4 d , and the nth term is c + (n — 1) d. Hence, we may indicate n 
terms of an arithmetic progression by 

c,c + d,c + 2d,...,c + (n-l) d. (1) 

The dots stand for all terms between the third and the nth. 

In the arithmetic progression of values of x in the table above, 
c = 1, d = 2, and n = 7, and the progression can be written 
1, 1+2, 1+2-2, 1+3-2, 1+4-2, 1+5-2, 1+6-2. 

Definition II: A set of numbers taken in order, each of which is 
equal to the number immediately preceding multiplied by a fixed 
constant, is called a geometric progression. 
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the to, ,e™ i. • g-oto,™ = -j» e b ^ 
»„d the constant mnltiphe, by r.fte to,^ ^ ^ ^ „ 

SittS th H. f to, th weto; indicate „ — - 
a geometric progression by nl (2) 

a, ar, ar 2 , ..., ar 

The dots stand for aU terms between the third “d ‘he nth. 

In the geometric progression of values of V m the table abo 
o = i r = 3 , and n = 7, and the progression can be written 

i,*. 3.i.3M.3*,i-3*,i.3*,i-3*. 

As an example of a functional relation in which, when one 'vari¬ 
able takes a set of values forming an arithmeticprogression the 
corresponding set of values of the other variable forms a geo 
metric progression, let us consider the following. Itisknown 
that certain bacteria increase by the process of subdivision, For 
definiteness, let us suppose that a bacterium subdivides once every 
hour. Then the following table shows the number, Q, of bacteria 
which results from this original bacterium at the end of any num¬ 



ber of hours, i. At the end of t hours there are clearly 2' bacteria. 
Thus, the relation between Q and t is expressed by the equation 

Q = 2 '- 

The table shows that when the values of t form an arithmetic pro¬ 
gression, the corresponding values of Q form a geometric progres¬ 
sion. The equation representing this kind of correspondence is an 
exponential equation. In the above example, if we had started 
with 2 bacteria there would have been just twice as many at the 
end of t hours, or, in equation form, 

Q = 2 • 2‘. 

If we start with 3 bacteria, the equation is 

Q = 3 • 2 ', 

and if we start with Q 0 bacteria, the equation is 

Q = Qo • 2 ‘. 
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l«Jof T ° f bactena 18 ODl y one example of a fairly general 

law of growth in nature. For it has been observed that many 
quantities in nature increase in the manner described above during 
some period of their existence. In most cases the independent 
variable represents units of time, and the law states that if we 
observe the dependent variable at equally spaced intervals of time 
we shall find its value at the end of any interval equal to some 
constant multiplied by its value at the beginning of the interval, 
ihis law of growth can be stated in another way, namely, that the 
quantity present at the end of one of the equal intervals of time 
is proportional to the quantity present at the beginning of the 
interval. In the language of variation we may say that the quan¬ 
tity present at the end of any interval varies directly as the quan¬ 
tity present at the beginning of the interval. Thus, if Q" represents 
the quantity at the end of an interval and Q' represents the quantity 
at the beginning of this interval, 


Q" = kQ’. 

In the bacteria examples above, the value of k is 2, since the number 
of bacteria doubles during each hour. 

It has been observed that an exponential equation expresses the 
same relation between the variables as a certain logarithmic equa¬ 
tion which is related to it, with the r61es of the variables reversed. 
Hence a logarithmic equation can also be used to express the rela¬ 
tion between two variables, one of which takes on values forming 
a geometric progression when the other takes on values forming 
an arithmetic progression. The table below shows values of y 
in arithmetic progression with d = .3010 approximately, while the 
values of x are in geometric progression with r = 2, arising from 
the functional relation 

y = logio x. 


§ 

1 

2 

4 

8 

16 

32 

64 

0 

.3010 

.6021 

.9031 

1.2041 

1.5051 

1.8062 


EXERCISES 


1. 


Determine which of the following progressions are arithmetic and 
which are geometric. Write three additional terms in each progres¬ 
sion. 


(a) 1, 2, 3, 4, 5. 
(c) 0, 4, 8, 12, 16. 

(e) i, h, 1, 2. 

(g) 10, 1, .1, .01. 


(b) 1, 2, 4, 8, 16. 

(d) *. 1, I. 2, f. 

(0 1, *, i, i- 

(h) .37, .74, 1.11, 1.48. 









285 


TRIGONOMETRIC FUNCTIONS 


sawavgcss?: 


* V* V* 

X 

^ —--w 

.0792 

.3802 

.6812 

.9823 

1.2833 

1.5843 

JL 








Compute values of y from the equation y = logic *, conwpuu^ - 
thevalues'of x given" in the following table, 

ference in the arithmetic progression formed by the values ot 7- 


1.4 


2.S 


5.6 


11.2 


22.4 


44.8 


89.6 


179.2 


4. What kind of equation should be used to represent a functional rela. 
tion between x and y if a set of values of x forming an arithmetic 
progression leads to a set of values of y also forming an arithmetic 
progression? Hint: Graph a set of values satisfying the condition 
given. 


7. The Trigonometric Ratios Considered as Trigonometric 
Functions. We have seen how the table of logarithms represents 
a functional relation between two variables, one variable being 
any positive number and the other its logarithm. Similarly it 
might be expected that the table giving us the sine of any angle 
from 0° to 90° represents a functional relation. From the defini¬ 
tion of the sine of an acute angle we know that there is a definite 
value of this ratio corresponding to any acute angle, and that this 
value depends only on the size of the angle. Expressed symboli¬ 
cally, for each acute angle A , sine A has a value, and the same is 
true for cos A f tan A , and ctn A. Thus, when A has the values 
15°, 40°, 70°, sin A has the values .2588, .6428, and .9397, re¬ 
spectively. Similarly, cos A, tan A, and ctn A are variables whose 
values depend on the value of A , and hence are functions of A. 
They are called trigonometric functions. Heretofore we have made 
use of particular values of these functions only, in connection with 
problems in indirect measurement, and hence it was not necessary 
to consider their character as functions. We now give our atten¬ 
tion to the functional relation between two variables which can 
be expressed by an equation such as 

y = sin x . 

One point concerning this type of function should be observed at 
this time. All of the functional relations which have been dis- 
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cussed are relations between two variables each of which has only 
numerical significance. In the case of y = sin x, the variable * 
is a number, but to find a value of y corresponding to any given 
value of x we must interpret this value of x as a number of units 
of angle, even though x is not originally related to an angle. Unless 
otherwise specified, we shall use the degree as the unit throughout 
our work, just as we have done in the past. Thus we shall 
understand sin x to mean the sine of x degrees, without writing the 
degree symbol, °, after x. When a number is substituted for x , 
for example 30, we shall write sin 30° as we did in Chapter VI. 
In an application of a trigonometric function such as y = sin x 
the value of x may originate as a number of units of any physical 
variable, such as time for example, but before we can use it to 
obtain a value of y we must interpret it as a number of units of 
angle. This requirement is understood when the equation, 

y = sin x, is used to define a 
functional relation. 

There are many relation¬ 
ships of variables in everyday 
life and science which can be 
expressed by means of the trig¬ 
onometric functions. Consider 
the following simple example. 
A man standing 100 feet from 
the foot of a tall building looks 
Figure 181 up and down the side of the 



building, noticing certain marks 
in succession. Each mark has an angle of elevation with respect 
to the man which is determined by its height above the man. 
There is, therefore, a functional relation between the height of a 
mark and its angle of elevation which can be expressed by means 
of a formula. Let us represent the angle and height by A and h , 
respectively (Fig. 181). We then obtain 


h = 100 tan A. 



For each value of A within proper limits we can compute the value 
of h using this formula. A few of these pairs of values are shown 
below: 


A 

15 

30 

45 

60 

75 

h 

27 

58 

100 

173 

373 ! 
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^^T^T^^grees, while the value, of * are 
numbers of feet, to the nearest foot. situation, we were 

te 

ST v —; £ S."w°het - ‘i- 

independent variabJe'can *T £ 

thanwhen A fs S’^m^whS* ^ increases from 30 to 45,^ 
increases from 58 to 100, an increase of 42, but when A i 
from 60 to 75, h increases by 200. Yet A increases by the same 

amount in both cases. 

EXERCISES 

1. From the top of a building 300 feet high a man looks down at various 
objects on the ground. The horizontal distance of any object from 
the building depends on its angle of depression. How does the dis 
tance change as the angle decreases? Express this functional rela¬ 
tion by means of a formula. Set up a table of values using angles 
10°, 30°, 50°, 70°. Does a change of 20° in the angle always produce 
the same change in the distance? Explain. 

2. The trigonometric tables used in Chapter VI may now be thought 
of as tables giving the values of the trigonometric functions lor eacn 
number of degrees between 0° and 90°. How does sin A change as 
A increases? Does a change of 1° in A always produce the same 
change in sin A? Does sin A double in value when A is doubledr 
Answer the same questions for cos A, tan A, and ctn A. 


8. The Extension of the Definitions of the Trigonometric Func¬ 
tions. One of the first things to be examined in the case of any func¬ 
tion which we have studied is the range which is permitted to the 
independent variable. Thus in the cases of the linear function, the 
quadratic function, and the exponential function, the independent 
variable could assume any real value without restriction, while in 
the case of the logarithmic function only positive real values were 
allowed. Since the definitions. of the trigonometric ratios in 
Chapter VI applied only to acute angles, that is, angles between 0° 
and 90°, if we take over those definitions as the definitions of the 
trigonometric functions, the independent variable must be re- 
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stricted to values representing angles between 0° and 90°. How- 
ever, we shall presently adopt much broader definitions which 
will include the familiar ones as special cases, because for most 
applications it is desirable to consider angles whose sizes fall out- 
side the range from 0° to 90°. 

It will be recalled that in Chapter V the measure of an angle 
was defined to be an amount of rotation. Hence the amount of 
rotation of such things as the earth on its axis, wheels of all sorts 
airplane and ship propellers, and the armatures of dynamos is 
measured as a number of units of angle. Obviously, in these 
situations the rotation cannot be restricted to angles less than 90° 
but on the contrary can be as great as we please. If, in any of these 
situations or others like them, there is a quantity whose value 
depends on the size of the varying angle, then there is a functional 
relation in which the independent variable represents an angle 
which can be very great. But we shall be forced to discard the 
trigonometric functions as possible ways of representing these rela¬ 
tions, unless the definitions of the trigonometric functions are 
extended in such a way as to permit the angle to be larger than 90° 
in fact any size no matter how great. 

Before extending the definitions of the trigonometric functions 
to apply to angles of any size, we must gain a clearer idea of the 

angles themselves and the conventions 
for representing them. An angle has been 
defined to be the figure formed when two 
rays or half-lines emanate from a point. 
Fig. 182 shows an angle A formed by rays 
l and m emanating from the point P. 
The measure of A is the amount of clock¬ 
wise rotation about P needed to bring m 
into coincidence with l, or the amount of counterclockwise rotation 
about P needed to bring l into coincidence with m * Rotation in 
counterclockwise direction is considered positive, and rotation in 
clockwise direction is accordingly considered negative. Therefore 
the rotation indicated by the arrow in Fig. 182 is positive. We may 
distinguish between the two rays by calling l the initial ray and m 
the terminal ray. These names are natural since the rotation starts 
at l and terminates at m. In all cases when we wish to indicate 
clearly on paper the angle under consideration we must use an 

• Clockwise means in the direction in which the hands of a clock move, while counterclock¬ 
wise means the opposite direction. 
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Initial Ray 

Figure 183 
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arrow. For example, to indicate an angle of 390° it is not enough 
to draw the figure and label the rays / 

“initial” and “terminal” as in Fig. 

183, for there is an angle of 30° with 
these same initial and terminal sides. 

The angle correctly indicated appears ___ 

in Fig. 184. The arrow thus serves i»iu.nuy 

to show both the direction and magni- Figure 183 

tude of rotation, and hence is indis- . . 

pensable. Only a zero angle cannot be indicated in this way since, 

in this case, there is no rotation. , , 

We shall want to consider angles of all sizes when we exte d 

the trigonometric functions. inis 
extension can be accomplished most 
simply and systematically by setting 
U p a rectangular coordinate system 
^and considering all angles having 

[ _the positive half of the X-axis as their 

V / 1 initial ray and the origin as the vertex. 

^ Angles so placed are said to be in 

standard nosition. Fie. 185 shows 


Figure 184 


angles of 35°, 150°, 240°, 315°, 390°, and - 45°, in standard position. 

The terminal ray of the angle 35° lies in the first quadrant, and 
hence this angle is called a first quadrant angle. Similarly the 
angles 150°, 240°, 315°, 390°, and - 45° are called second, third, 



Figure 185 
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fourth, first, and fourth quadrant angles, respectively. There are 
angles, such as 0°, 90°, 180°, 270°, and 360°, which cannot be classi¬ 
fied in this way since their terminal rays lie on the X- or F-axis. 

We are now ready to extend the trigonometric functions so that 
for every angle A, sin A, cos A, tan A, and ctn A shall each have 
a value. To do this requires that we make new and broader defi¬ 
nitions of the trigonometric functions. It would not be at all con¬ 
venient if, according to the new definitions, the functions of angles 
between 0° and 90° acquired values different from the familiar ones 

we have used thus far. We shall 
therefore want new definitions that do 
not clash with the old ones. 

A means of getting such new defini¬ 
tions is to use the old ones as a guide 
and see where they lead us. Therefore 
let us consider any first quadrant angle 
A f as in Fig. 186. Since A is acute, 
sin Ay cos Ay tan A t and ctn A have 
values according to the old definitions. 
Since these values are the ratios of the sides of any right triangle 
containing A , let us form such a right triangle. To do this we 
choose a point P on the terminal ray of A and drop a perpendicular 
to the X-axis, forming right triangle OQP. Then, according to the 
familiar definitions, 



Fiqdre 186 


sin 


QP 


cos A 


OQ 


tan A = 


QP 


ctn A 


99 .. (i) 

QP K ’ 


OP OP OQ 

These statements are true for any point P on the terminal ray, 
since all triangles formed as in Fig. 186 are similar. 

Now let (x, y) be the coordinates of P. Then OQ = x and QP = y. 
Using this, together with the fact that OP is the distance of P from 
the origin, we can write the statements in (1) as follows: 

ordinate of P y 


sm A = 


cos A = 


tan A = 


ctn A = 


distance of P from origin OP 

abscissa of P x 

distance of P from origin OP 

ordinate of P _ y 
abscissa of P 
abscissa of P 
ordinate of P 


(2) 




X 

y 
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disTancrfrom thToriginTany ^ on the terminal ray' of angle ^ 
This may seem to be merely a change of terminology, but it is a most 
important change. The old terminology is really very narrow. 

, ,. . • a side opposite A being the acute angle 

According to it, sin A is hypotenuse 

in a right triangle containing A. In this definition obtuse angles are 
excluded. The new terminology is broader, for it says nothing 
about right triangles containing A. It simply involves ordinate, 
abscissa, and distance from the origin of a point on the terminal 
ray of A. For this reason we may, if we wish, apply the definitions 
which use these terms to obtuse, as well as acute, angles. I hat is, 
ratios like those in (2) can be formed even when A is obtuse. 1 his 
is the hint for which we have been seeking in order to make new 
general definitions of the trigonometric functions. We therefore 
make the following new 

Definitions: If A is any angle in standard position and P is a point 
different from the origin on the terminal ray of A, 

ordinate of P 


sin A = 


cos A = 


tan A = 


distance of P from origin 

absc issa of P _ 

distance of P from origin 
ordinate of P 


ctn A 


abscissa of P 

abscissa of P 
■■ • 

ordinate of P 

If we let r represent the distance of P from the origin we can write 
the definitions in the more coficise form: 


sin A 
cos A 


y 




x 

— y 

r 


tan A 
ctn A 


= -> 
x 

x 

y 


(3) 


In these ratios the signs of x and y are determined by the conventions 
regarding the signs of abscissas and ordinates as stated in Chapter 
VII, and hence depend on the quadrant in which P lies. Since the 
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distance r is always measured in the direction away from the origin, 
it is reasonable to let it always have the same sign. Hence we shall 
always consider it positive. 

Example 1. Using the new definitions, find the values of the 
trigonometric functions for the angle A in standard position whose 

terminal ray passes through the point 
(-3,4). 

Solution. Let us locate the point 
(— 3, 4) and draw angle A as shown 
in Fig. 187. Angle A is in the second 
quadrant, since (- 3, 4) is in this 
quadrant. We must choose a point P 
on the terminal ray of A, so let us 
choose (— 3, 4). Hence, for this point 
P, x = — 3 and y = 4. To find r we 
use the fact that x 2 + y 2 = r 2 . That 
is, r 2 = (— 3) 2 + 4 2 = 25. Hence r = 5, choosing the positive 
square root of 25 in keeping with the agreement about the sign of r. 
We therefore obtain 



sin A 
cos A 



3 

5 


tan A 
ctn A 




Example 2. Find the values of the trigonometric functions for 
the third quadrant angle whose ter¬ 
minal ray passes through the point 
whose abscissa is — 3 and whose dis¬ 
tance from the origin is 4. 

Solution. Let us choose as point P 
the point for which x = — 3 and r = 4 
(Fig. 188). Its ordinate y is found by 
using the fact that y 2 = r 2 — x 2 . Hence 
V 2 = 4 2 - (- 3) 2 = 16 - 9 = 7, so that 

/- .. , . Figure 188 

y = — V 7. The negative root is chosen 

since the ordinate of a point in the third quadrant is negative. 
We therefore obtain 



sin A 


- V7 



— .66; tan A 


-V7 



4 


- 3 
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COS A = 


- 3 


= - ? - - .75; 


ctn A = 


- 3 = _3_ 

- V7 V7 


= 1.13. 


These final values are correct to two decimal places. 

In examples 1 and 2, in order to find the values of the trigono¬ 
metric functions we chose the points (— 3, 4) and ( — 3, — 
Would we get different values for these functions if we chose other 
points? The definitions simply say that we are to choose a point 
on the terminal ray of the angle, without saying anything about 
the effect of this choice on the 
values of the functions of A. We 
have already seen that when A is 
acute the values of the functions are 
the same whatever point P is chosen 
on the terminal ray. This is also 
true when A is not acute as may be 
shown in the following way. 

Let A be any second quadrant 
angle and Pi some point on the 
terminal ray of A (Fig. 189). If 
(xi t y\) are the coordinates of P x 

and n is its distance from the origin, then, according to the defini¬ 
tions (3), 



Figure 189 


sin A = —> 
n 

tan A = —> 

Xi 


A X l 

cos A = — y 

T\ 

4 A x ' 

ctn A = — 

r y 1 

(4) 

Now let P 2 be some other point on the terminal ray of A. If its 
coordinates are (x 2f y 2 ) and its distance from the origin is r 2 , then 
also according to (3), 

. sin A =— t 

r 2 

tan A = V ~, 
x 2 

(5) 

A X 2 

cos A = —> 
r 2 

ctn A = —• 

2/2 



We must now show that each ratio in (4) equals the corresponding 
ratio in (5). In Fig. 189, PiQi and P 2 Q 2 are perpendicular to the 
X-axis, forming right triangles OQ 1 P 1 and OP 2 Q 2 . These triangles 
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are similar since they have an angle in common. Hence the ratios 
of corresponding sides are equal, so that we may write 


Q.P. 

QsP* 

Q\Pi 

QtPi 

OP, 

OP 

OQ, 

OQi 

OQi 

OQi 

OQ x 

OQi 

OP 1 

OPi 

QiPi 

Q 2 P 2 


or, what is the same thing, 

2/i _ 2/2 

2/i 


“ 1 — ' y 


= ~7 

n r 2 

Xi 

x 2 

Xi x 2 

X\ 

= 5*. 

- ■ ■ S ■ - y 

— ■■ 


r \ r 2 

2/i 

2/2 


7 


9 


Thus we have shown that the values of the functions are the 
same for any two points on the terminal ray of A , and hence are 
the same for all points. 

The proof, when A is in the third or fourth quadrant, is just 
like the one given above, reducing to the consideration of similar 
right triangles. This is left as an exercise for the student. Assum¬ 
ing it has been done, we may state the important 

Theorem: If A is an angle in standard position in any quadrant , 
the values of sin A, cos A t tan A, and ctn A are the same whatever 
point P is chosen on the terminal ray of A. 

We now see that the new definitions do just what we want them 
to do. First, they harmonize with the old definitions, for when 
A is acute the values of the trigonometric functions are the 
same under the new definitions as under the old. Second, for 
every value of A* each trigonometric function now has just one 
value. 


EXERCISES 

1. Using a protractor, draw angles of 210°, 80°, 315°, 400°, 150°, — 75°, 
— 120°, and — 250°, in standard position. State in which quadrant 
each angle lies. 

2. What positive angles less than 360° have the same terminal rays as 
the angles 520°, 585°, 760°, 1000°, - 310°, - 5°, and - 420°, if each 
angle Is considered in standard position? Do any other angles have 
these same terminal rays? 

* There arc some exceptional values of A. such as 0° and 90°. for which the tangent or cotan¬ 
gent has no value. 
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3. Complete the following table showing the signs of x, y, r, and each 


Quadrant 

x 

y 

r 

sin A 

= y_ 

T 

cos A 

£ 

r 

tan A 

m y 

X 

I 

II 

III 

IV 

— 

— 

+ 

— 

— 

+ 


ctn A 
x 

V 


+ 


4. Using a protractor, draw an angle of 140 , bcate a point 

terminal ray; find x, y, and r by measurement^nd cdculaW valuej 

of sin 140°, cos 140°, tan 140°, and ctn 140 . Do the same for 250 . 

6. Find the values of the trigonometric functions of the angle m 
of the following, if it is understood that A is in standard position. 

(a) If the terminal ray passes through (3, 4). 

(b) If the terminal ray passes through (— 5, 6). 

(c) If the terminal ray passes through (6, - 5). 

(d) If A is a third quadrant angle whose terminal ray passes through 
a point whose abscissa is -2 and whose distance is 5. 

6. If the terminal ray passes through (1, 1), an angle in standard posi¬ 
tion, of 45°, is formed. What angle may be obtained by drawing 
the terminal ray through (- 1, 1)? Write the values of the functions 
of this angle. 

7. How is the angle with its terminal ray passing through (- a, b) re¬ 
lated to the angle with its terminal ray passing through (a, b) f 
Express the values of the functions of both of these angles in terms 

of a , b , and Va 2 + 5*. 

8. Draw the angle A in standard position in the first quadrant, given 
that sin A - y, and find the values of cos A, tan A, and ctn A. 
(Hint: Construct the point on the terminal ray whose ordinate is 4 
and whose distance from the origin is 7.) 

9. Draw the angle A in standard position as a second quadrant angle, 
given that cos A = - f, and find the values of sin A, tan A, and ctn A. 

10. Prove the theorem stated at the close of article 8, assuming A to be 
in the third quadrant. Do the same for A in the fourth quadrant. 


9. The Values of the Trigonometric Functions for All Angles. 

Having shown that, under the new definitions, the trigonometric 
functions have definite values for every angle A, let us now show 
how these values can be determined when we know the angle. 
Since our later applications involve only the sine and cosine, only 
these will be considered. We should bear in mind, however, that 
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the tangent and cotangent can be treated in the same way and 
also have important applications. 

When angle A is in the first quadrant, the values of the trigono¬ 
metric functions are, of course, the familiar ones appearing in 
Table II at the end of this book. But what if A is not acute? For 
example, what are the values of the sine and cosine for such angles 
as 150,230°, 315°, 400°, 1000°, 10000°? The problem of finding 
the values of sin A and cos A for all values of A may seem an 
enormous one since there is no limit to the size of A. However 

we can solve a great part of this problem at a single stroke, as will 
now be shown. 

Let us find the values of sin 390° and cos 390°. Since 
390° = 30° + 360°, the terminal ray of 390° coincides with the 

terminal ray of 30° (Fig. 190). In 
applying the new definitions, we 
may therefore choose the same 
point P for both angles. It then 
follows that sin 390° = sin 30° and 
cos 390° = cos 30°. Similarly, since 
the angles 480° and 120° have the 
same terminal ray, it follows that sin 
480° = sin 120° and cos 480° = cos 120°. 
Moreover, the terminal ray of every 
angle greater than or equal to 360° 
coincides with the terminal ray of some angle less than 360°. These 
statements illustrate the general 

Theorem I: The sine and cosine of any angle are equal , respectively , 
to the sine and cosine of any other angle having the same terminal ray . 

This is a very important theorem, for it tells us that if we know 
the values of sin A and cos A for all positive values of A less than 
360°, we also know them for all values of A whatever. This is so 
because, given any angle A whatever, positive or negative, there is 
always a positive angle less than 360° whose terminal ray coincides 
with that of A. We must therefore consider sin A and cos A when 
A is a positive angle less than 360°. 

Since we already know the values of these two functions when A 
is a first quadrant angle and therefore acute, let us consider second 
quadrant angles. To be specific, let us find the values of sin 150° 
and cos 150°. We choose a point P on the terminal ray of the angle 
of 150°, at a distance c from the origin (Fig. 191). Since P is in 
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the second quadrant, its ordinate is positive and its abscissa nega- 

tive; let them be y = b and x = -a, respectively. Then 

* — a cl 

sin 150° = - and cos 150 = = “ T 

c c 

We see therefore that sin 150° is a positive number and cos 150° 
is a negative number. To find their numerical values, we note 
that in triangle OPQ the angle POQ is 30°, though this angle is 
not in standard position. If we draw an angle of 30° in standard 
position and choose a point Pi on its terminal ray, at a distance 
of c from the origin, the coordinates of Pi must be (a, 6), for tri¬ 
angles OPQ and OPiQi are congruent. Hence 

sin 30° = -> 
c 

It therefore follows that 
sin 150° = sin 30°, 
and cos 150° = — cos 30°. 

Since we can find the values of 
sin 30° and cos 30° in the tables, 
we are thereby able to determine 
the values of sin 150° and cos 150°. 

The above demonstration will 
hold for every second quadrant 
angle A if we simply replace 
150° by A and 30° (which is 180° - 150°) by 180° - A (Fig. 192). 
We therefore have 

Theorem II: If A is any positive second quadrant angle less than 

360 °' sin A = sin ( 180° - A), 

cos A = — cos ( 180 ° — A). 


cos 30° = -• 
c 

Y 
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Since 180° — A is an acute angle and the values of sin (180° — A) 
and cos (180° — A) are therefore found in the tables, we see that 
this theorem enables us to find the values of the sine and cosine of 
second quadrant angles. 

Example 1. Find the values of sin 155° and cos 155°. 

Solution. Angle A is 155°. Applying Theorem II, we get 
sin 155° = sin (180° — 155°) = sin 25° = .4226, 
cos 155° = — cos (180° — 155°) = - cos 25° = - .9063, 
using the values of sin 25° and cos 25° appearing in Table II. 

Now let A be any third quadrant angle, P a point on the terminal 
ray of angle A, and (—a, - 6) and c the coordinates and distance 

of P from the origin (Fig. 193). 
Again an acute angle, namely 
angle POQ , is called to our atten¬ 
tion, and we note that angle 
POQ = A — 180°. It appears 
then that if we draw the acute 
angle A — 180° in standard posi¬ 
tion and proceed as we did above 
when considering second quadrant 
angles, we may be able to discover 
a relation between sin A and 
sin (A — 180°) and one between cos A and cos (A - 180°). The 
reader should prove that the actual relations are those given by 

Theorem III: If A is any positive third quadrant angle less than 
360°, 

sin A = — sin (A — 180°), 
cos A = — cos (A — 180°). 

Example 2. Find the values of sin 203° and cos 203°. 

Solution. Angle A is 203°. It exceeds 180° by 23°. Therefore, 
using Theorem III, we get 

sin 203° = - sin 23° = - .3907, 
cos 203° = — cos 23° = — .9205. 

Finally, using the same method used to prove Theorems 2 and 3, 
we can now prove 

Theorem IV: If A is any positive fourth quadrant angle less than 
360°, 

sin A = - sin (860° - A), 
cos A = cos (860° — A). 
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Here 360° - A is an acute angle and it represents the amount by 
which 360° exceeds A (Fig. 194). The proof of this theorem 
left as an exercise for the reader. 

Example 3. Find the values of sin 320° and cos 320 °- 0 

Solution. Angle A is 320° and 360° — A = 360 - 320 - 40 . 
Hence, using Theorem IV, we obtain y 

sin 320° = - sin 40° = - .6428 P*/ 

cos 320° = cos 40° = .7660. _ /\ 


By means of Theorems II, III, and IV ^/\ <* I* 

we are now able to find the values of X/»V 6Q Y ^ 

sin A and cos A when A is any positive \^0 q°-a^ 

angle less than 360°, with the exception '"x. ,_ 0 

of 0°, 90°, 180°, and 270° which have yet ^\J 

to be discussed. Hence, using Theorem I, 
we are in a position to find the values of 
sin A and cos A for all angles except Figure 194 

those whose terminal sides fall on one 

of the axes. As an aid in remembering the correct sign in these 
formulas, the reader should note whether sin A or cos A is positive 
or negative to start with. That will depend on the quadrant in 
which A lies. If sin A is negative, a negative sign should prefix 
the right-hand side of the formula, and similarly for cos A. 
For example, when A is in the third quadrant, sin A and cos A 
are both negative, but sin (A — 180°) and cos (A — 180°) are 
both positive since A — 180° is an acute angle. Hence it is wrong 
to say sin A = sin (A — 180°), since the left-hand side is nega¬ 
tive and the right-hand side positive. The correct equation is 
sin A = - sin (A - 180°), for here both sides are negative, 
though, of course, no negative sign appears on the left-hand 
side. Similarly, we obtain cos A = — cos (A — 180°). 

The terminal ray of each angle A that we have considered so 
far lies in some particular quadrant. Hence nothing has been 
said about the values of sin A and cos A when the terminal ray 
coincides with one of the axes which serve to divide the coordinate 
system into quadrants, that is, when A is 0°, 90°, 180°, and 
270°. Let us now find these values, first considering sin 0° and 
cos 0°. 

For the angle 0° the terminal ray coincides with the initial ray 
and hence lies on the right-hand side of the X-axis (Fig. 195). First 


'360°-4 


Figure 194 
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we choose some point P, different from the origin, on the terminal 
ray. Since P lies on the X-axis its ordinate must be zero. Let 6 
represent its abscissa. Its distance from the origin is also b. Thus 
we obtain 

sin 0=^ = 0, and cos 0 = - = 1. 

® 6 


±——yP(b,0) 


O 


Figure 195 


Y 



P(0,a) 

o* 


_ 

^\90“ 

O 



Figure 196 


For the angle 90°, we obtain, using Fig. 196, 

sin 90° = 1, cos 90° = 0. 

The reader should show that these values are correct. 

The angle 180° has its terminal ray on the left-hand side of the 
X-axis (Fig. 197). Hence let (— 6,0) be the coordinates of the 

v point P chosen on this ray. In 

accordance with our agreement that 
the distance of a point on the ter¬ 
minal ray of an angle from the 
origin is always to be taken positive, 
the distance of P from the origin is 
represented by the positive number 
6. The student should note, there¬ 
fore, that when we consider OP 
as the distance of P from the y-axis, 
that is, as the abscissa of P, we take it to be the negative number — 6, 
but when we consider it as the distance of P from the origin 0 we 
take it to be the positive number 6. Hence we have 

sin 180° = ? = 0, -- ” b 


< ft A ® - 


P(-b,0) { 



O 


Figure 197 


COS 180 


= - 1 . 


6 ■' 6 
The reader should now have no trouble in obtaining these re¬ 
sults for the angle 270°: 

sin 270° = - 1, cos 270° = 0. 
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Summarizing what has been accomplished in thisarticle.wen 
that we first found that if A is an angle of any positive or negative 
value, sin A and cos A are equal respectively to the sine and cosine 
of some positive angle less than 360°. Then we found that d A 
is less than 360°, sin A and cos A are equal, except for a possible 
difference in sign, to the sine and cosine of some angle from 
to 90°. Thus we have 

Theorem V: If A is any angle whatever, sin A and cos A are equal, 
except for a possible difference in sign, to the sine and cosine re- 
spectively of some angle from 0° to 90°. 

In other words, the familiar short trigonometric table which 
gives the values of the sine and cosine for angles from 0° to 90 
will also serve us when we wish to find the sine and cosine of any 
angle outside this range. In this very simple way we have extended 
the range of values permitted for the angle A, when dealing with the 
trigonometric functions, to include all positive and negative values. 

Example 4. Find the values of sin 880° and cos 880°. 

Solution. We must find the angle less than 360° having the 
same terminal ray as the angle 880°. This angle is 160°. It is 
obtained by subtracting 720° from 880°. Hence, by Theorem I, 
sin 880° = sin 160°. Then, by Theorem II, sin 160° = sin 20°, 
and from the table, sin 20° = .3420. . Hence sin 880 = .3420. 
Similarly, cos 880° = cos 160° = - cos 20° = - .9397, so that 
cos 880° = - .9397. 

Example 5. Find the values of sin (— 215°) and cos (— 215°). 

Solution. By drawing — 215° in standard position, it can be 
seen that the terminal ray of this angle coincides with the terminal 
ray of 145°. Hence, by Theorem I, 

sin (— 215°) = sin 145°, and cos (— 215°) = cos 145°. 
Making use of Theorem II, we write 

sin 145° = sin 35° = .5736, 
and cos 145° = - cos 35° = - .8192. 

Therefore sin (- 215°) = .5736, and cos (- 215°) = - .8192. 


EXERCISES 

1. Find the values of sin A and cos A when A has the following values: 
120°, 150°, 210°, 240°, 300°, 330°, 390°, 450°, 540°, 630°, 720°, 840°. 
930°, 1050°, - 30°, - 120°, - 210°, - 330°, - 390°. 

2. Show that sin 90 = 1 and cos 90 = 0. 
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3. Show that sin 270 = — 1 and cos 270 =» 0. 

4 . Prove Theorems III and IV of this article. 

6. Show that 1 and — 1 are, respectively, the largest and smallest 
algebraic values that sin A can have. Do the same for cos A. 

6. What are the largest and smallest numerical values of sin A and 
cos A ? 

7. In the following table fill in the values of sin A and cos A for the 
given values of A : 


A 

0° 

mm 

180° 

270° 

360° 

450° 

540° 

630° 

EE3 

sin A 


mm 








cos A 











8. From the trigonometric tables (Table II) we see that sin A increases 
from 0 to 1 as A increases from 0° to 90°. How does sin A change 
when A increases from 90° to 180°? From 180° to 270°? From 
270° to 360°? From 360° to 720°? From 720° to 1080°? 

9 . Discuss the variation of cos A as A increases from 0 to 1080°, using 
exercise 8 as a model. 

10. The Graph of y = sin x. Now that we have general defini¬ 
tions of sin A and cos A which enable us to calculate the values 
of these functions for angles of any number of degrees, positive 
or negative, let us examine these functions to learn what their 
more obvious characteristics are. Let us first consider sin A . 
Since we are now interested in the functional relation, let us again 
represent the independent variable by x and the dependent variable 
by y. This functional relation is therefore represented by the equa¬ 
tion y = sin x. 

We first observe that because of the general definitions, x can 
take on any positive or negative value. Let us try to represent 
this functional relation graphically. The information which we 
have gained concerning sin x in articles 8 and 9 can be used to aid 
us in drawing the graph of y = sin x in the following way: 

1. We plot points obtained from a table of values, extending 
from x = 0° to x = 90°, and draw a smooth curve through the 


X 

0° 

30° 

45° 

60° 

90° 

JL 

0 

.5 

.71 

.87 

1 


points from left to right (Fig. 198). Before plotting these points 
we must decide on a suitable scale on the X and Y axes. Since 














the degree is a rather small unit ofmeasureweshouldletone 

unit on the X-axis, corresponding to 1°, be qmte smaU^ For con 
venience, let us take the length on the X-axis which corresponds 
to 60° about equal to the unit length on the r-axis. 




2. Since sin (180° - x) - sin x, the graph rises in the same 
way when we start at x = 180° and proceed toward 90° as when 


we start at x = 0° and pro¬ 
ceed toward 90°. This is so 
because sin 170° = sin 10°, 
sin 160° = sin 20°, etc. Hence, 
if we have the graph from x = 0° 
to x = 90°, we can extend it 
to x = 180° by merely draw¬ 
ing a curve symmetrical to 
the part already drawn, start¬ 
ing at x = 180° and meeting 
the first part at x = 90°. 
Fig. 199 shows the graph from 
x = 90° to x = 180°, and Fig. 



200 shows the complete graph from x = 0° to x = 180°. 

3. Since sin (x — 180°) = — sin x, in the interval from x = 180° 
to x = 270° the shape of the graph is the same as in the interval 
from x = 0° to x = 90° except that it is below the X-axis, with 
y = 0 when x = 180° and y = — 1 when x = 270°. (See Fig. 201.) 

4. Since sin 350° = — sin 10°, and sin 190° = — sin 10°, 
sin 350° = sin 190°; likewise sin 340° = sin 200°, etc. Hence the 
graph falls in the same way when we start at x = 360° and proceed 
toward 270° as when we start at x = 180° and proceed toward 270°. 
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Fig. 201 shows the complete graph of y = sin x. from x = 0° to 
x = 360°. 

Y 



5. Finally, because of the relation sin (360° + x) = sin x f which 
results from Theorem I, the curve of Fig. 201 will be repeated in the 
intervals, x = 360° to x = 720°, x = 720° to x = 1080°, and so on. 
(See Fig. 202.) 


Y 


1 

— - 







\180* 270* 



/ 

0 

-1 

90° 


/360* 460° 


/ 720° 


Figure 202 


Two facts of importance concerning the function, sin x , stand 
out from the above discussion and the graph which we have ob¬ 
tained. First, a complete set of values of y , which is obtained 
for the interval from x = 0° to x = 360°, is repeated again and 
again at intervals of 360°. A function whose values recur in this 
orderly way is called a periodic function. The interval after which 
the repetition takes place is called the period of the function. 
Thus the period of sin x is 360°. Second, the values of y oscillate 
back and forth between + 1 and — 1, the greatest numerical 
value of y being 1; this value is called the amplitude of the function 
The graph of the equation, y = cos x , can be obtained in a 
manner similar to that used for y = sin x. The function, cos x , 
is also periodic with period 360° and its amplitude is 1. In fact. 
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reader should draw its graph as an exercise. 

EXERCISES 

1. Draw the graph of y = sin x from a table extending from x 
X = 360°, taking values of x at intervals of lo . 

2. Draw the graph of „ = cos x from , = 0° to x = 720- by the method 

used in this article for y - sin x. n ° . 

3. Draw the graph of V = cos * from a table emending from x - 0 to 
x - 360°, taking values of x at intervals of 15 . 

*■ sss “ “ ■?« Sii£ - 

y — cos x. 


11. Other Trigonometric Functions Involving Sine or Cosine. 
The utility of the trigonometric functions will be narrow indeed 
if our knowledge is confined to the two functions, sin x and cos x, 
only. But if we can become equally well acquainted with all func¬ 
tions of such form as 3 sin 2 x, 5 cos 3 x, and so forth, and func¬ 
tions made up of sums of functions of this type, we shall be provided 
with enough functions to represent a great variety ot relations 
in nature in which the dependent variable is known to change in 
a periodic way. Here we shall be satisfied to examine some func¬ 
tions of the form a sin bx, and to note how these functions differ 
from the simple function sin x. 

First let us consider y = 3 sin x. For each value of x, the cor¬ 
responding value of y is three times the value of sin x. Since the 
amplitude of sin x is 1, the amplitude of 3 sin x is 3. As x increases, 
the values of sin x begin to repeat when x reaches 360°. Hence 
the values of 3 sin x begin to repeat when x reaches 360°, and this 
function has the same period as sin x, namely, 360°. These facts 
are also brought out in a table of values: 


X 

0° 

90° 

180° 

270° 1 

360° 

450° 

540° 

i 

630° 

720° 

sin x 

0 

1 

0 

EDI 

0 

1 

0 

MM 

0 


mm 

3 

0 

1X1 

0 

3 

0 

EXi 

0 


To draw the graph we first plot the points determined by cor¬ 
responding pairs of values of x and y given in this table, that is, 
the points (0°, 0), (90°, 3), (180°, 0), (270°, - 3), and so on. Since 
each value of y is three times the value of sin x, the shape of the 
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curve will be like that of y = sin x, Fig. 202, but three times as far 
from the X-axis at all points. The graph is shown in Fig. 203 
Likewise, a sin x, where a is an arbitrary positive number, is a 
trigonometric function with period 360° and amplitude a. 



The graph of y = 3 cos x bears the same relation to that of 
y = cos x as the graph of y = 3 sin x bears to that of y = sin x 
this function also having its period 360° and its amplitude 3. 
Similarly, the period of a cos x is 360° and the amplitude is a. 
From this discussion we see that placing a multiplier before sin x 
or cos x changes the amplitude without affecting the period. 

Let us now examine a function having a multiplier before x, for 
example, y = sin 2x. The following table of values will help us 
to draw the graph of this function. 


X 

0° 

45° 

90° 

135° 

►-* 

00 

o 

o 

225° 

270° 

315° 

360° 

2 x 

0 

90 

180 

270 

360 

450 

540 

630 

720 

y , or sin 2 x 

0 

1 

0 

- 1 

0 

1 

0 

- 1 

0 


First we plot the points determined by corresponding pairs of values 
of x and y given in this table, that is, the points (0°, 0), (45°, 1), 
(90,0), (135°, — 1), and so on. Then we note that as x increases 
from 0° to 45°, 2x increases from 0° to 90°, and hence sin 2x, or y, 
increases from 0 to 1. In other words, in the interval from 0° 
to 45°, y takes on all the values which, in the case of y = sin x, 
were taken on in the interval from 0° to 90°. Furthermore, the 
values of sin 2x will begin to repeat when x reaches 180°, since, 
when x reaches 180°, 2x reaches 360°. The period is therefore 
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180 °. The amplitude is 1 sincTThe greatest numerical value of 

sin 2x is 1. The graph y 
is shown in Fig. 204. 

N o w consider y = sin 3 x. 

Its amplitude is 1 since 
the greatest numerical 
value of sin 3x is 1. In 
view of the fact that 
y = sin 2x was seen to 
have the period 180°, or 

might'expect sfn 3x to have a period depending in someway 

on the multiplier 3. Let x take on values starting at 0 and ™ ere 
after increasing. When 3x reaches 360° the values of sin 3x 
start repeating. But 3x reaches 360° when x reaches 120 ; 
the values of y, or sin 3x, start repeating when x reaches 1 , , 
and therefore the period of this function is 120 . The reader sho 
draw the graph of y = sin 3x as an exercise. # . 

We can generalize the above result for the function y - sin x 
where b is an arbitrary positive constant. Since the values of sin bx 

start repeating when bx 
reaches360°, that is, when 

300° 

x reaches——, the period 
b 

. 360° 

of this function is —— • 

The same statements are 
true of y = cos bx. 

The values of y ob¬ 
tained from the equation 
y = 3 sin 2x are three 
times the values obtained 
from y = sin 2x when 
the same values of x are 

„ used. Hence the ampli- 

FlGURE 205 _ t 0 * O l»‘l 

tude of sm 2x is 3 while 

its period is 180°. Fig. 205 shows the graphs of y = sin 2x and 

y = 3 sin 2x plotted on the same axes. 

The results which we have obtained can be summarized by the 

statement that, in general, the functions y = a sin bx and y = a cos bx, 
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where a and b are arbitrary positive constants, have the amplitude 

* , * . ’ 360° 

a and the period —— 

b 

Now let us consider the function y = 2 sin x 4- sin 2 x. If 
x takes on values starting at 0° and thereafter increases, the values 
of sin 2 x will start to repeat when x reaches 180°, and will repeat 
again when x reaches 360°, but the values of 2 sin x will not repeat 
until x reaches 360°. That is, x must reach 360° before the values 
of 2 sin x and sin 2 x start to repeat together. Hence the period of 
2 sin x + sin 2x is 360°. To draw the graph of y = 2 sin x 4- sin 2x 
we may use the following method. First draw the graphs of 
the two equations y' = 2 sin x and y" = sin 2 x on the same set 
of axes. Then since y = 2 sin x + sin 2 x , it follows that 
V = y' + 2 /". Hence to obtain the ordinate, y } for any given 
abscissa, x, we may add the ordinates, y' and y", both correspond¬ 
ing to this same abscissa. In this way we can obtain as many 
points on the graph of y = 2 sin x 4- sin 2 x as we please. In 
Fig. 206, P is one such point, with abscissa x = OA , and ordinate 



AP = AP' 4- AP". It is constructed by laying off P'P =* AP". 
Q is another point, with abscissa OB and ordinate BQ = BP'+ BP". 
Since BP" extends downward from the X-axis it is negative, and 
hence BP' + BP" is obtained by subtracting the length of BP" 
from that of BP'. This method is sometimes referred to as the 
method of addition of ordinates, and can be applied to any function 
which is the sum of two other functions. 
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EXERCISES 

Gfre three * ^ * g0nOme * ^ * C (c) n the O pcri^ r ^ , • 

$ s: Sod S-: f h f W *•1— 40 °- 

What is the amplitude of each function. 

(c) the amplitude *. 

What is the period in each case. 

Draw the graph of y = 5 cos x from a table of values. 

»• rasas 

Check with a short table of values. 

6. Sketch the graph of y =* 2 sin 10 x. 

7. By the method of addition of ordinates, draw the graphs of the fol¬ 

lowing functions. Determine the period beforehand in each case, 
(a) y ■" sin x + cos x. (b) y - sin x + 3 cos x. 

(c) y = 3 sin x + cos 2x. (d) y - sin x - cos x. 

(e) y -* sin 2 x + sin 3 x. 


12. Applications of the Trigonometric Functions. It is the 
periodic character of the trigonometric functions which so sharply 
distinguishes them from the algebraic, logarithmic, and exponential 
functions, which are non-periodic. When we come to apply the 
periodic and the non-periodic functions to relationships of variables 
in life, we shall therefore expect to find the same striking difference 
in the character of the relationships. Such is actually the case, 
for the trigonometric functions have their most important appli¬ 
cation in what we might call periodic phenomena and the algebraic, 
logarithmic, and exponential functions in non-periodic phenomena. 
The variation of the tides, the changing phases of the moon, the 
recurring seasons of the year, the appearance of sun spots, and the 
pulsations of the heart are some familiar examples of periodic 
phenomena. In each case there is an orderly series of changes 
which take place in a certain period of time and which are repeated 
indefinitely many times in the same orderly way. Probably some 
of the most important periodic phenomena of all are sound, light, 
and electricity. The student is perhaps wondering in what wa> 
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they are periodic and what part the trigonometric functions play in 
them study. It is to such interesting questions that we shall return 
in Chapter XII. 

13. Summary. In this chapter we have examined several 
functions which are of utmost importance in the applications of 
mathematics to the physical and social sciences. First, some of 
the most useful algebraic functions were studied. This led us to 
the consideration of direct and inverse variation. We then saw 
how the table of logarithms represented the logarithmic and ex¬ 
ponential functions, and this suggested that we write equations for 
these functions and draw graphs representing them. As in the 
case of the algebraic functions, important properties of the logarith¬ 
mic and exponential functions were brought out by examination of 
the tables, graphs, and equations representing them. In particular, 
the close relation of arithmetic and geometric progressions to these 
functions was observed. 

The latter half of the chapter was devoted to the study of trigo¬ 
nometric functions. Again, the table of values of trigonometric 
ratios was seen to represent functional relations between a variable 
representing an angle and a variable representing one of the trig¬ 
onometric ratios associated with this angle. This led us to express 
these functional relations by equations. Our study of trigonometric 
functions in this chapter furnishes a striking example of the way 
in which the boundaries of a special branch of mathematics are 
extended. An earlier example was the extension of the theory of 
exponents so as to include zero, fractional, and negative exponents. 
The view of trigonometric ratios as functions revealed a limitation 
of the range of the variable representing the angle. It seemed de¬ 
sirable to remove this limitation in order to make these functions 
more useful in representing relations involving an angle whose 
size need not be restricted to values between 0° and 90°. To 
remedy this condition new definitions of the trigonometric functions 
were given, which are equivalent to the old ones when the angle 
is acute, but which embrace angles of all sizes, both positive and 
negative. It was then discovered that these functions possess a 
type of regularity which does not belong to the algebraic, logarith¬ 
mic, and exponential functions, namely, their periodic character. 
Because of the fact that many relations in everyday life and in 
science are periodic, we shall find that these periodic functions have 
many applications. 
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REVIEW EXERCISES 

1. What is an algebraic function? 

2. Give an example of a linear function; of a quadratic function. 

3. Define direct variation; inverse variation; give examples of each. 

4. What kind of function represents direct variation? 

6. Explain how the table of logarithms represents a functional relation. 

6. Show that the equations y - logio* and x = 10* represent the same 
functional relation. 

7. State three characteristics of the logarithmic function which are 
easily observed from its graph. 

8. State three characteristics of the exponential function which are 
easily observed from its graph. 

9. Define arithmetic progression; geometric progression. 

10. Show how an exponential function of the form y = 10 r represents a 
relation between an arithmetic and a geometric progression. 

11. Explain how the table of sines represents a functional relation. 

12. What is the range of the variable angle in the functional relations 
represented by Table II? 

13. Do the new definitions of the trigonometric function clash with the 
old ones? Explain. 

14. What part do rectangular coordinates play in the new definitions of 
the trigonometric functions? 

16. How do we find sin A when A lies between 0° and 90°? When A 
lies between 90° and 180°? When A lies between 180° and 270°? 
When A lies between 270° and 360°? Answer the same questions 
for cos A . 

16. How do we find sin A and cos A when A is greater than 360°? 

17. What does it mean to say that the period of the function sin x is 
360°? That the period of cos 2 x is 180°? 

18. What does it mean to say that the amplitude of the function cos x 
is 1? That the amplitude of 3 sin x is 3? 

19. What characteristic of the graph of 3 sin 2 x results from the fact 
that the period of this function is 180°? From the fact that its 
amplitude is 3? 

20. State one important way in which the trigonometric functions differ 
from the algebraic, logarithmic, and exponential functions. 

REFERENCES 

1. Feldman, W. M.: Biomathematics. Revised edition. Chapter II is 
about logarithmic functions. Other examples will be found in 
Chapter VII. 

2. Graham, P. H., and John, F. W.: Advanced Algebra. Revised edition. 

Arithmetic and geometric progressions are discussed in Chapter XV. 
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Graphs of exponential, logarithmic, and trigonometric functions are 
discussed in Chapter XIII. 

4. Gr iffin , F. L.: Introduction to Mathematical Analysis. Revised edition. 
Laws of growth and exponential functions are discussed ui Chapter 
VII, pp. 233-248. Trigonometric functions are discussed in Chapter 
X, pp. 371-384. 

5. Oglesby, E. J., and Cooley, H. R.: Plane Trigonometry. General 
angles and the definitions of the trigonometric functions are dis¬ 
cussed in Chapters I and II. The graphical representation of the 
functions is discussed in Chapter X. 

6. Whitehead, A. N.: Introduction to Mathematics , Chapters XII and 
XIII. 


TOPICS FOR FURTHER STUDY 

1. The graphs of the trigonometric functions obtained by geometrical 
means. See Oglesby and Cooley, Chapter X. 

2. Arithmetic and geometric progressions. See Graham and John, 
Chapter XV. 



CHAPTER X 

FINDING EQUATIONS FOR USEFUL FUNCTIONS 

1. Introduction. The applications of functional relations to 
practical problems often originate from considerations such as 
the following: If a certain amount of money is placed at a faxed 
rate of interest, and the interest earned is not withdrawn but is 
itself permitted to draw interest, the amount of money on deposit 
at any time depends upon the length of time which has elapse 
since the original principal was deposited. That is, the amount on 
deposit at any time is a function of the number of years during 
which interest has been accumulating. It may be desirable to know 
how much money will be accumulated in ten years by starting with 
a principal of $1000. Or one may ask how many years will be re¬ 
quired for $1000 to amount to $2000 at a stated rate of interest. 
A father may wish to determine how much money should be set 
aside each year for ten years in order that at the end of that time 
enough money will have accumulated to pay his son’s way through 
college. Questions such as these show the desirability of determin¬ 
ing the exact way in which the amount of money accumulated at 
any time depends on the original principal, the rate of interest, 
and the number of years the principal has been on deposit. 

The above example is typical of applications of functions. There 
is, first of all, the problem of representing as precisely as possible 
the functional relation connecting two or more variables in a given 
practical situation. It was pointed out in Chapter VIII that 
the most precise way to represent a functional relation is by means 
of an equation. This chapter will illustrate the two most common 
methods of finding equations to represent functions which arise in 
practical situations. The following two chapters will then show 
how a number of practical questions can be answered by working 
with the equations obtained by these methods. 

2. Functions Arising in Statistical Data. If one is interested in 
learning how the average price of stocks varies throughout a certain 
year, one can start by listing the average price of stocks at frequent 
intervals, say each day. Regardless of what is done with the 
data so gathered, a functional relation involving the variables, 
price and time, originates in this case as a table of values. That 
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functional relations arise in this way quite commonly is a fact 
familiar to anyone who reads newspaper reports tabulating such 
things as population statistics, stock market operations, unem¬ 
ployment and wage scale data, and the like. Statistical tables 
are compiled by workers in the physical sciences of astronomy, 
chemistry, engineering, and physics by listing the results of meas¬ 
urements of all sorts of physical quantities. Likewise, in such 
social sciences as anthropology, economics, psychology, and soci¬ 
ology it is very common to tabulate numerical aspects of the 
phenomena studied. The economist makes tables of costs and 
selling prices of commodities and seeks to learn relations between 
them. He also wants to know, for example, how the cost of living 
has changed over a period of years and how the nation’s income is 
distributed among its people. The sociologist is interested, among 
other things, in the changing size of the family, in birth and death 
rates, in the relationship between the amount of drunkenness and 
the amount of crime. The anthropologist is interested in distinguish¬ 
ing the races of mankind through differences in the dimensions of 
the skull, the weight of the brain, the relative sizes of different bones 
of the body, and so on. The psychologist is often concerned with 
measuring mental traits of human beings, especially intelligence. 

Our work in the next two articles will be concerned with learning 
how to find an equation which relates variables whose values are 
given to us by means of a table of statistical data. An equation 
constructed so as to fit statistical data is called an empirical equation. 

3. The Problem of Discovering Linear Empirical Equations. 
Economists have a way of 
indicating relative prices by 
numbers know r n as “index 
numbers.” Such numbers 
serve as guides to the average 
prices of commodities. We 
have listed in the following 
table the index numbers of re¬ 
tail food prices in the United 
States, in which prices for 
1913 are taken as a standard 
and represented by the num¬ 
ber 100. The table gives 
these index numbers, N, corresponding to the years 1901, 1903, 



Figure 207 
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and so on to 1915. In the table, Y stands for the number of 
years after 1900; that is, Y = 1 corresponds to 1901, Y - * cor 


Y 

N 

1 

71.5 

3 5 

75.0 76.4 

7 

82.0 

9 

88.7 

11 

92.0 

13 

100.0 

15 

101.3 


responds to 1903, and so on. Let us graph these pairs of values, 
letting abscissas represent values of Y, and ordinates values of 
(Fig. 207). While it is clear that the points plotted do not he on 
a straight line, nevertheless a straight line passes fairly near each 
of the points and appears to approximate the functional relation be- 
tween Y and N more closely than any other curve which we have 
studied. By trying to fit a ruler to the points of the graph, we find 
that the line through (3, 75.0) and (9, 88.7) seems to approximate 
all the points as closely as any line. To obtain the equation of this 
line we recall from Chapter VII, article 10, that the general equation 
of a straight line is 

Ax + By + C = 0, 

or, in this case, 

AY + BN + C = 0. 

If we divide this equation by A , we have 


If we now replace by p and — by q we have as the general equa- 

A A 

tion of the straight line 

Y + pN + q = 0. (1) 

Now, in order that this equation shall represent the line through 
(3, 75.0) and (9, 88.7) we must select p and q so that the coordi¬ 
nates of these points will satisfy the equation. That is, we must 
have 

3 + 75 p + q = 0 (2) 

and 9 + 88.7 p + q = 0. (3) 

We can solve these two simultaneous equations in p and q as 
follows. By subtracting equation (2) from equation (3), we obtain 

6 + 13.7 p = 0 

60 


or 


V = “ 


137 
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By substituting this value of p in equation (2) (we could use equa¬ 
tion, (3) also), we get 


3 + 75 


(-£) 


+ 3 = 0 


4089 

137 


Hence equation (1) becomes 


v 60 .. , 4089 „ 

y -l37^ + l^ = °’ 
137 Y - 60 N + 4089 = 0. 


Of course, it is not claimed that this equation, or any equation 
obtained in this manner, represents the functional relation exactly, 
but it may represent it sufficiently closely for some purposes. Before 
using the equation to obtain any further results, or to form any 
conclusions concerning the nature of the function, we should ex¬ 
amine it to see how closely it fits the data given us in the table. 
We can get some idea of the “closeness of fit” of the equation by 
comparing the values of N calculated from the equation with 
those tabulated, that is, those originally observed. Below are 
tabulated the values of Y f the corresponding values of N calculated 
from equation (4), the corresponding values of N as they ap¬ 
peared in the original table, and the errors, that is, the differences 
between the calculated values and the observed values. Also, in 
each case, the relative error, that is, the ratio of the error to the ob¬ 
served value, has been computed. It may be remembered from 
the discussion in Chapter IV that the relative error is more impor¬ 
tant than the error itself. 



Since the relative errors are small, we may feel fairly confident 
that equation (4) is a good equation to represent the relation 
between years and index numbers. It should be noted, however, 
that this equation was determined by requiring the line to pass 
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through the points (3, 75) and (9, 88.7). As drawn in Fig. 207 
the line passes almost through (1, 71.5) and (15, 101.3). We mig 
have used these two points to determine the values of p and 0* 
The equation in that case would have been different from (4), 
but it would give values of N for values of Y which would also 
agree quite closely with the observed values. It is possible to use 
more involved mathematics to select a better equation, perhaps, 
than the one found in the text, or than any one found by the same 
process. But in any case the equation will correspond with the 
observed data only approximately. The fact that our equation 
represents the values of the variables in the table only approxi¬ 
mately will be found of fundamental significance in the discussion 
of the nature of scientific laws, in Chapters XIII and XXI. 

It may be observed that the problem of discovering an empirical 
equation is analogous to the problem of measuring a certain dis¬ 
tance. Just as there may be a certain “correct” value of this 
distance, so there may be a “correct” equation fitting the function 
represented by the table. Because of inevitable errors of observa¬ 
tion and measurement we can never know what the correct dis¬ 
tance and correct equation are, but we can know approximately 
what they are. For practical purposes good approximations are 
sufficient. Even if we could obtain a perfectly measured distance 
or a perfectly fitting equation we would often use approximations 
in their stead for convenience in computation. Distances expressed 
accurately to 10 significant figures are too cumbersome for most 
purposes, and so also are equations fitting data so as to be in error 
not more than .0001 of one per cent. 


EXERCISES 

1. It is well known that if an object is dropped from rest, the longer 
it remains in motion the greater its velocity is. This indicates that 
there may be a definite relationship between the number of seconds 
the body has been falling and its velocity at that time. By a care¬ 
fully performed experiment the following measurements were made: 


t (number of seconds) 


v (velocity in ft. per sec.) 


31.9 


2 


64.1 


3 


96.3 


4 


127.4 


Discover an equation of the form v + pt + <j = 0 that fits these data. 
Find the relative errors. Approximately what is the velocity when 
t is 10? How long must the body be in motion to acquire a velocity 
of 1000 feet a second? The equation you should obtain states one of 
the important laws of falling bodies. 
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2. The following table gives the population of France 
from 1806 to 1861: 



N = population 
in millions 


3 


various years 


1806 1821 1831 1841 1851 


1861 


29.11 30.46 32.57 34.23 35.78 37.39 



Find a linear equation of the form N + pt + q = 0 expressing the 
relation between t and N which will be approximately satisfied by 
the values in the table. Assuming that your equation is correct for 
all years, calculate the approximate population in 1931. 

3. A business firm was given the following table of the cost of letter 
heads: 


Number of Thousand SheeU 
1 

3 

4 
6 
7 


Cost in Dollars 

5 

11 

14 

20 

23 


Find a linear equation of the form C + pN + = 0 relating the cos* 

C and the quantity N. 

4. In order that a given weight of gas shall maintain a constant pressure 
when different amounts of heat are applied to it, it is necessary that 
its volume be changed. The following table records the results in 
an experiment of this kind, t denoting temperature in degrees centi¬ 
grade, and v the corresponding volume in cubic centimeters: 



Discover an equation of the form t; + pt + q - 0 which fits the data 
and determine the errors and relative errors. The equation you 
should get states a well-known law of gases, called the law of Charles. 
Use your equation to compute the volume when the temperature is 
50, and the temperature when the volume is 300. Assuming your 
equation to hold for all temperatures, at what temperature would the 
volume be zero? That temperature is supposed by physicists to be 
the temperature at which the motion of the molecules of a gas ceases. 
Since physicists think of heat as being a manifestation of such mo¬ 
lecular motion, the temperature just found describes the state of a gas 
or object which has no heat at all. This temperature is commonly 
referred to as “ absolute zero.” A body cannot have a lower tem¬ 
perature than “absolute zero.” 

6. The population in a town for a period of years is shown by the fol¬ 
lowing table (18 means 18 years after 1900; etc.): 


Year 


18 

20 

23 

27 

30 

3000 

3200 

3500 

3900 

4200 
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Find a linear equation of the form P + al + b - 0 nstoUnR Uic. popu¬ 
lation P and the year l. What was the population in 1932, accord 
ing to this equation? 


4. Non-linear Empirical Equations. Functional relationships be¬ 
tween two variables are not always so simple that they can be 
expressed by linear equations. Hence we often find that the plotted 
points of certain experimental data do not appear even approxi¬ 
mately to lie on a straight line. Their trend instead might suggest 
some other familiar figure such as a parabola, hyperbola, or ex¬ 
ponential curve. Consider, for example, the following table showing 
the number of bacteria in a culture t hours after they were first 
observed: 


t 

0 

1 

2 

3 

4 

5 

6 

7 

N 

100 

165 

272 

450 

740 

1222 

2014 

3315 


The graph appears below. Different scales have been chosen for 
N and t since their values differ so much numerically. 

The shape of the graph in Fig. 208 suggests that the functional 
relation between t and N may 
be of the exponential type. 

The reader should refer to 
the graph of the exponential 
function in Chapter IX, article 
5. An exponential function 
relating t and N can be as 
simple as N = 10*. In our 
example, however, the equa¬ 
tion cannot be so simple be¬ 
cause, if we substitute 0 for 
t in this equation, we get 1 
for N , whereas our table 
shows us that N = 100 for 
t = 0. But if we assume that the relation between N and t is 

N = a-10**, (1) 

where a and k are constants whose values are to be fixed to suit our 
example, we may be able to fix the values of a and k so that for 
values of t we get values of N which agree closely with the values 
in the table. This fact will be clearer from the procedure below 



Figure 208 
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Let us try to determine the values of a and k so that (1) will repre¬ 
sent the function given by the table of data. 

We shall determine a and k in (1) so that the curve will pass 
through (0, 100) and (6, 2014). The first of these points is selected 
because it makes computation easy, and the second because it is 
far removed from the first. If the function is determined by 
two points which are too close together, an error that is small in the 
interval containing those points may be large when the function 
is applied to values far removed from this interval. 

Since (0, 100) is assumed to satisfy equation (1), we have 
100 = a-10°, or a = 100. 

Hence we write N = 100 -10**. 

Since (6,2014) is also assumed to satisfy the equation, 

2014 = 100-10 6 \ 


or 

Hence 


Taking the logarithms of both sides of this equation, we have 
log 2014 = log (100 • 10 6 *) = log 100 + log 10 flfc , 
log 2014 = log 100 -f 6 k log 10, 
log 2014 - 2 4- 6 k. 

f log 2014 - 2 
* " 6 
= 3.3040 - 2 
6 

= 1.3040 
6 

= .2173. 


Therefore, we take as the equation fitting our data, 

N = 100 • 10 2173 ‘. (2) 

In order to see how closely the equation fits the table, we shall 
first calculate the value of N for t equal to 3. From (2) we have 

N = 100 • 10' 2173 ' 3 = 100 • 10 

In order to calculate N we first calculate 10 6619 using logarithms as 

follows. If we let x = 10' 6 ° 19 , 

then log x = log 10- 6619 = .6519 log 10, 

log x = .6519. 

From the tables, x = 4.49. 
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Hence N = 453. This result is in close accord with the given 
table which shows N = 450 for * = 3, the relative error being 
only .007. Similarly the relative errors corresponding to the otne 

values of t will be found to be small. 

In the example just completed we were able to find the equation 
to represent the relation between the time and the number ot 
bacteria because the shape of the curve suggested that we try an 
exponential function. Let us consider a second illustration of a 
non-linear function presented to us by means of a table of values, 


for which an equation is desired. 

It is found by experiment that if two wires of different materials 
for example, one copper and the other iron — are joined at both 
ends so as to form a complete circuit, a difference in temperature 
of the two junctions causes an electric current to flow through 
the circuit. If one junction is kept at 0° Centigrade, changes in the 
temperature of the other junction cause the voltage of this current 
to vary as shown in the following table: 


T (degrees C.) 

0 

50 

100 

150 

200 

300 

400 

5001 

EIGUSaSHL 

0 

.91 

1.76 

2 37 

2.70 

2.80 

2.32 

.81 


Let us plot these values, representing values of T by abscissas 
and values of E by ordinates. The graph in Fig. 209 shows that the 
relation is a non-linear one be¬ 
cause the points do not lie on a 
straight line. However, the 
shape of the curve does suggest 
a parabola whose equation is 
of the form y = a + bx -j- cx 2 . 

This type of curve was dis¬ 
cussed in article 12 of Chapter 
VII. In this problem the 
equation would be of the form 

E = a + bT + cT 2 . (3) 

We shall therefore try to determine the values of a, 6, and c so that 
equation (3) will represent the curve in Fig. 209. 

In the table, E = 0 when T = 0. Hence, substituting these 
values in (3), we see that a must be 0 if (3) is to represent the func¬ 
tion under discussion. Hence, to fit our data, the relation between 
E and T has to be of the form 



Figure 209 


E = bT + cT 2 . 


(4) 
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We still have to determine 6 and c. We shall do this by requiring 
that the curve represented by (4) pass through the points (200, 2.70) 
and (500, .81). By substituting each of these pairs of coordinates 
in (4), we get the following two equations from which we can 
find 6 and c: 

2.70 = 6-200 + c • (200)’, 

.81 = 6-500 + c- (500)*. 

In selecting these two points and the point (0, 0) already used, we 
are relying on the expectation that the curve of (4) will pass near, 
if not through, all of the points on the graph of Fig. 209. Rewriting 
these equations, we have 

200 b -f- 40000 c = 2.70, 

500 6 -f 250000 c = .81. 

Solving simultaneously for 6 and c by the method described in 
Chapter III, article 13, we find that 6 = .02142, c= -.0000396. 
Therefore the equation which we are seeking is 

E = .02142 T - .0000396 T 2 . 

To determine the correctness of our guess that the desired equation 
is of the form which we have chosen, we may substitute the values 
T = 50, 100, 150, 300, and 400 in the equation we have just found, 
and then by comparing our results with those in the table, compute 
the errors and the relative errors, as was done in article 3. The 
table below shows the values of T , the observed values of E , the 
values of E calculated from the equation, the errors, and the 
relative errors. 


T 

0 

50 

100 

150 

200 

300 

400 

500 

E (obs.) 

0 

.91 

1.76 

2.37 

2.70 

2.80 

2.32 

.81 

E (cal.) 

0 

.97 

1.75 

2.32 

2.70 

2.84 

2.24 

.81 

Errors 

0 

.06 

.01 

.05 

0 

.04 

.08 

0 

Relative 

Error 

0 

.07 

.01 

.02 

0 

.01 

.04 

0 


These relative errors are small enough so that for most purposes 
we should consider the equation a good approximation. 

In all the examples of empirical equations which we have con¬ 
sidered so far we were fortunate in being able to determine from an 
inspection of the graph just what type of equation we should 
assume. Quite often this is the case in practice. On the other hand 
we often encounter a curve which is not familiar, in which case we 
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; o uld be at a loss to know^T^T^pe, of equation to fit the 
data. In such cases we might reason as follo_ws. The straight 

line is handled by equations of the form y a + • 
olas with vertical axes are represented by cquaUonsof the form 
V = ax 2 + bx + c. Why not try y = ax 3 + bx 3 + cx + dl One 
more term adds little difficulty to the work, and it may be possibl 
to fix the values of a, b, c, and d so that the equation will represent 
the graph. Sometimes equations involving more terms, such a. 
y = ax* + bx 3 + cx 3 + dx + e, are used to fit unfamiliar curves. Of 
course, with more knowledge of types of curves and their equations 
we could recognize more cases and avoid the necessity of guessing. 
We should note also that having fitted an equation to a curve, 
we may find that new values obtained by further experimentation 
do not satisfy the equation. In that case we should need to modi y 
the equation in some way or select a new one to fit the enlarged 
table of values. 


EXERCISES 

1. The following table gives the number of divorces per 100 marriages 
in the United States for the years shown: 


1 Year 

1895 

1900 

1905 

1910 

1915 

1920 

1925 

1930 


6.5 | 

7.9 

8.2 

8.8 

10.4 

13.4 

14.8 

17 


Plot points corresponding to these data, letting one unit on the hori¬ 
zontal axis stand for 5 years and letting x = 1 correspond to the 
year 1895. Find the values of a and b in the equation N — a*10 bl 
so that this equation will give correct values of N for the years 1895 
and 1925. Compute the error corresponding to the date 1915 in the 
table. Ans. N - 5.67- 10 0i96z . 

2. If an ideal gas contained in a cylinder is compressed by means of a 
piston, the reduced volume results in greater pressure on the sides 
of the cylinder. The following table contains experimental data 
showing the pressures p, corresponding to the various volumes v, 
considered: 


v (cubic inches) 

100 

60 

50 

40 

30 

20 

10 


1.47 

2 45 

3.02 

3.80 

5.10 

7.41 

15.1 


Plot the points. Satisfy yourself that they seem to lie on a hyper¬ 
bola of the form pv = k t where k is some constant, by comparing your 
graph with that of the hyperbola in Chapter VII, article 12. To 
verify this, multiply each value of v in the table by the corresponding 
value of p. If all these products have approximately the same 
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value, the equation suggested is of the right type for the data. Select 
as the value of k the average of the products just found. By this 
means you will find a closely fitting empirical equation. This equa¬ 
tion is a special case of Boyle's Law of Gases. It holds when the tem¬ 
perature of the gas m the cylinder is kept constant as the volume gets 
smaller. 

3. The following table shows the number of feet s, which a body falls 
in t seconds. Plot the points, letting abscissas represent values of t 
and ordinates values of s. The points will appear to he on a parab¬ 
ola whose equation is of the form $ = kP. Calculate a value of k 
such that the data will approximately satisfy your equation. 


m 

1 

2 

3 

4 

5 

LUl 

16.2 

64.3 

143.8 

225.6 

397.5 


4. The following observations were made by a person interested in 
the rise and fall of the tides: 

(1) The time between successive high tides was found to be 12i 
hours. 

(2) The following depths were tabulated by hourly observations: 


Hour 

12 noon 

1 

2 

3 

4 

5 

6 

Depth 

6 

8.4 

10.2 

10.95 

10.5 

8.9 

6.5 

Hour 

7 

8 

9 

10 

a 

12 

1 

Depth 

4.1 

2.1 

1.1 

1.3 

2.7 

5 

7.5 


Show that these data fit, approximately, the equation 

d = 5 sin 29 t, 

in which d is the number of feet of depth above 6 feet, and t is the 
number of hours after 12 noon. Note that d is negative when the 
depth is less than 6 feet. 


5. Deducing Equations from Axioms. Thus far we have shown 
how equations can be obtained to represent functions which are 
first expressed by means of tables of values. This procedure is 
indispensable if one wishes to know, for example, how the popula¬ 
tion of a city has changed with the years. The factors which make 
for change in population are so complex as to make it impossible 
to derive the equation relating time and population by means of 
a logical analysis of the situation. It is often possible, however, 
to obtain equations by reasoning directly from simple axioms. 
For example, the formula for the area of a rectangle is obtained 
by deduction from the axioms of geometry. This method avoids 
the necessity for observation or experimentation with a great 
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number of canes, and is often to be 

Indeed, it would be inconvenient to apply the “ to 

many rectangles for the purpose of , obtalI J‘ I1 f ip a i ^ ro duced by ’the 
say nothing of the inaccuracies which wo . .. wou id 

use of measurement. Also, in many practical situations it would 

be costly or dangerous to obtain equations by ^penmeutatm g 
Equations obtained directly by deductive reasoning from an ms 
we shall refer to as theoretical equations, to distinguish them from 
empirical equations, which are obtained through the medium of a 
table of values resulting from measurement, observation, or ex 

periment. ._ 

Theoretical equations are not new to us. Plane geome ry - 
tains many formulas such as those for the areas and volumes ol 
figures. Some of these formulas were listed in Chapter V in con¬ 
nection with the discussion of measurement. It is significant that 
the Egyptians used formulas for the area of a triangle in terms o 
its sides and for the area of a circle in terms of its radius which 
were incorrect because they were obtained by generalizing the 
results which were found to be approximately correct for some 
special cases. The Greeks, on the other hand, obtained more exact 
relationships by deduction from the axioms of geometry. It will 
be profitable to examine other situations in which functional rela¬ 
tions are obtained by reasoning directly from the axioms of mathe¬ 
matics. Here we shall rely entirely upon the axioms of algebra. 

It is a familiar fact that compound interest is very.important in 
modern life. We put money into savings banks; we buy insurance; 
we borrow money for business purposes; we join pension systems; 
we buy radios and automobiles on installment plans. In each of 
these financial ventures the notion of compound interest is in¬ 
volved. Let us consider a simple case. Suppose that at the be¬ 
ginning of the year we put $100 into a savings bank and the bank 
pays 3 per cent compounded annually. This means that at the 
end of the year the bank will add yihr X 100, or 3, dollars to our 
account and we shall then have $103 to our credit. If we leave 
this $103 for a second year, at the end of the second year the bank 
wiU add -Hfo X 103, or 3.09, dollars to our account. The interest 
earned during the second year is 9 cents more than for the first 
year because the bank not only adds 3% of the original 100 dollar 
deposit but adds 3% of the $3 received for the first year’s interest. 
Thus for the second year we receive interest on the interest earned 
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during the first year. At the end of the third year we would be 
given interest on the total amount accumulated by the end of the 
second year, and so on. 

If, then, we put a definite sum of money in the bank at a definite 
rate of compound interest, the amount of money in the bank at the 
end of any one year is a variable which depends upon the number 
of years the original sum has been on deposit. Let us investigate 
the relation between the amount of money accumulated and the 
number of years the money is in the bank. Suppose we put 1 doUar 
in the bank at 3% per year compounded annually. The amount on 
deposit at the end of one year is the original sum plus the interest, 
or 103% of the sum there to start with. Thus at the end of one 
year the amount on deposit will be 

1 X 1.03 - 1.03. 

At the end of the second year the amount on deposit will be 103% 
of, or 1.03 times, this last value, or 

(1.03) (1.03) = (1.03) 2 . 

At the end of the third year we shall have 1.03 times the preceding 
amount, or 

(1.03) 2 (1.03) = (1.03) 3 . 

Similarly, at the end of n years we shall have 

A = (1.03)". 

If the rate of interest were i instead of .03, our result would be 

A = (1 + i)\ 

Finally, if we invest P dollars instead of 1 dollar we shall have P 
times as much at the end of n years, or 

A = P (1 + i)\ (1) 

Equation (1) is the answer to the problem of determining how 
much P dollars amounts to, at an interest rate of i, compounded 
annually for n years. In this usage i represents a decimal. Thus, 
if the rate is 4% a year, i = .04. If interest is compounded more 
often than annually, the above discussion permits us to use equa¬ 
tion (1) provided that we let i represent the rate of interest per 
period of compounding rather than the annual rate, and n the 
number of periods the money is in the bank. For example, if the 
interest is compounded semi-annually, i would be the interest rate 
for a half-year, and n the number of half-years the money is in the 
bank. The reader should modify the discussion above to convince 
himself that this is indeed the case. 
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We may now go a step further in situations involving compound 
interest. Suppose a person is interested in accumulating enoug 
money to retire some years from now. He plans to put 100 dollars 
in the bank at the beginning of each year and to allow each deposit 
to accumulate 5% interest per year, compounded annuaUy. How 
much would he have at the end of a given number of years? In 
this situation each deposit involves compound interest for a period 
of years and we wish to determine the sum of the accumulations 
of all the deposits. Obviously this sum depends upon the number 
of years deposits are made. In order to derive a theoretical equa¬ 
tion to represent this functional relation we make use of the notion 
of a geometrical progression, which was defined in Chapter IX, 
article 6. It will be recalled from the discussion there that the 
set of numbers 

18, 6, 2, f, |, * (2) 

forms a geometric progression because each number after the 
first is obtained by multiplying the preceding one by In general, 
the numbers 

a, ar, ar 2 , ar*, ... (3) 

form a geometric progression because each term multiplied by r 
produces the following term. The number r is called the common 
ratio of the progression. For our purpose, we shall need to make 
use of the sum of a number of terms of a geometric progression. 
For example, we might need to know the sum of the first 50 terms 
of the progression in (2). Let us find a formula for the sum of the 
first n terms of the progression in (3). 

To find this formula, we proceed as follows: Let S represent the 
sum of the first n terms. Then 

S = a + ar + ar 2 + ... + ar n ~ l + ar n ~ 2 + ar n " 1 . (4) 
The dots indicate the intervening terms. Multiplying both sides 
of (4) by r, we obtain 

rS = ar + ar 2 + ar 3 + ... + ar n ~ 2 + ar n ~ l + ar n . (5) 
If we subtract (5) from (4) we note that many terms cancel, and 
we have left 

S — rS = a — ar n , 
or, by factoring the left-hand side, 

S (1 — r) = a — ar n , 


S = 


a — ar 
1 -r 


( 6 ) 
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This is the formula for the sum of the first n terms of a geometric 
progression in which the first term is a and the common ratio is r. 
For example, for the progression 

2, 4, 8, 16, 

the sum of the first six terms is 





Now consider the case in which a person puts R dollars in the 
bank at the beginning of each year for n years and allows each 
deposit to bear interest at a rate of i, compounded annually, for the 
remainder of the n years that it is in the bank. The last deposit 
will bear interest for one year, and so, according to (1), it will 
contribute R (1 + i) to the total sum accumulated. The next 
to the last deposit will be in the bank two years, and so it will con¬ 
tribute R (1 + i) 2 to the total sum, according to (1). As we 
consider each deposit in order from the last to the first, we note 
that each deposit bears interest for one more year than the preced¬ 
ing deposit. Hence these deposits contribute to the total the 
amounts R (1 + i), R (1 + t) 2 , R (1 + *’)*, etc. We can see that 
these amounts form a geometric progression in which the common 
ratio is 1 + t; for if we multiply R (1 + i) by (1 + i), we get 
R (1 + i)*; likewise the next term is R (1 + i ) 3 , that is, R (1 + i ) 2 
multiplied by (1 + i), and so on. The sum of the n amounts can 
then be found by using formula (6) for the sum of n terms of a 
geometric progression. In this case, a = R (1 + i) and r = 1 + i. 
Thus, if we substitute these values in (6), we get 

« = R (1 + i) - R (1 + *) (1 + i) n 
1 - (1 + i) 

R (1 + *) (1 + i) w - R (1 + j) 

i 


R( 1 + i) [(1 + ty - 1] 
i 



We shall solve practical problems by means of this formula in 
the next chapter. Here it should be observed that we have found 
the relation between the amount of money S, that has accumulated 


and the number of years n, during which deposits are made. As 
in the case of (1) above, the deposits can be made more often than 
annually. If the interest is compounded as often as the deposits 
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are made, then the method of derivation used above shows that(7) 
can still be used, provided that we regard » as the_ rate of m terest 
per period, n as the number of periods, and R as the deposit m 

at the beginning of each period. . • 

Equations (1) and (7) are examples of theoretical equations since 

they have been deduced directly from mathematical axioms. 
Very often equations representing functions which are useful lor 
physical applications are derived not from mathematical axioms 
alone, but from physical axioms as well. The term, physical 
axioms, refers to statements which are accepted by scientists be¬ 
cause they appear to be true of the world about us. They are to 
be distinguished from mathematical axioms in that they are used 
only in the application of mathematics to practical problems and 
in that they are statements about physical quantities like forces, 
velocities, etc., rather than about points, lines, or numbers. This 
distinction will be clearer from the following example of an equation 
which is deduced from mathematical and physical axioms. 

Everyone would agree, because of experience or intuition, that if 
an automobile rests on a hill the magnitude of the force tending 
to move the automobile down the hill is greater, the steeper the 
hill. There are two variables related here, the force directed down 
the hill and the inclination of 
the hill. Let us find an equa¬ 
tion which relates these two 
variables. 

Suppose a mass A/, is resting 
on a hill (Fig. 210). Gravity 
pulls on this mass with a force R 
which equals the weight of the 
mass and which is directed vertically downward. It is a physical fact, 
which is axiomatic for us since it is not arrived at by deductive 
reasoning, that this force R is equivalent to two separate forces. 
These forces are H and G (see Fig. 211), H acting parallel to the 
hill and G at right angles to the hill, and they are related to R as 
shown in the figure. The reader should refer to Chapter VI, article 
10. We may now use another physical axiom which states that a 
force has no effect in a direction perpendicular to that in which it is 
acting; this tells us that G, which is perpendicular to the hill, has 
no effect in moving an object down the hill. Hence, of the two 
forces H and G, only H is effective down the hill. How is H 



Figure 210 
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related to the inclination of the hill? We note that angle B' be¬ 
tween H and R in Fig. 211 is of the same size as angle B in Fig. 210 
because H is directed along the hill. Since R is vertical, angle B 
is the complement of angle A. Likewise 
angle A' of Fig. 211 is the complement of 
angle B Hence angle A equals angle A' 
and the size of either angle represents the E G 

inclination of the hill. From triangle DEF \ \ 

we have \ R \ 

a* EE \ \ 

EF \a' J* 

or DE = DF sin A'. (8) \ 

Now DE is the magnitude of the force F 

tending to move the mass M, down the Figure 211 

hill. DF is the weight of M . Hence if M 

is constant, DF is constant, and the relation between the magni¬ 
tude of the force directed down the hill, namely DE, and the in¬ 
clination of the hill, angle A', is given by (8). 

We should note that in deriving (8) we used two physical axioms 
about forces, in addition to those axioms of geometry which underlie 
the use of the trigonometric ratios. 

Many laws of science are equations, which, like (8), are derived 
directly from mathematical and physical axioms. For example, one 
of the most famous laws of astronomy known as Kepler’s third law, 
states that the squares of the times of revolution of the planets vary 
directly as the cubes of their mean distances from the sun. In 
symbols, this is written 

T 2 = kD\ 

where T is the time of revolution of a planet, D is its mean distance 
from the sun, and & is a constant. This law can be derived from 
the axioms of algebra and the physical axiom, known as the law 
of gravitation. 


EXERCISES 

1. What is the underlying idea of the article just completed? 

2. What equations were deduced to illustrate the point of the article? 

3. State the meaning of each letter in the equations 

A = P(1 + 0", and S = R(1 + *> “I + *)"- - 1 1. 
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4. Define (a) geometric profession; (b) compound interest; (c) empiri¬ 
cal equation; (d) theoretical equation. 

6. Distinguish a mathematical axiom from a physical axiom. 


6. Deducing Equations from Empirical and Theoretical Equa¬ 
tions. Two methods of obtaining equations to represent functions 
have been discussed thus far, namely, that of fitting equations to 
tables of values and that of deducing equations directly from 
axioms. As one might suspect, equations obtained by either of 
these methods may give rise to further equations. We shall show 
how an empirical equation and a theoretical equation can be com¬ 
bined to give a new equation which is useful in many situations. 

Suppose a ball is thrown straight up into the air. There are 
several variables in this situation which are related. The height 
of the ball above the ground changes as the length of time during 
which the ball travels increases. Suppose we let s be the number of 
feet the ball is above the ground and t the number of seconds during 
which the ball travels after leaving the ground. Let us try to 
find the equation connecting s and t. By throwing the ball into 
the air we give it a speed which, if no further force acts on the ball, 
remains constant.* Let us indicate this speed by v 0 (to be read 
v sub-zero ). Assuming for the moment that no other forces act on 
the ball after it is thrown, the ball would travel upwards a number 
of feet equal to the product vj. As the ball travels upward, 
however, it is acted upon by gravity, which would cause it to fall 
downward if it did not already have a speed in an upward direction. 
Gravity operates without the upward speed if the ball is merely 
dropped from the top of a building. In this case the distance it 
would fall in a given time t is obviously a function of the time. 
The equation which relates the distance and time can be obtained 
by observing the distances at various times and then finding the 
empirical equation which fits the data. This equation was obtained 
empirically in exercise 3 of article 4. For objects falling towards 
the surface of the earth, the distance fallen is 16 times the square 
of the time it has fallen, or 16 t 2 .t Returning to the consideration 
of the ball thrown up in the air, we conclude that its motion is the 

* The fact that the speed remains constant if no other forces are acting is. for us. a physical 
axiom. It is known as Newton’s first law of motion. 

t Note that the distance fallen in time / is independent of the weight of the object falling. 
History credits Galileo with having demonstrated this fact experimentally by dropping objects 
from the Tower of Pisa. Prior to Galileo's time most people accepted an argument of Aristotle 
to the effect that the heavier bodies are, the faster they fall. 
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result of two separate motions, one produced by the force which 
threw it up and the other by the force of gravity which tends to 
pull it down. We shall neglect the resistance of the air because 
this affects the motion only slightly. During t seconds the ball 
should rise, according to the above discussion, a distance of v 0 t feet 
because of its initial speed, and should fall a distance of 16 t 2 feet 
because of the pull of gravity. Hence its height above the ground 
after t seconds is 

s = v Q t - 16 t 2 . (1) 

This equation relates the height above the ground and the time 
the ball has been in motion, v 0 being a constant whose value depends 
upon how much force is used to throw the ball up. Equation (1) 
has been obtained by subtracting an empirical equation, $i = 16 t 2 , 
where $i represents the distance the ball would fall in t seconds 
because of gravity, from the simple, theoretical equation $ 2 = v 0 t, 
where s 2 represents the distance the ball would rise in t seconds 
because of the upward throw if there were no force of gravity. 

EXERCISES 

1. Explain the meanings of the letters in the equation s = vot — 16 

2. If a ball is thrown up with a speed of 300 ft./sec., what equation will 
relate its height above the ground and the time it has been in motion, 
that is, what equation expresses s as a function of *? 

3. Suppose a ball is thrown straight down from a building 500 feet 
high with a speed of 100 ft./sec. Let $ stand for the number of feet 
it falls in t seconds. Modify the reasoning of article 6 to find the 
equation relating s and t. 

4. Suppose a ball is dropped (no initial speed is then given to the ball) 
from a building 500 feet high. Let s stand for the number of feet 
above the ground after t seconds. Find the equation connecting s 
and t by using what information appears pertinent in article 6. 

6. A bomb is thrown straight downward from a height of 3000 feet with 
a speed of 200 feet per second. Let s represent the height of the bomb 
in feet after t seconds of flight. What equation connects s and J? 

6. A ball is thrown upward with a speed of 100 feet per second from the 
top of a building 60 feet high. Find the equation relating its height 
above the ground and the time of flight 

7. What is the purpose of article 6? 

7. Comment on Physical and Mathematical Variables. Through¬ 
out this chapter we have been finding equations to represent the 
relations between variables present in certain physical situations. 
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The letters used in the equations may be called the mat ema ic 
variables, and the quantities for which they stand are the p y s * ca 
variables. For example, equation (1) of article 6 involves s an ' 
these are the mathematical variables. But s stands for a num er 
of feet of height above the ground and t for a number of seconds, 
the varying height and time are the physical variables. An im¬ 
portant distinction between the mathematical and physical vari¬ 
ables is that the ranges of values of the physical variables are often 
limited, whereas the mathematical variables are not so limited. 
If equation (1) of article 6 is regarded merely as an equation of 
mathematics, with no physical interpretation, t may take on any 
value positive or negative, and accordingly s will have a positive 
or negative value. For instance, if v 0 is 100, when t = 10, s = —600. 
In this case, however, the value of — 600 for s has no physical 
significance because s represents a height above the ground, and 
is always positive since the ball is always either above the ground 
or on the ground. Thus, while the mathematical values of s and t 
are unrestricted, the physical variables they represent in this case 
are such that only positive values or zero values of $ and t have 
physical significance. It is usually true that the ranges of values 
of the mathematical variables are greater than those of the physical 
variables. 

8. Summary. The chapter began with the observation that in 
the application of functions to practical problems it was usually 
desirable to express the functions by equations. We studied two 
important methods of finding equations for functions. The first 
method is applied when accurate knowledge of the function comes 
to us in the form of a table of values, which is often the case because 
tables of values are usually the results of experimentation in the 
physical and biological sciences and in the investigations of the 
social sciences. An equation which is fitted to a table of values is 
called an empirical equation. The second method of obtaining 
equations is to deduce them directly by reasoning from mathemati¬ 
cal and, sometimes, physical axioms. Such equations are called 
theoretical equations. Theoretical and empirical equations are 
often used to obtain new equations which also represent functions 
having physical significance. 

Nothing has been done as yet to indicate the uses to which the 
equations found by the methods of this chapter can be put. The 
next two chapters will be concerned primarily with this purpose. 
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REVIEW EXERCISES 

1. What is the underlying idea of this chapter? 

2. Why is it desirable to express a function by means of an equation? 

3. What two methods of finding equations for functions were discussed? 

4. If you were asked to study the functional relation between the num¬ 
ber of deaths from tuberculosis and the age at death, which of the 
two basic methods of this chapter do you think would be more 
suitable? 

5. If one had to find the relation between the price of coal and the price 
of steel for the last 50 years, is it likely that a theoretical equation 
could be obtained to represent this relationship? 

6. What part does coordinate geometry play in the finding of empirical 
equations? 

7. What is meant by the expression “ fitting an equation to data”? 

8. What similarities are there between fitting an equation and making 
a physical measurement of length? 

9. Of what use is the graph of a table of data in fitting an equation to 
the data? 
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CHAPTER XI 

THE USE OF FUNCTIONS FOR PREDICTION 

1. Introduction. In the introduction of the last chapter we 
saw that, given a practical situation involving a relation among 
variables, it was generally desirable, that we express the functional 
relation by an equation. This does not mean that use cannot be 
made of the graphic representation of a function; indeed, in Chapter 
VIII we found that each form of representation has its values. 
Most applications, however, demand exact calculations and these 
can be performed best by means of the equation. In this chapter we 
shall see how many functions can be used to solve practical prob¬ 
lems. Quite often we shall start with the equation representing’ 
the function, assuming that it has been obtained by one of the 
methods illustrated in the last chapter. 

In each of the problems of this chapter we shall find that what 
is desired is knowledge in advance of an occurrence, in short, pre¬ 
diction. Suppose, for example, that a state government under¬ 
takes a policy of pensioning the aged. It is necessary to know in 
advance how many people of pension age will need to be supported 
each year in order that the proper amount of money can be ac¬ 
cumulated for this purpose. This situation calls for long term 
planning and obviously involves prediction. To a certain extent 
the mathematics we have already studied has involved prediction. 
In finding lengths by indirect measurement we were predicting the 
values which actual measurement would reveal. However, in 
using functions to predict, we shall often calculate values of variables 
which represent future occurrences and situations. This is pre¬ 
diction in the more Common sense of the word. 

2. Motion in a Straight Line. Our first applications of the 
equations derived by the methods of the last chapter will be to 
study the motion of objects which travel in straight lines under 
certain conditions soon to be specified. In article 6 of the pre¬ 
ceding chapter we saw that if a ball is thrown straight up so that 
it is given an initial speed v 0 , the equation which gives the ball’s 
distance s above the ground after t seconds is 

s = v 0 t — 16 t 2 . 


(1) 
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This equation is useful in answering the simple questions con- 
sidered in the following examples. # 

Example 1. A ball is thrown up in the air with an inifcial ®P ee ^ 
of 128 feet per second. How high is it after 3 seconds. Af er 

seconds? , _ . . A ^ 

Solution. Since s, in equation (1), gives the height above the 

ground after t seconds, by substituting 3 for t in (1) we get the 
height above the ground after 3 seconds. Thus, using the ac 
that v 0 = 128, we obtain 

s = 128 • 3 - 16 • 3 2 = 240. 


Likewise, after 6 seconds, 

s = 128 • 6 - 16 • 6 2 = 192. 

Example 2. A ball is thrown up in the air with an initial speed 
of 128 feet per second, (a) After how many seconds is it 112 feet 
high? (b) After how many seconds does it return to the ground? 

Solution, (a) The equation relating distance above the ground 
and time is, as in the preceding example, 

s = 128 t - 16 t\ (2) 

The problem requires that we find the value of t when s is 112. 
By substituting 112 for $ in (2) we get the equation 

112 = 128 t — 1 Of 2 . (3) 

The value, or values, of t which satisfy this equation are the values 
we are seeking. Since (3) is a second degree equation in the un¬ 
known t we proceed to solve it by one of the methods studied in 
Chapter III. Subtracting 128 t from and adding 16 t 2 to both sides, 

we get 16 t* - 128 t + 112 = 0, 

e - 8 t + 7 = 0, 

« - 7) « - 1) = 0, 
t — 7, or t = 1. 

Therefore, the ball was 112 feet high after 1 second and after 
7 seconds. We can understand why there are two answers if we 
remember that in the physical situation the ball rises to some 
highest point and then falls again. Hence one second after being 
thrown up, the ball is 112 feet high and is rising. Also seven 
seconds after being thrown up the ball is 112 feet high, but at 
that time it is descending. 

(b) To answer the second question we note that when the ball 
returns to the ground its distance above the ground is zero. Hence 



338 


FUNCTIONS FOR PREDICTION 


ICHAP. xi 


we are really being asked to find the value of t when s is 0. This 
part of the problem is, then, just like the first part. From equa¬ 
tion (2), when s = 0, we have, 

0 = 128 t - 16 t 2 . 

This second degree equation in the unknown t is solved as above; 
that is, dividing through by — 16, we have, 

e - 8 t = 0 , 

t (t - 8) = 0, 
t = 0, or t = 8. 

Here, again, we get two answers, each being a value of t when 
the ball is on the ground. The value t = 0 corresponds physically 
to the instant when the ball leaves the ground, and the value t = 8 
corresponds physically to the instant when the ball returns to 
the ground. 

In line with the comment made in article 7 of the preceding 
chapter, let us note here that equation (2) represents the physical 
situation only for values of t between 0 and 8 inclusive. 

In the case of a ball thrown up into the air one may be interested 
in determining how high the ball goes, how long it takes to reach 
that maximum height, and whether it takes as long to reach the 
maximum height as it does to fall back to the ground. We shall 
now see how these questions can be answered. 

When an object is rising or falling through the air, or when an 
automobile is traveling along the road, its speed is usually not 
constant. We often speak of an average speed, which we ob¬ 
tain by dividing the distance traveled by the time, and for some 
purposes we can substitute this average speed for the actual vari¬ 
able speed. Thus if we are interested in how long it would take to 
cover 2000 miles under approximately the same conditions under 
which we covered 400 miles in 8 hours, we reason that the average 
speed on the 400 mile trip was 400 divided by 8, or 50 miles per 
hour. Hence it would take 40 hours to cover 2000 miles. At 
other times, however, it is important to recognize that the speed 
is variable, and just as we use the term speed to mean the rate 
of change of distance with respect to time, so we use the term 
acceleration to mean the rate of change of speed with respect to 
time. If, for example, we said that an automobile was traveling 
with an acceleration of 10 miles per hour for each hour, we would 
mean that at the end of each hour the automobile’s speed had in- 
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creased by 10 miles per hour. If the automobile had started fro 
rest, that is, if it had zero speed to start with, its speed at the end o 
three hours would be 30 miles per hour. If the automobile had 
been traveling with a constant speed of 50 miles per hour and tnen 
accelerated its motion by 10 miles per hour for each of 3 hours, its 
speed at the end of the three hours would be 50 + 3- 10 »o 
miles per hour. To be more general, we may say that if an object 
has an initial speed of v 0 miles per hour and then its motion is 
accelerated a miles per hour for each of t hours, its speed after 
hours is given by v = Vq + at (4) 

There are several points to observe in connection with the use 
of this equation. First, speed is the rate of change of distance 
with respect to time; the unit of speed may be miles per hour or 
feet per second or the like. This unit indicates that we are com¬ 
paring distance and time. Acceleration is the change in speed 
with respect to time, so that the unit by which we express accelera¬ 
tion is the unit of speed per unit of time; for example, miles per 
hour per hour, or feet per second per second. These last two 
expressions are often abbreviated to miles/hour 2 or feet/sec. 2 Thus 
an acceleration of 10 ft./sec. 2 means a change of 10 feet per second 
in speed for each second the object is in motion. Secondly, equa¬ 
tion (4) is true regardless of what units we may use as long as we 
use the same units throughout. If speed is in terms of feet/sec., 
acceleration should be in terms of feet/sec. 2 

We have spoken of acceleration as though it were always an 
increase in speed. However, the term is used to represent, also, 
a decrease in speed. In this case a in equation (4) is a negative 
quantity. For example, if a ball is thrown upwards with an initial 
speed v 0 , gravity is constantly pulling the ball downward, thereby 
causing the ball to lose speed by an amount which has been de¬ 
termined by experiment to be 32 ft./sec. 2 Hence equation (4) 

becomes in this case . /C v 

v = vo - 32 t. (5) 

Let us now answer the questions which were raised concerning 
the maximum height attained by the ball. We shall suppose that 
the ball is thrown up vertically with an initial speed of 128 ft./sec. 
The relation between the speed and the time the ball travels is ob¬ 
tained from (5) by substituting 128 for v 0 ; this gives 

v = 128 — 32 t. 


( 6 ) 



340 


FUNCTIONS FOR PREDICTION 


[CHAP. XI 


The ball travels straight up until it loses all the speed given to it 
at the start. At the highest point in its path, then, the speed of 
the ball is zero and we can find the time it takes for the ball to 
reach this point by substituting 0 for v in (6) and solving for t. In 
this way we obtain 

0 = 128 - 32 t, 

0 = 4-*, 
t = 4. 

Thus the ball reaches its maximum height 4 seconds after starting. 
If the reader will refer to the solution of example 2 above, he will 
find that the ball returns to the ground 8 seconds after starting. 
Hence it takes as long for the ball to reach its highest point as it 
does to fall from the highest point to the ground. To find the 
maximum height of the ball we may use equation (2) above, which 
gives the height above the ground at any time t. We know now 
that the ball is at the highest 
point at the end of 4 seconds. 

For * = 4, 

s = 128-4 - 16-4 2 = 256. 

Hence the ball attains a maxi¬ 
mum height of 256 feet. 

The motion of the ball is 
well illustrated by the graph of 
equation (2), (Fig. 212) 

s = 128 * - 16 t\ (2) 

The reader must be careful in 
interpreting this graph. The actual motion of the ball is straight 
up and down. The graph, however, is a curve, but it should be 
remembered that this curve is a graphical representation of the 
functional relation rather than a picture of the physical situation 
involved. From the form of the equation we know the geometrical 
curve is a parabola. 



EXERCISES 

1. A train is traveling at a speed of 44 ft./sec. and then increases its 
speed to 88 ft./sec. in 120 seconds. What constant acceleration 
would produce this change? Ans. .37 ft./sec. 2 . 

2. An advertisement of a well-known automobile states that it will pick 
up speed from 7 mi./hr. to 75 mi./hr. in 37 seconds. What constant 
acceleration would produce this change of speed? 



ART. 3] 


PROBLEMS IN STRAIGHT LINE MOTION 


341 


3. A ball was thrown upward with an initial speed of 160 | 

equations (1) and (6), answer the following questions concerning 

motion of the ball. 

(a) How high was the ball after 3 seconds. 

(b) When was the ball 384 ft. high? Ans. 4 and 6 seconds. 

(c) When did the ball return to the ground? Ans. 10 seconds. 

(d) When did the ball reach its maximum height? ^ ras - 5 seconds. 

(e) mat was the greatest height of the ball above the ground. 

Ans. 400 feet. # , 

4. A bomb is thrown downwards from a stationary balloon with a speed 
of 80 ft./sec. Find the equation relating the distance and time it 
falls and then answer the following questions: (Note that the down¬ 
ward direction is negative and hence all expressions representing dis¬ 
tance fallen must have a negative sign.) 

(a) How far does it fall in 8 seconds? Ans. 1664 feet. 

(b) After how many seconds docs it reach the ground if the balloon is 
3264 feet high? Ans. 12 sec. 

6. A ball is dropped (no initial speed is given to the ball) from a bal¬ 
loon 2304 feet high. Find the equation relating the distance and 
time it falls and then answer questions (a) and (b) of exercise 4. 

6. How many seconds are required for a brick to fall to the street if 
dropped from the top of a building 100 feet high? 


3. Further Problems in Straight Line Motion. In example 3 of 
the previous article we found that the distance fallen in time t 
by an object thrown downward with a speed t' 0 is given by 

s = v 0 l + 16 t 2 . (1) 

The term 16 l 2 is the distance the body falls as a result of the down¬ 
ward pull of gravity. We saw in the last article that the accelera¬ 
tion due to gravity is 32 ft./sec. 2 . We should note now that the 
factor 16 in 16 t 2 is one half of 32. In many cases moving objects 
possess acceleration not imparted to them by gravity. For ex¬ 
ample, the motion of an automobile can be accelerated by the 
action of the engine. In cases where a body moves in one direc¬ 
tion in a straight line under an initial speed v 0 and a constant accel¬ 
eration a , not necessarily due to gravity, the equation which 
expresses the distance as a function of the time traveled is a general¬ 
ization of (1) above and is as follows: 

$ = Vot + iat 2 . ( 2 ) 

The correctness of this equation can be established by the methods 
of the preceding chapter, but we are concerned here with the uses 
which can be made of equations such as (2). This equation and 
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equation (4) of the previous article can be combined to give a 
useful relation. From (4) we obtain by simple algebra 


t = 


v — v 0 


Substituting this value of t in (2), we obtain 


s = Vo v -^ +ia (\ iii*y 


a 


. VqV — vl , a V* - 2 v 0 v + v 2 0 

• ^ A . 


a 


s 


2v 0 v — 2 v 2 0 v 2 — 2 v 0 v + v 2 0 
2 a 2 a 


s 


2 v 0 v — 2 + v 2 — 2 v 0 v + v\ 

2 a 

V 2 — Vo 

2a ’ 


or 2 as = v 2 — v 2 . ( 3 ) 

Equation (3) is of immediate use in answering such a question 
as: How far does an automobile travel on a concrete road if the 
driver jams on the brakes, locking them, when the car is going 30 
mi./hr., and the loss of speed due to the friction between the tires 
and the road is 25.6 ft./sec. 2 ? Since the acceleration causes a de¬ 
crease in the speed, it is a negative quantity and hence 

a = —25.6 ft./sec. 2 . 

The initial speed is 

v 0 = 30 mi./hr. = -9 5 ^° ft./sec. = 44 ft./sec.; 

60-60 


and, since the automobile is to stop, its final speed v is 0. Substi¬ 
tuting in equation (3), we have 

2 (- 25.6) s = 0 2 - 44 2 , 
whence s = 37.8. 

It should be noted, in connection with the problem just worked, 
that the conditions that are assumed are the most favorable ones 
possible and hence this is the minimum stopping distance at 30 
mi./hr. Actually, at 30 mi./hr., the car will travel at least 33 feet 
while the driver is thinking and at least 37.8 feet after the driver 
applies his brakes, according to figures published by General Motors 
and the American Policyholders’ Insurance Company. 



ABT. 31 PROBLEMS OF STRAIGHT LINE MOTION 343 

To illustrate the further use of equation (3) we may consider the 

following , 

Example. An object is dropped from a building 200 feet high. 

With what speed does it hit the ground? 

Solution. Equation (3) enables us to answer this question as 
follows. If an object is dropped it has no initial speed; hence Vo 
in (3) is 0. The body is falling under the action of gravity and 
hence the value of a in (3) is 32. Thus (3) becomes 

64 s = v\ 
v = V64 s. 

We are to find the value of v for s equal to 200. 

Hence v = V64 • 200 = Vl2,800^ 


v = 113, approximately. 

Therefore the object hits the ground with a speed of 113 ft./sec. 

Equation (4) of the example just discussed is interesting in itself. 
It gives the relation between the distance a body falls and its speed. 
If larger values of s are substituted in (4), larger values of v will be 
obtained. Thus the further a body falls the greater its speed will be. 
This is, of course, in accord with our experience and accounts for 
the fact that a small object falling from a great height can do much 
damage when it hits the ground. 


EXERCISES 

1. With what speed does a brick dropped from a building 100 feet high 
strike the street? 

2. An automobile is going 40 miles an hour when the brakes are applied. 
If the loss in speed is 11.5 ft./sec. 2 , how far does the car travel before 
stopping? Ans. 150 ft. (Actually the car will travel 45 feet more 
while the driver is thinking about applying the brakes and the total 
distance traveled is 195 ft.) 

3. An automobile traveling at 40 miles per hour requires 70 feet to be 
stopped after the brakes are applied. Find the acceleration acting, 
assuming it to be constant. 

4. A rifle bullet enters a thick block of wood with a speed of 1200 ft./sec. 
If it loses speed at the rate of 40,000 ft./sec. 2 , how far does it travel 
in the wood? 

6. Equation (2) can be used to represent the distance a body falls in 
time t on the moon if we let a = 5.3. Compare the distance fallen in 
10 seconds by two bodies, one dropped on the earth (where a = 32) 
and the other on the moon. 
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*4. Straight Line Motion on an Inclined Plane. If an automo¬ 
bile coasts down a long hill which is 100 feet high, wiU it have greater 
or less speed at the bottom than if the same automobile were to 
coast down a short steep hill which is also 100 feet high, assuming 
that we neglect friction in each case? To answer this question we 
shall, for the present, consider a very regular hill — one which is a 
plane inclined at an angle A to the horizontal. Let the length of the 
plane be L and the height of its top above the horizontal be H. See 
Fig 213. Suppose an object is placed at any point on this plane. If 

it were free to fall straight down, 
gravity would give its motion an 
acceleration of 32 f t./sec. 2 . How¬ 
ever, the object cannot move 
straight down but must move 
along the plane. In order to study 
its motion along the plane we 
must find how effective gravity 
is in causing motion in that di¬ 
rection. The problem is easily 
handled if we recognize that acceleration is a vector quantity. This 
means that if a moving object is accelerated it is accelerated not only 
by a definite amount but in a definite direction. For example, the 
acceleration may act to increase or decrease the speed; or it may 
create a speed in a different direction from that of the existing speed. 
As an illustration of the latter situation, suppose a bullet is shot 
out of a gun with a speed of 1000 ft./sec., the gun being held 
horizontally. Immediately gravity gives the bullet an acceleration 
downwards so that the bullet moves with two velocities,f one hori¬ 
zontal and given to it by the gun, the other, the downward velocity 
caused by the acceleration of gravity. The resultant of these two 
velocities determines the motion of the bullet. 

Recognizing the fact that acceleration is a vector quantity, and 
using a method of reasoning employed in Chapter VI, article 10, 
and in Chapter X, article 5, we may replace the acceleration due to 
gravity by two other accelerations equivalent to it. In Fig. 214, 
these two component accelerations are F and E , F being directed 
down the plane and E at right angles to it. Now E is an accelera- 

• This article should be omitted unless the reader has first mastered the material of Chapter 
VI. article 10. 

t The term velocity is used here, as in Chapter VI, article 10. in the sense of a vector quantity, 
having magnitude and direction. The magnitude of the velocity is the speed. 
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tion perpendicular to the direction down the pl f n ®‘ 
regard it as the acceleration due to that componen o 
gravity which acts perpendicularly to the plane. But sue a o , 
we saw in Chapter VI, can have no effect in moving an object dow 
the plane because its direction is perpendicular to the P^ ane ' en ?f 
the only acceleration the object has along the plane is that due to Z'. 
The angle between BC and BA is the same as angle B of Fig. 
and so angle BAC of Fig. 214 is the 
same as angle A of Fig. 213. From 
right triangle BC A in Fig. 214 we have 

• a BC 

81dA = ba’ 

or BC = BA sin A. 

Since BC is the magnitude of the 
acceleration acting along the plane, and 
since BA is the magnitude of the 
acceleration due to gravity, which is 
32 ft./sec. 2 , the magnitude of the ac¬ 
celeration along the plane is 

a = 32 sin A. (1) 



This is the rate at which a car would 

gain speed coasting down a hill inclined at an angle A. It should 
be noted that this acceleration depends only on the angle A. If A 
is increased, then sin A increases, and hence a is increased — thus 
the steeper the hill the greater the acceleration. 

At the beginning of this article a question was proposed, which 
involves finding the speed that an automobile will have at the 
bottom of a hill after coasting down. Let us suppose that the 
automobile had been parked and somehow the brake was released 
so that it started to roll down the hill from an original position 
of rest. Thus, at the beginning, the speed v 0 is 0. We wish to 
determine the speed of the car after it has rolled a distance L to 
the bottom of the hill with an acceleration, given by (1), of 
a = 32 sin A. This problem is therefore one of motion in a straight 
line, which was discussed in article 3. Equation (3) of that article is 

2 as = v 2 — v 2 0 . 


For the automobile rolling down the hill 


a = 32 sin A, s = L, and v 0 = 0. 
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Substituting in this formula, we obtain 


2 - 32 sin A • L = v\ 

Now referring to the triangle in Fig. 213, we see that 


Hence 


-i 


sin A 
L 


H 




L 

v\ 


or f = 64 H, 

and v = V64 H. (2) 

Thus the speed at the bottom of the hill depends on the height 
only and not on the steepness of the hill; that is, the speed at¬ 
tained by rolling down any of the hills from T to A, B, C, or D 
in Fig. 215 is the same at the points A, B, C, and D. Therefore the 

answer to the question proposed 
at the beginning of this article 
is that the speed of a car at the 
bottom of a hill, down which it 
has rolled from rest, depends on 
the height of the hill but not 
on its steepness. 

Incidentally it may be ob¬ 
served that the speed at the 
bottom of the hill, as given by 
(2), is independent of the weight of the object since the equation 
does not involve the weight. Hence a Ford and a Cadillac, though 
differing in weight, would have exactly the same speed after rolling 
down the same inclined plane. 

While the above results were obtained by considering hills which 
are in the shape of inclined planes, by further reasoning these re¬ 
sults can be extended to apply to hills of any shape. Moreover, 
the question of friction was disregarded. This would alter the 
results appreciably only if frictional resistances were large. 


T 



Figure 215 


EXERCISES 

1. An automobile starts to roll down a hill 200 feet high. What is its 
speed at the bottom? Ans. 113 ft./sec. 

2. Automobile A starts from rest and rolls 200 feet down a hill inclined 
at an angle of 30° to the horizontal. Automobile B starts from rest 
and rolls 292 feet down a hill inclined at an angle of 20° to the hori¬ 
zontal. Find the speed of each at the bottom of the hill and compare 
these speeds. 
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3. Is it correct to say that the speed of an object ^^ich rolls dow® Tolls? 
under the action of gravity depends only on the ^stance £ 

On the steepness of the hill? On the difference in heights of its start¬ 
ing and stopping positions? On the weight of the o jec 


5. Applications of Geometric Progressions. Let us consider the 
following situation. The population of a certain town is now 
10,000. In the past history of the town the net result of births ana 
deaths during a year has been to increase the population by % 
of the number living at the beginning of the year. The town is 
interested in planning for future needs and hence would like o 
know what population it can expect to have at the end of 20 years, 
assuming that the population will continue to increase at the present 
rate. Since the population at the end of any year is 3 % more 
than at its beginning, the population at the end of any year is Tiro 
of the population at its beginning. Hence the numbers which 
represent the population of the town at the ends of successive 
years evidently form a geometric progression (Chapter X, article 5) 
in which the first term is 10,000 and the common ratio is We 

could readily answer the question raised above if we had a formula 
which would enable us to calculate at once the twenty-first term of 
this progression. More generally, we might ask, given the first 
term and the common ratio of a geometric progression, what is the 
nth term? If the terms of a geometric progression are written thus: 

a, ar, ar 2 , ar 3 , . .., (i) 

we have seen in Chapter IX, article 6, that the nth term of (1) is 

l = ar"" 1 . (2) 

We may now apply (2) to answer the question raised at the 
beginning of the article. The population at the end of twenty 
years is the twenty-first term of the progression for which a = 10,000 
and r = = 1.03. Hence, by (2), 

l = 10,000 (1.03) 21 " 1 , 
l = 10,000 (1.03) 20 . 

The value of (1.03) 20 is best calculated by logarithms thus: 

log 1.03 = .0128, 
log (1.03) 20 = 20 log 1.03 
= 20 X .0128 
= .2560, 

(1.03) 20 = 1.80. 

I = 10,000 X 1.80 = 18,000. 


Therefore 

Thus 
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The population in twenty years will be 18,000 approximately, the 
approximation entering because we used logarithm tables contain- 
mg only four decimal places, and because the original assumption 
as to the rate of growth is not known to be exact. 

In the applications of geometric progressions which we shall 
make, equation (2), as well as the formula deduced in Chapter X 
artide 5, for the sum of n terms of a geometric progression, will be 
useful. For convenience the latter formula is repeated here. 


a — ar 
1 - r 


(3) 


In this formula n is the number of terms in the progression, a is 
the first term, r is the common ratio, and S is the sum of the n terms 

Before applying formulas (2) and (3) we should note that they 
are functions relating several possible variables.' Consider formula 
(3), for example. If we are working with a definite progression 
for which a and r are known, (3) gives a relation between the 
variables S and n. If a and r are not fixed in value we can regard 
(3) as giving the relation among four variables S , a, r, and n. The 
examples will show how the formulas, or functions, may be used 
practically. 

Example 1. A person has two parents, four grandparents, 
8 great-grandparents, etc. Find the total number of these direct 
ancestors for ten generations back. 


Solution . The number of ancestors in each generation as we go 
back in time is 

O) 16 , .... 

We wish the sum of ten terms of this collection, which is a geo¬ 
metric progression for which r = 2. By formula (3), we have 


,s = ?-- 2 - 2 

1 - 2 

S = 2046. 


io 


2 " — 2 


= 2048 - 2, 


EXERCISES 

1. Each flower of a species of portulaca produces about fifty seeds. If 
each flower lives only one season and each of its seeds produces a new 
flower the following year, how many flowers would a gardener have 
in the fifth season after the one in which he grows ten flowers? Ans. 
3.125 • 10 9 . 

2. In a certain culture the number of bacteria doubles every two hours. 
By how much will the number be multiplied at the end of 18 hours 
if we start with 10 bacteria? Ans. 512. 
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3. The fundamental frequencies of the 12 

piano scale are in geometric progression. Find the conu 

the frequency of the 13th note is double that of the first. Ans. l^ 

4. In the equally tempered scale of 12 notes used on the utiv e 

the ratio of the fundamental frequencies of any , . . the 

notes is 1.C6. Find the fundamental frequency of A, which the 
ninth note after C, if the frequency of C is 256 vibrations per second. 

6. A man fills the radiator of his automobile with 5 gallons of water. 
He loses one fifth of this and pours in a gallon of alcohol, he loses 
one fifth of this mixture and pours in a second gallon of alcohol. e 
does this 6 times. How much water is in the radiator after the sixt 1 
replacement? ( Suggestion: r = 4.) 

6. An air pump removes one eighth of the air in a tank holding 8 cubic 
feet at each operation. How much air is left after ten operations of 


the pump? Ans. 2.1 cu. ft. 

7. Galton’s Law of Heredity states that the influence of ancestors on 
an individual may be compared in the following way. The parents 
influence may be said to be 4; that of all the grandparents, tl that 
of ail the great-grandparents, 4; etc. What is the comparative in¬ 
fluence of the eighth generation back? What is the comparative 
influence due to the last eight generations? 

8. A female mosquito lays 50 eggs in a season. Assuming that all the 
eggs mature into mosquitoes evenly distributed as to sex, how many 
mosquitoes will a single mosquito give rise to in 10 seasons? 

9. If the average family has four children equally distributed as to sex, 
what will be the number of descendants in the tenth generation of a 
colony of 50 families? (The first generation is the 50 families.) 


6. Applications of the Compound Interest Function. In Chap¬ 
ter X we obtained the equation 

A = P (1 + i) n (1) 

which relates the amount of money accumulated at compound 
interest with the principal deposited, the interest rate, and the 
number of years the money is on deposit. It is to be recalled that 
in this function n can be the number of times the interest is com¬ 
pounded, provided i is the interest rate per period of compounding. 
If the money is compounded at 4% annually, i is .04 and n is the 
number of years the money is on deposit. But, if the money is com¬ 
pounded at 2% each six months, then i is .02 and n is the number 
of six-month periods the money is in the bank. Often banks state 
the rate as 4% a year compounded quarterly. This means that 1 % 
of the sum on deposit is added to the account each quarter year. 

The illustrative examples will teach the use of equation (1) 
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Figure 216 


and the exercises will show us the variety of situations to which it 

can be applied. A fact not al¬ 
ways appreciated is that money 
invested at compound interest 
increases in amount more and 
more rapidly as the period of 
investment gets longer. The 
graph in Fig. 216 will illustrate 
this fact. Values on the verti¬ 
cal axis represent the amounts 
accumulated by investing SI 
at 6% compounded annually; 
values on the horizontal axis 
represent the number of years 
the money is on deposit. 
Example 1. $100 is deposited in a savings bank which pays 4% in¬ 
terest per year compounded quarterly. How much will be on deposit 
at the end of 3 years if no further deposits or withdrawals are made? 

Solution. Here P = 100, i = .01 because 1% interest is added 
to the account at the end of each quarter year, and n = 12 because 
the interest will be added to the account 12 times in 3 years. Sub- 
stituting in (1) we get x , 100 

To compute A we can use logarithms as follows: 

log 1.01 = .0043, 
log (1.01) 12 = 12 • .0043 = .0516. 

Hence (1.01)“ = 1.13, 

aQ d A = SI 13, to the nearest dollar. 

We should use more accurate logarithmic tables to get a result 
accurate to the nearest cent. 

Example 2. A man repays a loan of S1000 five years after the 
loan was made with a payment of $1300. What annual rate of 
compound interest did he pay? 

Solution. In equation (1) we know that P = 1000, A = 1300, 
n = 5, and we are to find t. The work is as follows: 

1300 = 1000 (1 + i) 6 , 

(1 + t)‘ = 1300 - 1 3 
+ 1000 13, 

l+i = v / T3, 

» = v / T!3 - 1. 
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To find V / L3 we use logarithms as follows: 

log 1.3 = .1139, 
log v'T! 3 = 5 )1139 
= .0228, 
v'Tjj = 1-05. 

Hence i = -05. 

That is, interest was paid at 5 % a year. 

Example 3. A piece of machinery costing $500 wears out in ten 
years and must then be replaced. What sum of money should be 
set aside when the machine is bought, in order to pay for its replace¬ 
ment, if the money can be invested in the interim at 4% interest 
per year, compounded semi-annually? 

Solution. Here we are given the amount of money which we 
shall need 10 years hence, that is, A = 500; and we are to find the 
amount P to be invested now, to produce this sum in 10 years. 
Also, i = .02 and n = 20. Hence, substituting in (1), we have 


or 


500 = 
P = 


P (1.02) 20 , 
500 


Using logarithms, 


( 1 . 02 ) 


20 * 


log 500 
log (1.02) 20 
log P 
P 


2.6990, 

.1720, 


= 2.5270, 

= 337, to three places. 

Hence $337 should be set aside to provide for the replacement. 

Problems of this sort, in which we have to determine the sum of 
money which, if invested today, will grow to a definite amount a 
certain number of years hence, are called present value problems. 


EXERCISES 

1. Fifty dollars is deposited in a savings bank which pays 2% per year, 
compounded semi-annually, and no further deposits or withdrawals 
are made. How much will be on deposit at the end of 5 years? 
Ans. $55.20. 

2. What amount invested today at 6% per year, compounded annually, 
will amount to $8000 in 20 years; that is, what is the present value 
of $8000 under the stated conditions? A ns. $2500. 

3. The annual premium for a certain life insurance policy of $1000 
taken out w'hen the insured person is 20 years old is $22.46 payable 
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in advance. For the same policy the semi-annual premium payable 
at the beginning of the year and then every six months is $11.68 and 
the quarterly premium payable at the beginning of the year and then 
every 3 months is $5.96. The insured person may choose any one 
of these three methods of paying premiums. If he can invest his 
money in a savings bank at 4% per year, compounded quarterly, 
what is the cheapest way of paying the premium? (Hint: Calculate 
the present value of each of the semi-annual and of each of the quar¬ 
terly payments.) 

4. A building and loan association advertises that it pays investors at 
the rate of 8% per year, compounded semi-annually. What would 
$5000, invested now, be worth in 10 years? 

6. The number of people who live to be 65 years of age and who must be 
cared for by a state’s pension fund increases by 3 per cent each year 
over the previous year. Assuming that there are 50,000 people who 
are now 65 or over, how many will there be five years from now? 
A ns. 57,900. 

6. The population of the United States increased from 7.2 millions in 
1810 to 106 millions in 1920. Find the annual rate of increase, 
assuming that the population grew according to the compound inter¬ 
est formula. (Suggestion: Use A = P(1 + i) n to find i.) 

7. Find the time required for a sum of money to double itself at 4% 
per year, compounded annually. (Suggestion: Let P be the sum of 
money; then A - 2 P.) 

8. A boy is to inherit $20,000 at the age of 21. If he is now 14 and 
wishes to borrow the present value of his inheritance, how much can 
he borrow if money can be invested at 4% per year, compounded 
annually? 

9. For a single premium of $573 paid at the age of 21, a certain insur¬ 
ance company will issue an endowment policy paying $1000 at the 
age of 41. What annual rate of interest does the policy earn, assum¬ 
ing that the interest is compounded annually? Ans. .03. 

10. If, in 1066, William the Conqueror had invested $1 at 6% per year 
compounded annually, to how much would this amount today? 
How long would it take the 120 million people in the United States 
to spend this amount if each one of them spent one million dollars 
a minute? 


7. Annuities. Many problems of a financial nature that occur 
in connection with insurance premiums, pensions, installment buy¬ 
ing, etc., are more complicated than are ordinary compound interest 
problems. For example, installment buying certainly involves the 
payment of interest, but the “easy” installments complicate the 
situation if one wishes to determine the actual interest paid, and 
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thus analyze the plan to determine whether or not it is economi 
cal. A common characteristic of insurance premiums, pensions, an 
installment buying is that there is a set periodic payment which, 
in technical language, is called the rent. Originally this rent was 
paid annually and so anything which involved the payment of an 
annual rent came to be called an annuity. The term annuity has 
been extended now to mean any set of equal periodic payments. 
Thus, when we buy a radio at S10 down and S10 a month, we are 
paying for the radio by means of an annuity. When we pay $120 
a year until death for a $5000 life insurance policy we are paying 
for the policy by an annuity. The salary that a man earns is 
usually paid to him either monthly or weekly; it is a series of equal 
periodic payments, and hence it too is an annuity. 

Questions similar to those which arise in interest problems arise 
in annuity problems. For example, if we deposit $5 a month in a 
Building and Loan Association which pays 4% interest per year 
compounded annually, how much money will we have at the end of 
11 years? Here the amount at the end of the 11-year period is 
desired; this amount is called the sum of the annuity. Another 
example of a question that arises is: How much money must I 
invest now in order to get a pension of $300 a year for 10 years, 
if I can invest my money now at 4% per year compounded annually? 
In this problem we are concerned with finding the present value of 
an annuity which will pay $300 annually for 10 years. Thus two 
problems that we must investigate are finding the sum and the 
present value of an annuity. 

Let us now consider the following problem which was proposed 
in article 5 of the preceding chapter. A man puts $100 in the 
bank at the beginning of each year and allows each deposit to 
accumulate interest of 5% per year, compounded annually, until 
he has made 20 deposits. How much will he have at the end of the 
20 years? In the language of this article the man is paying an 
annuity, the rent of which is 8100, and we wish to know the sum of 
that annuity. In the preceding chapter an equation was derived 
which involves the various quantities under discussion. That 
equation is 

a. gQ+QKi+y-H . (1) 

In this equation, S is the sum of the annuity, R is the rent, i is 
the rate of interest the money earns per period, and n is the number 
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of payments made, or the nu m ber of periods. For example, in 
the case of the man who puts SI00 in the bank each year, R is 
100, i is .05, and n is 20. Then <S is computed as follows: 
Substitution in (1) gives 

s = 100 (1.05) [(1.05)” - I) 

.05 

To calculate (1.05)“ we use logarithms as follows: 

log 1.05 = .0212, 
log (1.05)“ = 20 X .0212 = .424. 

Hence ' (1.05)“ = 2.65. 

Then 5 = 100 (1 ° 5 > (1 ' 65) = 105 X 33 = 3465. 

.05 


Hence the sum accumulated at the end of 20 years is $3465. 

Example 1. A man deposits $60 at the beginning of each year 
in a Building and Loan Association which pays 4% per year, com¬ 
pounded annually. How much money will he have at the end of 
11 years? 


Solution. Here R is $60; i is .04; and n = 11. Substituting in 
(1), we obtain 


S 


60 (1.04) [(1.04) 11 - 1] 
.04 


( 2 ) 


We must first calculate the value of (1.04) 11 in order to perform the 
subtraction indicated in (2). We may then apply logarithms again 
to carry out the remaining multiplications and division. 

log 1.04 = .0170, 

log (1.04) 11 = 11 X .0170 = .1870, 

(1.04) 11 - 1.54. 

Hence, substituting in (2) we have 

O 60 (1.04) (.54) 

o = -- 


Evaluating this by logarithms we obtain 

S = 842, to three places. 

Hence the man will have $842 at the end of 11 years. 

To determine the present value of an annuity of rent R , interest 
rate t, and n payments, we must first find the functional relation 
among these quantities. Let us suppose the first payment is to be 
made one year from now. The present value of this first payment 
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R is found by using equation (1) of article 6. We wis o 
what value P must have if it is to amount to R dollars m one year. 
According to this equation 

R = P (1 + i), ' 

( 3 ) 


or 


P = 


1 + i 


Similarly the present value of the payment to be made two years 


from now is 


R 


A _^ W 

(1 + 0 * 

Since this P is different from the one in equation (3), we shall re¬ 
write (3) and (4) as follows: 

R ( 5 ) 


Pi 
P 2 


1 +t 
R 


( 6 ) 


(l + 0* 

The present value of the payment due in 3 years is, by the same 
reasoning, ^ 


Pa = 


( 7 ) 


(1 + 0 * 

The present value of all n payments is the sum of the present 
values of the individual payments, or 


P = 


R 


R 


Ki + 


R 


l+i (1 + iY (1 + i) 


-,+ •“ + 


R 


It is easily seen that if we multiply 
R 


R 


(1 + i) 2 
R 


r- 5 , and that if we multiply 


1 + i 
R 


(1 +i) 


: b y 

2 b y 


(1 -f i) n 

1 


( 8 ) 


1 + i 
1 

1 +i 


we obtain 
we obtain 


— . That is, the terms in (8) form a geometric progression in 

(1 + i) 

which the common ratio is-. By using the formula for the sum 

l+i 

of a geometric progression (see equation (3) of article 5), we obtain 

R 


R _ R / 1 \ n R 
= l+i 1 + i \l + i) = 1 + t 


(1 + i) 


n + l 


1 - 


1 +i 


1 +i 
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By adding fractions in the numerator, we obtain 
R (1 + i) n — R 

P = ( 1 +^)" +1 _ « (1 + »T ~ R 1 + i R (1 + i)» - R 

i (i + i)- +i ' i ~ 


i + * 


i (1 + i) 


or, 


(9) 


r id + j) n - n 

i (i + t)" 

We shall now show how this equation can be used. 

Example 2. A man inherits the income of a trust fund which is 
to pay him $1000 a year for 20 years beginning one year from 
to-day. How much can he realize on the sale of his inheritance 
if money can be invested at 4% a year, compounded annually? 

Solution. The problem is to determine the present value of an 
annuity in which the rent is 81000, i is .04, and n is 20. By substitu¬ 
tion in equation (9), we obtain 

P = 1000 [(1.04)* - 1] 

.04 (1.04)*° 

First computing the value of (1.04)" by means of logarithms, we 
find that (1.04)" = 2.19. 

Hence P = 1000 < L19 > = - 1190 . 

.04 • 2.19 .04 • 2.19 

Now computing P by means of logarithms we obtain 

P = 13,600, approximately. 

Hence the present value of the inheritance is SI3,600. 

Example 3. A man wishes to buy a new automobile. He 
turns in his old one and must pay $414 more for the new one. He 
borrows the $414 from a friend and arranges to pay the principal 
and interest back in equal monthly payments during one year, at 
an interest rate of £•% per month. How much must he pay his 
friend every month? 

Solution. Here we wish to find the periodic monthly payment R 
of an annuity whose present value P is 414. The interest rate is 
i = .005 per interest period, and the number of interest periods is 
n = 12. Hence from equation (9) we obtain 

R [(1.005) 12 - 1] 


414 = 


.005 (1.005) 12 
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Solving for R, that is, multiplying the equation by 
and dividing by (1.005) 12 — 1, we find 

414 X .005 (1.005) 12 
(1.005) 12 - 1 

We first calculate the value of (1.005) 1 *. 


.005 (1.005) 1 * 

( 10 ) 


log 1.005* = .0021661, 
log (1.005) 11 = 12 X .0021661 = .0259932. 
Therefore (1.005) 12 = 1.06168. 


Substituting this value in (10) gives 

R = 414 X .005 X 1.06168 
.06168 


By using five-place logarithmic tables, we find R as follows: 

log 414 = 2.61700, 
log .005 = 7.69897 - 10, 
log 1.06168 = .02599, 

10.34196 - 10, 
log .06168 = 8.79014 - 10 , 
log R = 1.55182, 

R = 35.63. 


In order to see just how this monthly payment of S35.63 will pay 
off both the principal and the interest in 12 months’ time, let us 
consider the following analysis. 

At the beginning of the first month the man owes $414.00. 
During this month the $414 earns £% of $414, which is $2.07. At 
the end of the month he pays $35.63 which pays the interest of 
$2.07 and reduces the principal by $33.56. Thus at the beginning 
of the second month the man owes $414.00 — $33.56, or $380.44. 
During the second month this $380.44 which he still owes earns 
$1.90 interest; hence the second payment of $35.63 pays this 
interest and pays off $33.73 on the principal, thus reducing the 
principal again. Continuing this process we see that in 12 months 
the man will have paid off the $414.00 debt, and will have paid 
interest on the actual amount he owed each month at the rate of 


* This was found in a table of seven-place mantissas. In problems such as this, involving high 
powers, it is desirable to use tables which are accurate to five or more places in order to avoid 
large errors. 
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i% a month, making a total interest charge of S13.56. The follow¬ 
ing table shows the complete analysis: 


Month 

Balance of 
Principal 
Doe at 
End of 
Month 

Interest 
Doe and 
Paid 

Paid Off 
on 

Principal 

Total Paid 
at End 
of Month 

1 

414.00 

2.07 

33.56 

35.63 

2 

380.44 

1.90 

33.73 

35.63 

3 

346.71 

1.73 

33.90 

35.63 

4 

312.81 

1.56 

34.07 

35.63 

5 

278.74 

1.39 

34.24 

35.63 

6 

244.50 

1.22 

34.41 

35.63 

7 

210.09 

1.05 

34.58 

35.63 

8 

175.51 

.88 

34.75 

35.63 

9 

140.76 

.70 

34.93 

35.63 

10 

105.83 

.53 

35.10 

35.63 

11 

70.73 

.35 

35.28 

35.63 

12 

35.45 

.18 

35.45 

35.63 

Totals 

13.56 

414.00 

427.56 


EXERCISES 

1. A man sets aside $200 at the beginning of each year towards a fund 
for his son’s college education. If the money is invested at 6% per 
year compounded annually, how much will be accumulated at the 
end of 10 years? A ns. $2790. 

2. A man agrees to buy a house by making yearly payments of $1000 
for ten years, beginning one year from the date of purchase. What 
would be the equivalent cash price for the house if money earns 
6% per year, compounded annually? A ns. $7350. 

3. If we estimate that the cost of a college education is $2000 (exclu¬ 
sive of room and board) how much should a parent save each year 
at 4% per year, compounded annually, starting from a child’s fifth 
birthday, in order to have the sum necessary to finance his education 
when he reaches 16 years of age? 

4. In order to build a new school building, a village issues $100,000 in 
bonds which will mature in 20 years. How much money must the 
village deposit each year in an account which earns 4% interest 
per year compounded annually so as to meet the bonds when they 
mat ure? A ns. $3230. 

6. A man has $10,000 which he wishes to invest in an annuity which 
will pay him a constant annual amount for ten years, beginning one 
year from now. If money earns 5% per year, compounded annually, 
what annual amount will the man receive? Ans. $1290. 
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6. Some automobile manufacturers are offering a “6% time' 

plan,” which they describe as follows: Take new car unpaid balance, 
add cost of insurance, add 6% of this sum (for the 12 -months plan;, 
divide the total by 12 and that is your monthly payment. Compare 
this plan with example 3 worked in the text assuming that the un¬ 
paid balance is $400 and the insurance is $14. What is the difference 
between these two plans? Notice that the automobile manufac¬ 
turers do not claim that their plan charges 6% interest. Make all 
the substitutions you can in the formula you would use to determine 
the interest charged by the finance company. Do not try to cal¬ 
culate the interest rate, as this calculation requires the solution of an 
equation for which wc have not developed a method. 

7. A man buys a 20-ycar endowment policy which obligates him to pay 
$40 a year at the beginning of each year for 20 years. At the end 
of 20 years, the life insurance company will give him $1000. (His 
beneficiary will collect $1000 if the man dies before the end of 20 
years.) What does it cost the man for his life insurance for that 
period, if money earns 4 % per year, compounded annually? (//t’ni; 
The cost of the insurance is the difference between the amount which 
will be accumulated in 20 years by the annuity of $40 and the $1000 
returned by the company.) 

8. A man owns a policy which, on maturing, gives him two options. 
He may collect $10,000 in cash at once, or he or his estate may re¬ 
ceive $1100 for 10 years, payment to begin one year from the ma¬ 
turity. If money earns 6% per year, compounded annually, which 
option will yield more money? 

9. A man wishes to buy, three years from now, an automobile costing 
$3000. What must he deposit every quarter year, starting now, in 
order that he may have the required amount at the end of the three 
years, provided his deposits bear interest at 4 % per year, compounded 
quarterly? 

10. A factory has $50,000 worth of machinery which must be replaced 
in 10 years. What amount should be set aside at the beginning of 
each year in order to have enough to replace the machinery at the 
end of ten years? Assume that the money can be invested at the rate 
of 5% per year, compounded annually. 


8. Applications of the Exponential Function. In Chapter IX we 
found that the relation between the number of bacteria in a cul¬ 
ture and the amount of time the bacteria were under observation 
could be conveniently expressed by an exponential function of the 
form Q = Q 0 2*. The physical process taking place in the situation 
represented by this equation was growth. The phenomenon of 
growth, however, is not restricted to bacteria in a culture. Plant, 
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animal, and human organisms grow for a period of their lives- 
populations grow; money deposited at compound interest grows \ 
etc. In each of these growth situations the relation between the 
growing quantity and the time can be represented by an exponential 
function. For the growth of a definite sum of money under a fixed 
compound interest rate we have already seen that this is so, and we 
shall find it to be true in other situations. 

Exponential functions like Q = Q 0 2 r and i4 = P(H-i) n can 
be expressed in a form more convenient for calculation by replacing 
2 by a power of 10. For since log 2 = .3010 then 2 = 10 301 °. 
Therefore the equation Q = Q 0 2 l can be written as Q = Q 0 (lO 3010 )', 
or Q = Q 0 1 0 30l0< . Likewise if, in the equation A = P (1 + i) n [ 
i = .04, then A = P (1.04) n ; and since log 1.04 = .0170, 
1.04 = 10 0I |°, and the equation A = P (1.04)" can be written 
A = P 10 0,70n . In general, the exponential equations which we 
shall use in our applications will be of the form 

Q = Qo 10*, (1) 

where the value of r depends upon conditions in the situation. 

Also, no matter what the 
value of r is, when t = 0, 
10* = 1 and Q = Q 0 . Thus 
Qo is the value of Q when 
t = 0 or, in words, Q 0 is the 
quantity present at the in¬ 
stant from which we begin to 
measure time. Fig. 217 shows 
graphically how Q changes 
with t when the relation be¬ 
tween them is as in (1). Note 
that for each value of r, Q has 
the value Q 0 when t = 0. For 
convenience 10 is used as the 
value of Q 0 . 

Just as physical quantities grow according to the exponential 
function (1), so many physical quantities decrease in value accord¬ 
ing to an exponential function. A hot object put in cool sur¬ 
roundings gradually loses its heat; buildings decline in value; radio¬ 
active substances give off rays which cause them to decrease in quan¬ 
tity; and the pressure of the atmosphere decreases gradually as we 
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increase our altitude. A function such as 10 1 , that is, decreases 

6teadily in value as t increases, and functions like this, or slightly 
more complicated, are useful in representing variables which are 
steadily decreasing in value. Functions which represent such de¬ 
creasing values are often of the form 

Q = Qo 10" rt , ( 2 ) 

which should be compared with (1) above. Fig. 218 illustrates how 
Q varies with t according to relation (2). For convenience 10 is 
again used as the value of Q 0 . 

The examples and exercises will indicate numerous applications 
of functions such as (1) and (2). 



Example 1. The equation N = 100 X 10' 2173 ' gives the number 
of bacteria N , that are present after t hours. Find how many 
bacteria there are when t = 0; when t = 4. Find the time required , 
for the original number of bacteria to double itself. 

Solution . (a) When t = 0, N = 100 X 10° = 100. That is, 

there are 100 bacteria at the instant from which time is measured. 

(b) When t = 4, N = 100 X 10 2173X \ 

N = 100 X 10 8692 . 

Since the logarithm of a number is the exponent of the power of 
ten which equals that number, the logarithm of 10 8692 is .8692 and 
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the value of 10‘ 8892 may be obtained by finding the anti-logarithm of 
.8692. This is found to be 7.40. Hence 


N = 100 X 7.40 = 740. 

In words, 4 hours after there are 100 bacteria, there are 740. 

(c) To find the time required for the original number of bacteria 
to double itself, we note that since there are 100 to start with, 
there must be 200 at the time in question. For this value of t 


we have 
Hence 

By the definition 
(3) becomes 

But 

hence 


100 X 10 

,.21781 


200 = 

2 = 10 
log 2 = log 10* 21781 
of a logarithm, log 

.2173 t. 


.21781 


10 


.21781 


is .2173 t. 


(3) 

Then 


log 2 
log 2 
.2173 t 

t 


.3010; 

.3010, 

.3010 

.2173 


1.4, approximately. 


That is, the number of bacteria is doubled in about 1.4 hours. 

The function used in example 1 represents the growth of bacteria 
accurately only for a limited amount of time. Because physical 



factors affect the medium in 
which the bacteria grow the 
rate of growth does not remain 
constant; a typical graph of an 
actual situation is shown in 
Fig. 219. The equation of this 
curve is a more complicated 
exponential function, similar to 
equation (3), Chapter XII, ar¬ 
ticle 7. The broken line in the 
figure indicates approximately 
how an exponential function 
such as we used in example 1 
differs from the true curve. 


Figure 219 


Hence we would be justified in using our exponential function only 
for a portion of the time during which the bacteria are under obser¬ 
vation. To study the growth of bacteria over a longer period of 
time, it would be necessary to work with the more complex exponen¬ 
tial function referred to. 


ART. 81 


EXPONENTIAL FUNCTIONS 


363 


Example 2. A distant star has a temperature of 20,000 Fahr- 
enheit, and is losing heat continuously in accordance with t e 
equation Q = Q„ lO" 0434 , where Q 0 is the present temperature and 
Q is the temperature at time t (measured in millions of years). 
Find the temperature in 7 million years. 

Solution. Substitution of the known values in 

Q = Qo lO” 04344 


Q = 20,000 - 10 


— . 0434 * 


-.3038 


gives 

For t = 7, Q = 20,000 • 10” 0434,7 = 20,000 • 10 

We could calculate the value of 10~’*** as in part (b) of the previous 
example except that — .3038 is a negative mantissa, whereas the 
mantissas in our table are all positive. However, by adding and 
then subtracting 10 from — .3038, we may write it as 9.6962 — 10, 
so that we now desire the value of io 9 - 6962 " 10 . The logarithm of 
this number is 9.6962 — 10, and by the usual method of finding the 
antilogarithm we obtain .497. Hence Q = 20,000 • .497 = 9,940. 
The star’s temperature in 7 million years will therefore be 9,940°. 

Example 3. Between 1790 and 1890 the population growth 
of the United States followed approximately the equation 
y = 3.9 X 10 012 *, where y is the population in millions and x is 
the number of years after 1790. Calculate the population in 1900. 
Solution. Since 1900 is 110 years after 1790, we must substitute 

110 f ° r Xin y = 3.9 X 10 °“*. (4) 

This gives y = 3.9 X 10 0,,xl, ° = 3.9 X 10' 

Using logarithms to calculate t/, we obtain 

log 3.9 = 0.5911, 
log 10 1 ” = 1.3200 , 
log y = 1.9111, 
y = 81.5. 


, 1.32 


Thus we compute the population of the United States in 1900 to be 
81.5 million. Actually the population was 75,995,000. Thus equa¬ 
tion (4) is not a very accurate representation of the population 
growth in the United States beyond the period from 1790 to 1890, 
but within this period it is fairly accurate. 

Equations such as (4) above must be used with caution. Popu¬ 
lation growth follows an exponential function of the form 
y = a • 10^, where a and b are constants, only for a limited amount 
of time. Numerous studies of population growth indicate that 
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the actual curve of growth is of the type shown in Fig. 231. As 
we shall see in the discussion of this graph, the growth of bacteria 
and of human population possess marked similarities. In each of 
these cases the graph differs considerably from a simple, exponential 
curve, but resembles that shown in Fig. 219. 

EXERCISES 

1. If P is the pressure of the atmosphere, measured by the number of 
inches of mercury which the atmosphere can support, and if h is the 
height above sea-level in miles, then 

P = 29.9 X 10” 0369 \ 

Calculate (a) the pressure at sea-level, that is, where h = 0; (b) the 
pressure two miles above sea-level. Ans. (a) 29.9 in.; (b) 20 in. 

2. The number of bacteria in a culture increased according to the rela¬ 
tion Q = Q 0 10 0S2U , where Q 0 is the number present at the start and 
Q is the number present t hours later. Calculate the number present 
after 6 hours if there were 100 to start with. When was the number 
present 300? Ans. (a) 205; (b) in 9 hours. 

3. For a period of its life the growth of a tree follows approximately the 
law D = D 0 1 0 0434 * where D 0 is the diameter in inches at the begin¬ 
ning of this period and D is the diameter in inches t years after the 
beginning of this period. If D 0 is 6, find the diameter of the tree 
8 years later. Ans. 13.3 inches. 

4. A particular office building decreases in value continuously according 
to the law V = 1,000,000 X 10” 02,7t , where ( is the time in years 
measured from the completion of the building, and V is the value in 
dollars. What will the building be worth 10 years after it is com¬ 
pleted? 

5. Sunlight transmitted into water loses intensity as it penetrates to 
greater depths. Assuming the relation 7 = 7 0 lO” 00174 **, where / is 
the intensity at a depth of d feet, and 7 0 is the intensity at the sur¬ 
face, find the ratio of 7 to 7 0 at a depth of 300 feet. At what depth 
would the intensity be decreased by one half? 

6. The sun loses heat continuously according to the equation 
T = 12,000 X 10~ 0868 *, where T is the temperature in degrees and 
t is the time in millions of years. What will the temperature be in 
10 million years? 

7. The intensity 7 of light transmitted by a certain type of glass is given 
by the equation 7 = 7 0 10” 0434 *, where 7 0 is the intensity before enter¬ 
ing the glass and t is the thickness in inches of glass traversed. Find 
the comparative loss in intensity after the light passes through one 
inch of glass. (Hint: Find the ratio of 7 to 7 0 .) 

8. The healing of a cert ain wound follows the equation A = 107 X 10” 0221 ', 
where A is the area of the wound in square centimeters after t days. 
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What should the area be after 4 days? Suppose that in an actual 
case the area turned out to be much larger than the calculation in 1 - 
cated it should be. Assuming the equation to be correct, what con¬ 
clusion would you draw about the wound? 


9. Summary. This chapter has been devoted to illustrating 
the use of functions in answering practical questions. The situa¬ 
tions dealt with in the articles 2 to 4 involved motion and forces 
producing motion. Though these situations themselves did not 
carry us far into the problem we have only to think over our daily 
experience to see how often motion is a factor in it. We ride in 
automobiles or in subways, which are safe and effective only be¬ 
cause many problems involving motion have been satisfactorily 
settled. 

The uses of functions in the field of finance are of great practical 
importance for everyone. Many people provide for their depend¬ 
ents by means of insurance and for their old age by means of a 
pension. Most people do installment buying, or purchase homes, 
the latter usually involving mortgage amortization and the payment 
of interest. These uses of functions in finance are additional to 
those which business people are called upon to handle daily. Too 
often people are dependent upon the advice of so-called experts, 
who are frequently adept at concealing matters which a knowledge 
of these functions brings to light. 

The illustrations of the use of the exponential function in article 8 
give some idea of the variety of fields in which that function is 
employed, which include physics, biology, medicine, and sociology. 

We have selected only a few examples of the practical applications 
of functions, and particularly of functions expressed by equations. 
But the reader should appreciate the fact that the chapter is merely 
an illustration of the possibilities rather than an exhaustive study of 
the use of functions. 

Perhaps one more observation should be made about the use of 
equations. As has been said elsewhere, the most concise and com¬ 
plete form for representing a function is an equation. Statement 
of the function by an equation makes possible the application of 
the processes of algebra to answer questions involving the function. 
It should be clear from the many questions considered that exact, 
numerical values are almost always desired in the practical use of 
functions, and the equation furnishes these values. 
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In the next chapter we shall consider further uses of functions, 
but these new uses are to be distinguished from the ones in this 
chapter. Both types of usage could be described by the word 
practical, but they differ in purpose, just as our efforts to earn our 
daily bread differ from our efforts to learn to appreciate good music. 
The use of functions in this chapter may be likened to the first ' 
type of effort; that of the next chapter to the second. 

REVIEW EXERCISES 

1. What is the purpose of this chapter? 

2. How is the work of this chapter related to that of the preceding one? 

3. Why do equations as representations of functions play such an im¬ 
portant rdle in the work of this chapter? 

4. State some practical questions that were answered in this chapter 
in connection with each of the following topics: (a) motion in a 
straight line, (b) interest and annuities, (c) growth. 
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1. Currier, C. H., and Watson, E. E.: General Mathematics. Pages 235- 
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27 and 28 are on compound interest and annuities. There are many 
illustrative examples. 

3. Rietz, H. L., Crathorne, A. R., and Rietz, J. C.: Mathematics of 
Finance. Chapter I has a discussion of simple and compound interest. 
Chapter II carries the work on annuities much further than does the 
present book. 
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TOPICS FOR FURTHER STUDY 

1. Special types of annuities. See Curtis and Cooper, Chapter 29. 

2. Bond problems. See Curtis and Cooper, Chapter 30. 
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FUNCTIONS AS QUANTITATIVE 
DESCRIPTIONS 

1. Introduction. We value sqme knowledge because it serves a 
useful purpose in our daily lives, and other knowledge simply 
because it satisfies a desire to know. Our knowledge of harmful 
bacteria is of the first kind, while our knowledge of biological evolu¬ 
tion is primarily of the second kind. Similarly, we value mathe¬ 
matical functions, curves and equations, which describe situations 
in daily life and science, sometimes because they serve a practical 
purpose, and sometimes because they satisfy a desire for a better 
understanding of the situations involved. 

These two aspects of functions were considered in the preceding 
chapters, though more emphasis was placed on their first, or practi¬ 
cal, aspect. In the present chapter we shall emphasize their second 
aspect; that is, functions as quantitative descriptions of situations. 

We shall first consider some physical phenomena of a periodic 
character; namely, sound, electricity, and light. Then we shall 
consider a mathematical way of describing the phenomena of 
growth, with especial application to the growth of a population, a 
topic which has both biological and sociological significance. This 
will be followed by a quantitative description of some simple rela¬ 
tions in economics. After this, we shall consider normal distribu¬ 
tion, a type of functional relation which has applications in many 
fields. Finally, we shall note the role of functions in two fields 
usually regarded as non-mathematical, namely, psychology and 
aesthetics. 

2. Nature of a Sound Wave. Sound is the sensation we feel 
when a certain kind of vibratory motion of a physical body is con¬ 
veyed to our ear through the medium of the air. Thus, if the 
prong of a tuning fork is struck, it will vibrate or oscillate very 
rapidly about its original position of rest. These vibrations drive 
the neighboring air particles back and forth, making them vibrate 
too. These in turn make their neighbors vibrate, and so on, until 
finally this moving disturbance reaches our ear drums. The latter 
are then made to vibrate and the resulting sensation is a sound. 
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The moving disturbance in the air that produced the sound is 
called a sound wave. 

Let us examine the sound wave more closely. As the prong 
moves to the right, for the first time, into the position indicated 
by the dotted line, a, in Fig. 220, it produces a crowding called 
a condensation. The increased pressure occurring with this crowd¬ 
ing causes air particles in this crowded region to move to a new 
region, further to the right, where there is not so much crowding. 
But then this new region becomes crowded, so that the same thing 
happens all over again. In this way the crowding, or condensation, 
moves to the right away from the prong. In the meantime, how¬ 
ever, the prong has moved back to the left beyond its central or 

original position into the por¬ 
tion indicated by the dotted 
line, 6, in Fig. 220, leaving in 
its wake a comparatively va¬ 
cant region and hence produc¬ 
ing there a rarefaction. The 
air situated to the right of this 
prong will therefore move into 
this less crowded region, leav¬ 
ing in its wake another rarefied 
region. The air further to the 
right will then move to the left 
into this rarefied region, and so 
Figure 220 on. The net effect of all this 

is to have the rarefaction move 
to the right, away from the prong. When the prong moves to the 
right again, another condensation moves to the right, and when the 
prong moves to the left again, another rarefaction moves to the 
right. Each complete oscillation of the prong thus causes a con¬ 
densation and rarefaction to move away from it. 

These condensations and rarefactions moving away from the 
prong of the tuning fork, in alternation, are the sound waves. In 
our discussion we considered this motion only to the right of the 
prong. Actually condensations and rarefactions move off in all 
directions. It is of importance to note that the air particles them¬ 
selves do not move from the tuning fork to the ear. Although all 
the air particles in a particular region do not move in exactly the 
same way as a result of the disturbance, nevertheless, experiment 
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has established the fact that the net effect of their collective move¬ 
ments is a vibration of the air particles back and forth. In these 
vibrations the particles move only very small distances, from 1 
of an inch to \ of a billionth of an inch. To illustrate this collective 
vibration, it is convenient to choose a 
and describe its motion. This is shown 
in Fig. 221. The particle P is originally 
at 0. The crowding causes it to be 
displaced to the right, to A. The 
rarefaction then causes it to move back 


l UlUuviMVv — -- 

single vibrating particle P 


B_ 


o 


to B; the next crowding causes it to 

move back to 0, thus making one complete vibration. Without 
stopping at O, however, the particle goes through the whole set of 
motions, again and again. 


These air vibrations which result from the collective movements 
of the air particles are vividly shown by a very delicate instrument 
called a phonodeik. When a sound is produced near this instru¬ 
ment it records the air vibrations in the form of a graph which 
shows the displacement of the air as a function of the time during 
which the vibrations are recorded. Fig. 222 shows the graph result- 


Displa cement 



ing from the sound of a tuning fork. The resemblance of this 
curve to the graph of y = sin x in Chapter IX, article 10, will be 
noted immediately. It is, like that graph, periodic with period 
equal to 0i0 3 and has its amplitude equal to O x A. 

For convenience, let us use Fig. 222 in connection with the dis¬ 
placement of the typical air particle P in Fig. 221. Let us assume 
that a displacement to the right is toward the receiver of the 
phonodeik. Then the first complete vibration of the air particle 
(Fig. 221) is recorded in the curve (Fig. 222) from Oi to 0 3 , and the 
second complete vibration is recorded from 0 3 to 0 5 . For each 
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pomt on the curve, the abscissa represents the time after the air 
disturbance started and the ordinate represents the displacement 
of the air particles near the phonodeik at that time. A positive 
ordinate indicates a displacement to the right of the original posi- 

tmn of the air particles, and a negative ordinate a displacement 
to the left. 


All the sounds we hear result from sound waves such as have 
just been described. Some sounds, however, are pleasanter than 
others. Musical sounds, for example, are generally pleasanter 
than unmusical sounds. This difference can be accounted for, in 
part, by physical reasons. It has been well established by ex¬ 
periment that musical sounds are produced only if the vibrations 
of the air particles are periodic, that is, if all vibrations are alike 
and take place in the same length of time. If the vibrations are 
not periodic, the resulting sound is generally noise. This is shown 
by the graphs of the phonodeik. In article 4 it will be seen that 
musical sounds may be described by means of the periodic func¬ 
tions which were discussed in Chapter IX, namely, the trigonometric 
functions. 

3. Properties of Musical Sounds. Each musical sound has three 
properties that serve to distinguish it from other musical sounds, 
namely pitch, loudness, and quality. The pitch of a sound is its 
relative position in the musical scale. Thus, a soprano produces 
tones of higher pitch than does a basso. The loudness of a sound 
refers to its strength. Thus, a clap of thunder makes a louder 
noise than does the drop of a pin. By the quality of a sound is 
meant that which distinguishes it from other sounds of the same 
pitch and loudness. Though a violinist and a flutist should pro¬ 
duce tones of the same pitch and loudness, we would still recognize 
a difference in quality of the sounds. 

It is natural to ask whether pitch, loudness, and quality of musi¬ 
cal sounds can be explained by physical reasons, that is, in terms 
of the properties of air vibrations. This question can be answered 
with the help of the phonodeik. 

When musical sounds of different degrees of loudness are recorded 
by the phonodeik, the graph of the loudest sound has the greatest 
amplitude, while the amplitudes of the other graphs are propor¬ 
tional to the loudness of the sounds that produced them. From 
this we conclude that the loudness of a sound depends on the ampli¬ 
tude of the corresponding air vibrations, the greater the amplitude, 
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the louder the sound. This is a natural result ^ expect, jor^we 

know from experience that when a loud sound p 

guitar string, the string undergoes a greater displacement than fo 

a The 1 phonodeik shows that sounds having the same pitch pro- 
duce graphs having the same period. From this we in er a 
the air vibrations producing the sounds have the same period. 
Further, the graphs of high-pitched sounds have smaller period 
than those of low-pitched sounds, and hence the period of air vibra¬ 
tions is smaller for high pitches than for low. Thus the sound 
known as middle C is produced when one complete vibration re¬ 
quires of a second, while the sound pitched one octave higher 
has a period of df a second. Instead of stating the period ot 
a sound we may state its frequency, that is, the number of vi rd ~ 
tions per second. Thus, the frequency of vibrations for middle C 
is 256 per second while the frequency of the tone one octave higher 
is 512 per second. Since the period is smaller for high pitches than 
for low, the frequency is greater for high pitches than for low. 

The phonodeik is helpful in explaining the quality of a musical 
sound. If a sound of the same pitch and loudness is produced 
successively by a tuning fork, violin, and clarinet, the graphs 
which are recorded have the same period and amplitude, but clif- 
fer in form (Fig. 223). Since the three sounds differ only in quality 
it is natural to infer that there is a relation between the quality 
of a sound and the form of its graph as recorded by the phonodeik. 
This inference is reinforced by the fact that graphs of different 
pitches on the same violin string always have the same general 
shape, and in the same way the graphs of the tones of each musical 
instrument have their own individual forms. We may therefore 
say that the quality of a musical sound depends on the form of 


its graph. 

Since each graph is an expression of the functional relationship 
between time and displacement, the form of each graph records 
the way in which the air particles are displaced in time. If the 
graphs in Fig. 223 are compared, it is noted that there are strik¬ 
ing differences in the manner of displacement of the air particles. 
The graph of the tuning fork tone shows the simplest air displace¬ 
ment. The air displacement is more complex for the violin tone 
and still more complex for the clarinet tone. 

In the following article we shall see what is responsible for this 
difference in complexity of air displacement. 
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4 . Simple and Composite Musical Sounds. Of all the graphs 
of sound vibrations, that of the tuning fork sound has the simplest 
form, and it can be shown, by reasoning from physical principles, 
that this graph is identical with that of an equation of the form 
y = a sin bt, where t is used instead of x to represent the inde¬ 
pendent variable. Sounds whose graphs as obtained by the phono- 
deik have this simple form are called simple sounds. All others 
are called composite sounds. If we let t represent time and y 
represent the displacement of the typical air particle in the case 
of a simple sound, the formula y = a sin bt expresses the functional 
relationship between t and y. The amplitude of this function is a, 


and its period is 


360 

b 


(see Chapter IX, article 11). 


This means that 
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the amplitude, or greatest displacement of the air vibrations, is a 
inches and the period of vibration, or time required for one complete 

vibration, is seconds. For example, if a tuning fork is struck 
b 

so that the amplitude of vibrations of the air particles is .001 inch, 
then a = .001. If the fork makes 200 complete vibrations per 
second, so will the air particles. Hence the latter take tStt of a 
second for one complete vibration. This number is their period of 

. 360 

vibration. Since the period of the corresponding function is —g- > 

to determine b we must have = -p—. Hence b = 72000. The 

o ^uu 

function which describes the air vibrations in this case is y = *001 
sin 72000 t. The graph ap¬ 
pears in Fig. 224. 

We may call y = a sin bt 
the formula of a simple sound. 

Of all the well-known musical 
instruments, only the flute 
produces simple sounds. The 
violin and the clarinet, for 
example, produce composite 
sounds since their graphs 
are not represented by functions of the type y = a sin bt. 

It is a remarkable fact that the quality of each composite sound 
can be duplicated with tuning forks in proper combination. For 
example, a tone whose quality is almost indistinguishable from 
the quality of a violin tone of frequency 500 can be obtained by 
producing simultaneously three tuning fork sounds with frequencies 
of 500, 1000, and 1500 vibrations per second, and relative intensi¬ 
ties of 6, 2, 1, respectively. That is, the sound with a frequency 
of 500 is to be 3 times as loud as the sound with frequency 1000, 
and 6 times as loud as the sound with a frequency of 1500. 
These three tuning forks impose their own vibrations on a typical 
air particle simultaneously, so that it moves back and forth in a 
straight line, and the tone which results from such motion of air 
particles is recorded by the phonodeik as a single graph. The 
shape of this graph depends on the relative times at which each 
vibration started, but in all cases the quality of the sound is found 
to be the same. Moreover it is possible to adjust the beginning of 
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these vibrations so that the graph recorded by the phonodeik closely 
resembles that of the tone of a violin (see Fig. 226). Hence the 
function corresponding to the resulting tone when the starting 
times are so adjusted is approximately that corresponding to the 
violin tone. But, since the quality of the tone is the same when 
the vibrations start together, we may consider the description of 
the resulting tone in this case as a description of the violin tone 
itself. Let us determine the function corresponding to the re¬ 
sulting tone in this case. 

Since the phonodeik records a single graph for the combination 
of the three sounds, we conclude that at each instant (that is, 
for each value of t) the air particles have one displacement. This 
one displacement, however, must be the result of the three dis¬ 
placements imposed simultaneously on the air particles by the 
three component sounds. Hence, since the displacements are in 
the same straight line, this resultant displacement at each instant 
is the algebraic sum of the three component displacements. As¬ 
sume, for example, that at a certain instant the 3 sounds would 
impose simultaneously upon an air particle displacements of .003, 
.002, and — .001 inches, respectively, the first two indicating dis¬ 
placements to the right, and the third a displacement to the left. 
Their algebraic sum is .003 + .002 + (— .001), or .004. Hence 
the air particle would actually be displaced .004 inches to the 
right of its original position. This resulting displacement would 
be recorded in the graph. In other words, the graph of the re¬ 
sulting tone is the “sum” of the graphs of the three component 
tones (see Chapter IX, article 11). Hence the function repre¬ 
senting the resultant tone is the sum of the functions for the 
three component tones. Each component tone is a simple tone, 
and hence corresponds to an equation of the form y = a sin bt. 
Let the three equations be y x = a x sin bi t, y 2 = ch sin b 2 1 } and 
y 3 = a 3 sin b 3 1 , where y u y 2i and y 3 represent the respective dis¬ 
placements of the three tones and the a’s and the b J s are constants 
whose values will be determined presently. The resulting dis¬ 
placement at each instant is the sum of these three displacements, 
and hence is y x + 1/2 + 2 / 3 - Representing this sum by y, we obtain 
as the functional relation corresponding to one resulting displace¬ 
ment, 

y = a x sin b x t + a 2 sin b 2 t + a 3 sin b 3 1. (1) 

This function of t , therefore, represents the resulting tone. 
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Now let us determine the values of the a’s and 6’s. Since e 
relative intensities of the three sounds are 6, 2, 1, the relative 
maximum displacements of the air particles will be 6, 2, 1. Let us 
assume that the actual maximum displacements are .006, .002, and 
.001. These numbers are therefore the amplitudes of the cor¬ 
responding functions, that is, the values of a u a 2t and a 3 , respectively, 
in equation (1). The tone with frequency 500 has the period 

Hence 6, = 180,000, since — = —. The tones with frequencies 

&i 500 

1000 and 1500 have the periods n and i ~ s W> respectively. Hence 
b 2 = 360,000 and b 3 = 540,000. Substituting these values of the 
a 's and b’s in (1), we obtain 

y = .006 sin 180,000 t + .002 sin 360,000 t + .001 sin 540,000 t (2) 
as the functional relation representing the single resultant tone. 
This function looks rather imposing because of the size of the 
constants, but it is a type of trigonometric function which we met 
in Chapter IX, article 11. Its graph can be obtained from the 
three graphs of the terms on the right-hand side by the method 
of addition of ordinates. Fig. 225 shows these graphs, while Fig. 

v 
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226 shows the three simple curves in such positions that their sum, 
obtained by the addition of ordinates, has approximately the same 
shape as the graph of the violin tone in Fig. 223. Since the periods 



Figure 226 


of these three graphs are 
toW> T5"o o> the period of their 
sum is 3 -^ (see Chapter IX, arti¬ 
cle 11 ). 

From this discussion we con¬ 
clude that equation ( 2 ) expresses 
the functional relationship be¬ 
tween displacement and time for 
a tone which has approximately 
the same quality as the tone of 
a violin. Since the three terms 
on the right-hand side are the 


functions corresponding to the three simple tones produced by the 
tuning forks, we say that the composite tone affects our ears as if 
it were composed of these three simple tones. 


It was stated above that three tuning forks, vibrating with 
amplitudes and periods as given, produce a resultant tone which 
closely approximates in quality the tone of a violin. A closer 
approximation to the tone of a violin could be obtained by the use 
of still more tuning forks with suitable amplitudes and periods. 
The simple tones of these tuning forks are called the partials of the 
resultant tone. Therefore, since the tone of a violin sounds as if it 
were made up of several simple tones like those produced by the 
tuning forks, it is considered a composite tone. The simple tones 
of which it seems to be composed are called its partials. Of all 
the partials of a given tone, there is one of smallest frequency, 
called the first partial, or fundamental tone. The pitch of a com¬ 
posite tone is the same as that of the first partial, as will be ex¬ 
plained presently. The frequencies of the other partials are mul¬ 
tiples of the frequency of the first partial. For example, a violin 
tone with a frequency of 500 has a first partial with a frequency 
of 500, a second partial with a frequency of 1000, a third partial 
with a frequency of 1500, and so on. The partials differ in loud¬ 
ness, the first partial generally being the loudest of all. 

The fact that the frequency of the composite violin tone is the 
same as that of the first partial is not to be accounted for entirely 
by the fact that the first partial is generally the loudest of all the 
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partials. More important is the fact that the vibrations of the 
air produced by the composite tone have the frequency of the first 
partial since this is the smallest frequency of all the partials. 1 o 
understand why this should be so, let us examine the equation ( 2 ) 
which represents the composite tone. The periods of the functions 
on the right-hand side are 3 -$^, ioV o> and T 3 W> respectively. The 
greatest of these, s&o, is twice the second, and three times the third. 
Hence 5^-5 is the period of the sum of these three functions, as 
was shown in Chapter IX, article II. In other words, the period 
of the composite tone equals the period of the first partial, since 
this partial has the greatest period, and the other partials have 
periods which are exact divisors of this one. Since greatest period 
means smallest frequency, we s 6 e that the frequency, and therefore 
the pitch, of the composite tone is the same as that of the first 
partial. 

The quality of all composite musical sounds is explained in the 
same way as the quality of the sound of the violin has been ex¬ 
plained, that is, in terms of simple or partial tones. To each com¬ 
posite tone there corresponds a functional relation similar in form to 
equation (2). In the case of the tone of the violin we considered 
only the first three partials and hence obtained a function con¬ 
sisting of the sum of three terms. Actually, this tone, as well as 
most composite tones, consists of many more higher partials. Hence 
the function we obtained was only an approximation of the true 
function representing the tone. The approximation, however, was 
a good one since, for this tone, the higher partials are weak as 
compared with the first three. If we wished to consider the first 
five partials, we would obtain a function consisting of the sum of 
five terms, each of the form a sin bt. In the same way each com¬ 
posite musical sound can be represented by a trigonometric function 
consisting of the sum of such terms. The accuracy of the repre¬ 
sentation would depend on the number of terms used, since the 
greater the number of terms the greater the number of partials 
considered. 

I he quality of a composite sound depends not only on what 
partials are present but, more specifically, on the relative loudness 
of its partials. For example, in the tone of an oboe, the fourth, 
fifth, and sixth partials are much louder than the first three partials. 
This may account for the characteristic shrillness of the oboe. 
In a clarinet tone, the eighth, tenth, ninth, first, and third partials 
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are loudest, in this order. Even on the same instrument we find 
differences in quality of tone, due to differences in the relative 
loudness of the partials. Thus, for a tone on the E-string of a 
violin, the first partial is by far the loudest, while on the G-string 
the first partial is the weakest of the first five partials, the fourth 
being the loudest. 

In closing this discussion of sound, let us single out the idea 
most worthy of attention from our point of view. It is that each 
musical sound has a quantitative aspect which can be described 
by trigonometric functions. More precisely, each musical tone 
has a functional expression which is determined by the quality, 
pitch, and loudness of the tone. 

EXERCISES 

1. What is a sound wave? 

2. Why is musical sound called a periodic phenomenon? 

3. Upon what three properties of the vibrations of air do the pitch, 
loudness, and quality of a musical sound depend, respectively? 

4. What is a simple musical sound? 

6 . Write down the type equation which represents the functional rela¬ 
tionship between displacement and time for a simple musical sound. 
Explain the meaning of the constants in that equation. 

6 . When a flute is played softly in the middle register, the resulting 
sound is practically a simple sound. What is the formula for such a 
sound whose frequency is 500 and amplitude is .001 inch? Explain 
the meaning of this formula. 

7. What is a composite musical sound? 

8 . Describe the form of the equation representing a composite sound. 

9 . What are partial tones and what do they have to do with the quality 
of a composite tone? 

10. In what sense do the formulas discussed in the text describe musical 
sounds? 

6 . Electricity and the Sine Function. One of man’s greatest 
servants in modern times is electricity, and to a large extent its 
widespread use has been made possible by the alternating current, 
which can be transmitted over long distances more econonucally 
than direct current. By studying the method of generating an 
alternating current we shaU see that such a current is periodic and 
can be described by means of the sine function. Fig. 227 a 

simplified form of a generator. A rectangular loop of wire, AJJLV, 
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is attached to a rod R, the loop and rod being placed between 

the north and south poles of a magnet. . , 

When the rod R is made to rotate, the loop of wire will also 
rotate, and as it does so a phenomenon known as “electro-magne ic 
induction ” takes place in the 
wire. Suppose that at the 
start the plane of the wire is 
vertical with AB beneath the 
rod and the rod rotates so that 
AB comes up on the right 
and continues around at a 
constant speed. As AB goes 
from its lowest to its horizon¬ 
tal position on the right an 
electric current begins to flow 
around the wire in the direc¬ 
tion from B to A and, moreover, the current increases in quan¬ 
tity gradually until the loop is horizontal, at which time the 
current is at a maximum. As AB continues towards the upper 
part of its path the current decreases in quantity, and is non¬ 
existent at the highest position. As AB continues toward 
the horizontal position on the left again a current appears in the 
wire, this time in the direction from A to B and, again increasing 
in quantity, reaches a maximum value for the new direction when 
the loop is horizontal. Then, as A B goes back to the lowest posi¬ 
tion of its path, the current diminishes in value, gradually dis¬ 
appearing as A B reaches that lowest position. As the rod continues 
to rotate, the whole process repeats itself for rotation after rotation. 

Perhaps the reader is somewhat mystified by the process de¬ 
scribed above. What is this electric current which increases and 
decreases in the wire and then, reversing its direction, repeats the 
process as long as the rod rotates? We wish, along with many 
others, that we could clear up this mystery of nature. To explain 
it, physicists offer a theory which, like all theories of science, may 
have to give way to another when more knowledge is available. 
This theory states that a flow of very small particles, called electrons, 
takes place along the wire as it rotates, very much as water flows 
through a pipe. The number of such particles passing a point in 
the wire each second serves as a measure of the flow. Such meas¬ 
urement is made by means of an instrument, the common unit of 
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measure being the ampere. It is not necessary for us to define 
ampere precisely in order to gain an idea of its meaning. To say 
that the currents flowing in two different wires are 10 and 5 am¬ 
peres, respectively, means that twice as many electrons pass a 
given point in the first wire as pass a given point in the second 
wire, in the same time. Just as flowing water exerts a pressure 
so flowing electrons exert a pressure, which is called electromotive 
force. This pressure can be measured by suitable instruments; 
and the common unit of measure is the volt. In electro-magnetic 
induction both the amperage and voltage increase and decrease, 
as explained above. 

This theory of flowing electrons is simple and hence convenient, 
but we cannot be sure that it describes exactly what is taking place 
in the wire. Of course no physical theory can give us certainty. 
Nevertheless, the phenomenon has a quantitative aspect, since the 
quantity and pressure of the electronic flow can both be measured. 
What is more, since each of these varies with the time, there are 
two functions involved. If we can discover mathematical expres¬ 
sions for these functions, we shall have a quantitative description 
of electro-magnetic induction. Since this quantitative description 
is concerned only with measurements, and not with the nature of 
the things being measured, it may be more permanent than the 
qualitative theory of electrons. 

To find the first of these functions, let 7 represent the number of 
amperes and t the time. Assume that the rod rotates at a constant 
speed, in which case the loop of wire will do likewise. Let the time 
t = 0 correspond to the position of the loop when A is directly 
under the rod. In this position, experiment shows that 7 = 0. 
When the loop rotates counterclockwise (Fig. 227), 7 increases, and, 
when the loop has rotated through 90°, 7 has its maximum value. 
When the loop has turned through 180°, 7 = 0. From 180° to 
270°, 7 is negative and increases numerically, taking on its greatest 
numerical value at 270°. Then, frqm 270° to 360°, 7 is negative 
and decreases numerically, and at 360°, 7 = 0. When the angle 
increases beyond 360°, the values of 7 are repeated. It appears 
then that we are dealing with a periodic phenomenon and that if we 
designate the angle of rotation by 0, the relations between 7 and 0 
might involve sin 0. In fact, experiment has established the rela¬ 
tion to be 


7 = a sin 0, 


(i) 
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where a is a constant depending on many factors in the situation, 
such as the strength of the magnets and the distance from A to 
on the loop. The greatest value of / is a. 

We wanted to express I as a function of t, not of 6. To do this 
let us note that 0 depends on t , for, since the loop rotates at a 
constant speed, the angle turned through depends only on the time 
it has been turning. Thus if b denotes the number of degrees 
turned through by the loop each second, bt denotes the angle 
turned through in t seconds. Hence 0 = bt. For example, if 
b = 30, and t = 5, the loop has rotated through an angle of 
0 = 30 • 5 = 150 degrees at the end of 5 seconds. Replacing 0 
by bt in (1), we obtain 

I = a sin bt, (2) 

which is the relation sought. Similarly, the relation between 
electromotive force E and time t could be shown to be 

E = ai sin bt. (3) 

The trigonometric functions (2) and (3) have the same period 
360 

, which was to be expected. The period represents the time 
b 

required for the loop to make one complete revolution and hence 
also represents the time required for the current to go through 
one complete cycle of changes. The alternating current which 
furnishes electricity to most homes has a period of xfo of a second. 
This means that for the corresponding trigonometric functions (2) 

OnA 1 

and (3) the period —- = —-, so that b = 21,600. The resulting 

b 60 

functional relations are 

I = a sin 21600 t (4) 

E = a x sin 21600 t. (5) 

One period of the graph of each appears in Fig. 228. These graphs 
show the way in which I and E vary with t when the loop of wire 
makes its first complete revolution. The graph from O to A 
corresponds to the flow of the current in one direction along the 
wire, and from A to B in the opposite direction. Since the period 
is of a second, the current will go through 60 cycles in one sec¬ 
ond. It is for this reason that it is called a 60-cycle current. 

The energy of an alternating current at any instant, that is, its 
ability to do such things as light lamps and operate machinery, 




Figure 228 


depends on the values of E and I at that instant. Experience has 
shown that the equation 

P = / • E ( 6 ) 

where P represents the measure of the energy, expresses this 
functional relation. Thus, if at one time, h, the values I and E 
are each twice what they were at some previous time, k, the energy 
P at t\ is four times as great as it was at h. This means that at 
the time t\ the current could do four times as much work (for 
example, light four times as many lamps) as it could at the time U- 
The energy of a current has commercial significance, for we pay 
for electricity according to the total amount of energy received 
This amount is expressed as a certain number of kilowatt hours. 

If we replace I and E by their expressions in (2) and (3), equa 
tion (6) becomes 

P = aai (sin bt) 2 . (7) 

This equation expresses the manner in which the energy supplied 
by an alternating current varies with the time. It shows P as a 
periodic function of t. On account of this periodic nature of P, 
an electric light with an alternating current is a succession of 
flickers. It becomes bright twice during e?ch period of the func¬ 
tions (4) and (5), once when these functions are both positive 
and again when they are both negative, and is dark when these 
functions are equal to zero. Thus with a 60-cycle current there 
would be 120 flickers per second. The eye is not sensitive enough 
to observe this rapid alternation of light and dark and sees the light 
as though its brightness were uniform, but the periodic changes 
between light and dark are easily detected by laboratory apparatus. 

We have considered only the functions describing the generation 
of alternating currents; and nothing has been said about the func- 
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fcions describing such currents as they occur in more complex cir¬ 
cuits, such as the telephone and the radio. These other functions 
also involve trigonometric terms, though they are more complicate 
than those considered above. Since the radio and telephone are 
primarily instruments for transmitting sounds faithfully, and ac¬ 
complish this by means of alternating currents, we might expect 
that the functions describing these currents are similar to those 
describing the accompanying sounds. This is, in fact, the case. 
The graph of the current has much in common with the graph of 
the transmitted sound, and the equation for the current, like the 
equation for the sound, consists of the sum of terms of the form 
a sin bt. 

EXERCISES 

1. Describe what takes place when a loop of wire is rotated between the 
poles of a magnet. What is this phenomenon called? 

2. State two quantities which vary as the loop of wire is rotated. Upon 
what third quantity does each depend? 

3. Sketch a graph showing in a general way how the quantity of current 
which flows through the rotating wire varies with the time. Do the 
same for the pressure of the current. 

4. What is the equation expressing the functional relation between quan¬ 
tity of current and time? Between pressure of the current and time? 

6. Suppose the relation between the quantity of current I and the time 
t is I — 10 sin 36000 t. How many complete revolutions per second 
does the loop of wire in our simplified generator make? How many 
cycles per second does the current make? 

6. Suppose that the loop of wire makes 30 revolutions a second and 
that the maximum quantity of current flowing at any time is 50 
amperes. Find the exact relation between I and t. 

# 

6. Electro-magnetic Phenomena. As a final example of periodic 
phenomena, let us consider what are known as electro-magnetic 
phenomena. Included in this class are such things as light, X-rays, 
radio rays, cosmic rays and others. Physicists have shown that 
these things are periodic in character and that they are described 
by means of trigonometric functions, especially by the sine and the 
cosine, but to reproduce those arguments here, even briefly, is out 
of the question, because of their complexity. We shall have to be 
contented with a few descriptive remarks which the interested 
student can supplement by reading some of the books on the subject. 

Scientists explain our sensations of light and heat from the sun 
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ns what we feel as a result of certain electrical vibrations which 
arise in the sun and are conveyed through space to our eyes and skin. 
Since the greater part of space contains no known substance, and 
since some substance is thought necessary to convey vibrations 
scientists have assumed that all space is filled by a certain im¬ 
perceptible, elastic substance. This substance, known as ether 
is assumed to vibrate as a result of certain motions of electrons ill 
the sun, very much as air is made to vibrate because of the vibra¬ 
tions of a tuning fork. Because of their electro-magnetic origin, 
the vibrations in the ether which are transmitted to us are known 
as electro-magnetic waves. Glowing bodies such as the sun, the . 
stars, and the filaments in electric-light bulbs, are powerful sources 
of such waves, and theoretically every physical body whose tem¬ 
perature is higher than that of its surroundings is a source. 

Like sound waves, electro-magnetic waves occur with different 
frequencies, and we respond to these frequencies in different ways. 
Thus electro-magnetic waves with a frequency of from about 10 4 
to 2 • 10 vibrations a second are known as heat waves because of 
their warming effect on our skin and on measuring instruments. 
Those with a frequency of from about 4 • 10 14 to 7 • 10 14 vibrations 
a second are called light waves since they alone are able to affect 
the retina of the eye, causing us to see. Of still greater frequency 
are the ultra-violet rays. They are not visible, but can be detected 
by the proper instruments, and they play an important part in bio¬ 
logical growth. Then there are X-rays and cosmic rays and infra¬ 
red rays and radio waves, and many other kinds, all having different 
frequencies. 

Light waves are of different frequencies, and our eye responds 
to these different frequencies, registering them as different colors. 
Thus, as we go gradually from the smallest frequency (about 
4 X 10 14 vibrations a second) to the largest (about 7 X 10 14 vibra¬ 
tions a second), the corresponding colors change gradually from 
red to yellow, to green, to blue, and to violet. Color in light is 
thus analogous to pitch in sound. 

We have no more knowledge of the true nature of electro-mag¬ 
netic waves than of electricity itself. The theory which makes use 
of the vibrating ether to explain them may be discarded in time. 
On the other hand, the numerical measurements that are made in 
connection with such waves by means of instruments are real, 
concrete things which are not likely to be soon discarded. For this 
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reason it may be said that the mathematical description of e ec ro- 
magnetic phenomena which is based on these measurements an 
which is given in terms of trigonometric functions is perhaps e 
most concrete and, at the same time, the most comprehensive e 
scription of such phenomena that we possess. 

7. Laws of Growth. In Chapter XI, article 8, the exponential 
function was given as a type which represents the way in which 
many things grow. In addition to the fact that this law of growth 
represents an approximation, it must be understood that it can be 
applied to living things for only a restricted interval of time. Over 
longer intervals it is found that observed results differ so greatly 
from those calculated by means of an exponential function that the 
function has to be abandoned outside certain rather narrow limits. 
This does not mean that the exponential function is worthless in 
representing the growth of living things, for we are often interested 
in only an interval of time during which the function gives good 
results. Moreover, since the exponential function is a compara¬ 
tively simple function to work with, within the range in which it 
gives reasonably good approximations it is preferable to a more 
complicated though more exact representation. 

The reason that an exponential function was chosen to represent 
growth is that it was thought that a growing thing always increased 
like an amount of money at compound interest, at a rate which is 
a constant percentage of the size already attained. As we have 
seen in Chapter X and XI, an exponential function expresses this 
law of growth. It is a matter of observation that many growing 
things increase in this way. For example, in Chapter IX, article 6, 
we saw that the growth of bacteria is expressed by an exponential 
function. Human populations have been observed to increase in 
a similar way. It was seen in Chapter XI that the population of 
the United States increased from 1790 to 1890 in accord with an 
exponential formula. In 1798 Malthus made use of this law of 
growth in population to make some far-reaching and important 
predictions concerning the future population of the world. He 
concluded that plagues or wars were necessary to decrease this pop¬ 
ulation, in order that there might be sufficient resources on which to 
live. The substance of Malthus' theory is that populations always 
increase in a geometric way while food supplies increase in an arith¬ 
metic way. That is, over a. series of equal intervals of time the 
census figures would form a geometric progression, while over the 
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same intervals of time the figures representing food supply would 
form an arithmetic progression. According to this theory, since the 
numbers representing dates at times separated by equal intervals 
form an arithmetic progression, the functional relation between 
time and population figures would be expressed by an exponential 
equation (see Chapter IX, article 6). At the same time, since the 
numbers representing food supply at equally spaced intervals of time 
form an arithmetic progression, the functional relation between 
time and food supply would be linear (see Chapter IX, article 6, 
exercise 4). Then we may write two equations for these functions 
as follows: 


y = ab x , (law of population growth), (1) 

y = mz + k , (law of growth of food supply). (2) 

In these equations, x represents a number of periods of time 
starting at some fixed date. Although y represents population 


figures in equation (1) and food supply in equation (2), if we let 
the unit of food supply be the amount of food necessary for the sub¬ 
sistence of one person for one unit of time, 
equation (1) may be thought of as the 
functional relation between time and the 
amount of food supply needed for the popu¬ 
lation at any time. 

Our knowledge of the graphs of these two 
types of functions leads us to the same con¬ 
clusion as that drawn by Malthus, namely, 
that eventually more food will be needed 
than is available, unless the population is 
decreased by wars or pestilence. Fig. 229 
shows this in a striking way. While the 
straight line is above the exponential curve, 
the food supply is more than adequate; 
the intersection represents a time at which 
there is exact balance between food needed 



Figure 229 


and that which is available; and for the time beyond the inter¬ 
section, when the straight line is below the curve, there is in¬ 
sufficient food supply. 

Malthus’ conclusions are irrefutable if we grant the laws of growth 
which he used. However, more recent studies have shown that 
the population need not be decreased by sudden and violent means 
in order that the food supply shall continue to be adequate. In- 
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stead, the decrease in the surplus of resources (indicated y e 
shortening of the vertical between the curve and the straigh ne 
in Fig. 229) seems to cause the rate of increase of the popula ion 
to become less. It seems that the population, instead of increasing 
by a constant percentage of the number already reached, increases 
by a percentage which becomes less and less with the lapse of time. 

Extensive studies of growth, not only of human population but 
of a wide variety of living things, have been made in recent years 
by Raymond Pearl, who states the law of growth in the following 
way. “Growth occurs in cycles. Within one and the same cycle, 
and in a spatially limited area or universe, growth in the first half 
of the cycle starts slowly, but the absolute increment per unit of 
time increases steadily until the midpoint of the cycle is reached. 
After that point the increment per unit of time becomes steadily 
smaller until the end of the cycle. In a spatially limited universe 
the amount of increase which occurs in any particular unit of time, 
at any point of the single cycle of growth, is proportional to two 
things; namely, (a) the absolute size already attained at the begin¬ 
ning of the unit interval under consideration, and (b) the amount 
still unused or unexpended in the given universe (or area) of actual 
and potential resources for the support of growth.” * The common 
law of growth which is expressed by an exponential function recog¬ 
nizes only factor (a) of this statement. During the first part of a 
cycle of growth this is the dominant factor governing the rate of 
growth, but after the mid-point of the cycle is reached (b) becomes 
increasingly important. 

The law of growth just stated, when represented graphically, 
leads to a curve of the type 

shown in Fig. 230. This curve ^- 

represents one growth cycle. § 

The actual growth of a popu- % / 

lation may differ from what §• / 

would be expected from exami- jr 

nation of one growth cycle be- Time 

cause such things as scientific q 

discoveries, wars, and so forth, Figure 230 

may alter factor (b). Such an 

alteration would start a new growth cycle, and hence the actual 


Figure 230 


•Reprinted from The Biology of Population Growth, by Dr. Raymond Pearl, by permission of. 
and special arrangement with. Alfred A. Knopf. Inc., authorized publishers, and Williams and 
Norgate, Ltd. 
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growth would follow one cycle until the occurrence of the event 
affecting (b), after which it would follow the new cycle. The present 
cycle of growth of the population of the United States is repre¬ 
sented graphically in Fig. 231.* 



It is of particular interest to note that the law of growth which 
depends upon the two factors, (a) and (b) above, leads to the con¬ 
clusion that there is a definite upper limit beyond which the size of 
the organism or population will not go (unless, of course, a new cycle 
of growth occurs). In the case of the population of the United 
States this limit is slightly less than 200 million. 

The studies of growth by Pearl have shown that there is 
marked similarity in the laws of growth exhibited by such widely 
diverse things as pumpkins, rats, yeast cells, populations of flies, 
and human populations. Hence there is reason to believe that 
growth of living things generally follows a law such as the one 
described. 

In more extensive studies of growth the equational form of the 
law would be found useful. The equation of growth of the popula¬ 
tion of the United States as given by Pearl is 


197.27 

1 + 67.32 e - 0 0313 * 



• Reprinted from The Biology of Population Growth, by Dr. Raymond Pearl, by permission 
of. and special arrangement with. Alfred A. Knopf. Ino., authorized publishers. 


ART. 81 


FUNCTIONS IN ECONOMICS 


389 


in which e is an irrational constant (about 2.718). In this equation, 
x represents the number of years after 1780, while y represen 
population in millions. 

EXERCISES 

1. Why is the exponential function inadequate to represent the growth 
of population? 

2. Upon what two factors does the law of a growth cycle depend? 

3. If the graph of population growth looks as shown in Fig. 232, what 
conclusion can be inferred about conditions under which the popu¬ 
lation developed? 



8. Functions in Economics. Economics is concerned with the 
study of the problems that arise in the production, distribution, 
and consumption of articles which serve a human need. This 
study involves the consideration of quantities which vary with time, 
such as cost of materials, cost of labor, rent, interest rates, profit, 
and wealth of consumers. Upon these variables depend many other 
variables, of which two of the most important are the total cost of 
producing a commodity and the demand for a commodity. How¬ 
ever, because of the large number of variables involved and the 
difficulty of measuring them accurately over a large geographical 
area, these functional relationships cannot be described by a precise 
formula which will hold for any length of time. Over a short enough 
period of time, however, some of the variables in an economic situ¬ 
ation will not change perceptibly. This may so simplify the situ¬ 
ation as to enable us to determine the nature of the functional rela- 
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tion between a small number of variables, let us say only two 
Sometimes even over a comparatively long period of time, it is safe 
to assume that all the variables except those in which we happen to 
be primarily interested are constant. Under either of these two 
conditions we may be able to discover functional relations which 
might otherwise escape our attention. For example, let us con- 
sider very briefly the functional relations between the quantity of 
goods produced and the total cost of producing them. 

Let us assume that the total cost of production each month 
depends only on the quantity of goods produced during that month. 
If we denote this cost by y and the quantity by x, then y is a function 
of x. What is the general nature of this function? In certain 
kinds of production it is very simple. For example, if a shoemaker 
makes shoes for others and does all the work himself, the function 


might be y = 3 x + 50, ( 1 ) 

where 50 represents his constant monthly overhead expenses, made 
y U P of such items as rent, insurance, light, and heat, 

and 3 represents the direct cost (labor and ma¬ 
terials) of making one pair of shoes. If 3 and 50 
represent numbers of dollars and x represents 
number of pairs of shoes made, y represents their 
total cost in number of dollars. The graph of this 
function, shown in Fig. 233, is a straight line with 
slope 3 which crosses the F-axis at (0, 50). Since 
the line rises as we move to the right along it, y is 
an increasing function 
of x. That is, the to¬ 
tal cost is an increas¬ 
ing function of the 
quantity produced, 
and, moreover, a uniformly increasing 
function. 

Production under the old handicraft 
system might be described by a func¬ 
tion like (1). A function somewhat 
different in character, however, is re¬ 
quired to describe production under 
modern mechanized methods. In this 
case, too, there is a constant overhead 






expense and the cost is an increasing function, but it is not a uni- 
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formly increasing function. This is shown by the curved line in 
Fig. 234, which represents the most common type of variation. 
The straight line indicates what the graph might be like under a 
handicraft method of production. The curved line is always be¬ 
neath the straight line, indicating the greater efficiency of modern 
methods. The curved line always rises, though not always equally 
rapidly. This means that y always increases as x increases, but 
that the rate of change of y with respect to x is not always the same. 
Thus, from A to B , the curve rises less and less sharply. This 
means more and more efficient production. At B the curve rises 
least sharply, and it can be shown that at this point the smallest 
unit cost of production is attained. That means most efficient pro¬ 
duction. To the right of B the curve rises more and more sharply. 
This means a rising unit cost, and less efficient production. 

The reason for the non-uniform rate of change of y with respect 
to x is that the average modern factory is equipped with machinery 
to produce a certain quantity of goods. Production far below this 
quantity means waste due to idle machinery, while production far 
above it might mean excessive labor costs due to overtime, fatigue, 
and expensive efficiency experts. 

The cost-quantity curves met with in practice are generally sim¬ 
ilar to the curve in Fig. 234, though they may differ from it and from 
each other in various details. We may therefore consider this curve 
as a general description of the functional relationship between total 
cost and quantity produced. If space permitted, a mathematical 
formula could be found which fits this type of curve. 

Another important functional relation in economics is the one 
between the supply and the price of a commodity. By supply of 
commodity is meant the quantity of it offered for sale in a certain 
market, say the wheat market in Chicago. If we assume that the 
demand for a commodity remains constant (wheat would be such a 
commodity), then the price at which the commodity sells in the mar¬ 
ket is a function of its supply, that is, we may say that p is a function 
of s, where p represents the price in dollars per unit of commodity 
and s represents the supply in number of units of the commodity. 
The only general property of this function is that p is large when s 
is small, and p is small when s is large. This is shown in the graphs 
of Fig. 235, which may be considered as some typical forms of the 
relation between p and $ occurring in practice. 

The same commodity may have different supply-price curves in 



Fiqure 235 

different years and in any one year different commodities will usu¬ 
ally have different curves. Sometimes the relation between supply 
and price is so regular over a period of time as to have a mathemat¬ 
ical formula which can be used to predict the price corresponding 
to a given supply. Jevons, the English economist, showed that 
the formula 

- -824 

p (* - . 12 )’ 

could be used to predict the price of grain in England in any year of 
shortage. In this formula x is less than 1 and represents the ratio 
of the supply of grain in any year to that of a normal year, while p 
represents the ratio of the corresponding price to that of a normal 
supply. Although most commodities do not have such precise 
formulas which hold over a period of years, nevertheless the func¬ 
tional relation between p and $ practically always has the property 
that p decreases when s increases, and vice versa. This may there¬ 
fore be taken as a general description of the relation between price 
and supply, when the demand is constant. 

If space permitted, man y other functions arising in economics 
could be discussed. Let us note, in closing, that the consideration 
of functions plays a most important part in that branch of economics 
known as mathematical economics. Each economic situation is 
viewed as giving rise to a function involving economic variables. 
Since these functions usually involve more than two variables, 
graphical methods of studying them are out of the question. More 
advanced mathematical analysis is necessary. For example, the 
profit of an entrepreneur is regarded as a function of the amounts 
of the various agents of production (land, labor, capital, etc.) which 
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he employs. If y designates his profit, and Xi, x 2 , x 3t • • • the 
amounts of these agents, then y is a function of the variables Xi, 
x 3> x 3 , .... 

EXERCISES 

1. Assuming the supply of a commodity to be constant or not easily 
changed (gold is such a commodity), state in words the general char¬ 
acter of the functional relation between the demand for the com¬ 
modity and its price. Represent this general character graphically. 

2. An acre of ground is to be used for growing corn. Assuming weather 
conditions are normal, the quantity of corn produced can be regarded 
as a function of the total amount of money spent in labor, seeds, fer¬ 
tilizer, and other things. Show graphically the general character 
which such a function might assume. 

9. The Normal Frequency Distribution Function. We have 
seen in Chapter X that a table of statistical data can sometimes be 
analyzed so as to yield an equation approximately representing the 
functional relation implied by the table. This equation then 
serves to give us more knowledge about the function than was evi¬ 
dent from the table. Although for some tabulated functions an 
empirical equation gives us the additional information we desire, 
for many other functions arising in the physical and social sciences 
it is useful to consider the table as representing a distribution and 
to study this distribution. As an example of a distribution, let 
us consider the following table of wages received by the workmen 
in a certain factory. 


Wage Received 
Per Man Per Day 

Number op Men 
Receiving this 
Wage 

Total Wages 
of this Group 

2.00 

15 

30.00 

2.50 

12 

30.00 

3.00 

8 

24.00 

3.50 

8 

28.00 

4.00 

5 

20.00 

5.00 

3 

15.00 

6.00 

1 

6.00 

Total 

52 

153.00 


This table shows how the different daily wages are distributed 
among the workers. In analyzing this distribution, one item of 
knowledge which would certainly be considered is the mean wage. 







394 


FUNCTIONS AS DESCRIPTIONS 


(CHAP. XII 


that is, the quotient of the total wages divided by the total number 
of workmen. This is known as the arithmetic mean, and is 
or approximately 2.94, in this case. 

Another example of a distribution is furnished by the following 
table showing how the different heights from 50 inches to 59 inches 
are distributed among a group of fourth-grade children. 


Height 

Number of Children 
Having this Height 

50" 

1 

51" 

1 

52" 

3 

53" 

4 

.54" 

6 

55" 

7 

56" 

4 

57" 

4 

58" 

1 

59" 

1 


From this table we see that more children have the height 55" 
than any other height. Hence we say 55" is the modal height, or 
simply the mode of this distribution. It may be thought of as 
being the “most fashionable” height. The mode characterizes a 
group by singling out the normal or most common item, and in that 
way it can serve as a basis for comparing two or more groups. 

Another number, which is of some use in studying such a dis¬ 
tribution as that of the heights of fourth-grade children tabulated 
above, is the median. When all the objects of a group are arranged 
in order of size from smallest to largest, the median of the group is 
the size of the object which stands in the middle. Or, if there is an 
even number of objects so that there is no middle one, the median 
is the arithmetic mean of the sizes of the two middle ones. Thus 
the median height of the 32 children of the above group is 55", 
which is the height of both the sixteenth and seventeenth child. 
Each of the three numbers, namely, the arithmetic mean, the mode, 
and the median, is a single number which is used to represent a 
group and is a significant characteristic of a distribution. 

If the table of heights of fourth-grade children is graphed, the 
heights being represented by abscissas and the number of children 
having each height by an ordinate, we have a graphical representa¬ 
tion of a functional relation between values of the height and the 
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number of children associated with each height. The number o 
children corresponding to a given height is called the frequency o 
the height. Thus each distribution, or frequency distribution as 
it is sometimes called, is a functional relation between an inde¬ 
pendent variable which assumes the different values of the quantity 
tabulated and a dependent variable which represents the frequen¬ 
cies of these values. 

Frequency distributions are studied in a wide variety of fields. 
Some examples, in addition to those already given, are the frequency 
distribution of annual incomes in the United States, of mental abil¬ 
ities of New York University students, and of weights of children 
in slum areas. It is interesting to note that in all of these frequency 
distributions the dependent variable, that is, the frequency, is a 
positive integer or zero. 

The functions expressed by frequency distributions differ widely 
in character, depending on the field considered. Many of these 
functions display certain characteristics which can be understood 
best from an example. 

If six coins are tossed up simultaneously, any number of heads 
from 6 down to 0 may turn up, but we have no certain way of telling 
beforehand what this number of heads will be. The same is true 
if the coins are tossed up a second or third time, or indeed any 
number of times. Such ignorance on our part is usually described 
by saying that the number of heads turning up at each toss is a 
matter of chance. Experience, however, has shown that if the six 
coins are tossed a large number of times, say 100 or 200 times, 
3 heads will turn up more frequently than any other number. 
Next in order of frequency will be 2 heads and 4 heads each with 
about the same frequency, then 1 head and 5 heads with about 
the same frequency, and finally 0 heads and 6 heads with the same 
frequency. Indeed, experience shows that when the number of 
throws is large, the relative frequencies of the various numbers 
of heads is approximately as follows: 


Number of heads 

6 

5 

4 

3 

2 

n 

0 


mm 

<B T 


H 

5T 

wm 

ITT 


This means that 6 heads turn up on approximately fa of all the 
throws, 5 heads fa of all throws, and so on. If, for example, we 
assume that such a distribution is actually realized on 128 throws 
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of the 6 coins, we should obtain the following frequency distribution: 


Number op Heads 

Frequency 

(No. of Times Occurring) 

6 


2 

5 


12 

4 


30 

3 


40 

2 


30 

1 


12 

0 


2 


Total of frequencies 128 


40 h 


30 


>» 

e 


The modal number of heads appearing is 3, since this result oc¬ 
curred 40 times — more than any other. The mean is also 3, since 

6-2 + 5- 12 + 4-30 + 3-40 + 2- 30 + 1-12 + 0-2 

128 3> 
and so is the median. The explanation of the equality of the three 
averages is to be found in the symmetry of the frequency distribu¬ 
tion about the mode 3. The numbers 5 and 1, which differ from 3 

by the same amount, have the same 
frequency 12; and similarly for the 
pairs 4 and 2, and 6 and 0. This 
distribution has another important 
characteristic: the more a number 
deviates from the mode 3, the 
smaller is its frequency. The sym- 
cr — i metry of the distribution is strik- 

£ |- ingly exhibited by means of a 

graph (Fig. 236)- 

The number of heads turning up 
out of six possible ones is treated as 

f_ an independent variable and repre- 

3 sented by an abscissa, while the 
frequency is treated as a function 
of the number of heads and is rep¬ 
resented by an ordinate. The range of the independent vari¬ 
able is here only the seven integral values from 0 to 6, and hence 
the graph consists only of seven points and not of a smooth curve 
drawn through them. Nevertheless the symmetry of these points 
is clearly brought out. 


20 


10 


1 2 3 4 6 

No. of Heads 

Figure 236 
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The following characteristics are typical of many distributions 

of this sort: 

(1) There is one mode. 

(2) Items differing from the mode by the same amount occur 

with the same frequency. . 

(3) The greater the deviation from the mode, the smaller is me 

frequency. . . 

(4) The arithmetic mean, the mode, and the median are equal. 

It is not to be expected- that such a symmetrical distribution 

would be realized in tossing the coins 128 times, but the symmetry 
is to be approached more closely the greater the number of throws. 
If the number of throws is small the results may be distributed much 

less symmetrically. . 

In the illustration just described the independent variable could 
assume only integral values from 0 to 6, inclusive. There are, how¬ 
ever, examples in which the possible values are much more closely 
crowded together. For example, we might consider the frequency 
distribution of all the average daily temperatures recorded at a 
given weather bureau over a certain period of time. In this case, 
the independent variable would represent the average daily temper¬ 
ature, and could assume any value during a fairly long interval, 
while the dependent variable would represent the number of days 
having this average temperature. If the independent variable can 
take on all real values, and if the distribution has the characteristics 
listed above, it is very much like a normal distribution. A precise 
definition of the term “normal distribution” is unnecessary here 
but a graphical representation of such a distribution is shown in 
Fig. 237. 

In life there are a great many phenomena which, like the tossing 
of coins, seem to be due to chance when considered individually, 
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but which exhibit orderliness when studied collectively. This is 
especially true in certain biological phenomena. The men of each 
race vary in height and these variations seem to be the result of 
chance alone. But when we consider a large group of Japanese 
men, for example, chosen at random, order prevails, for the fre¬ 
quency distribution of their heights approximates a normal one, 
within a restricted range, with a graph like that in Fig. 237. The 
abscissa of point A is the modal height, since the corresponding 
ordinate AB is the greatest on the curve. The more a height devi¬ 
ates from the mode the smaller is its frequency. There is symmetry 
about the line AB. This means that two heights deviating from 
the mode by the same amount, but in opposite directions, have the 
same frequency. Thus, if distance A X A = distance AA 2) then 
ordinate A X B X = ordinate A 2 B 2 . The dotted portions of the curve 
suggest the remainder of the normal distribution curve, which 
extends infinitely far both to the left and to the right. 

Each race of men has its own normal frequency curve with 
regard to any physical characteristic such as height. Thus Italian 
men have a different modal height from Englishmen. We should 
therefore not expect the frequency curve for a mixed population 
of Italians and Englishmen to be normal since the two modal 
heights would probably cause the curve to have two humps instead 
of one. Conversely, if the frequency curve of a population with 
respect to height or intelligence or brain weight deviates from a 
normal one in certain ways, such as the possession of two humps, 
for example, the conclusion would be that the population is composed 
of different racial groups; that is, it is not homogeneous. 

Similarly, the mental abilities of the members of a race, their 
skull and other bone measurements, the sizes of their red blood 
cells, and many other of their physical characteristics, have a fairly 
normal distribution. The same can be said of the weights of grape¬ 
fruits of the same variety, the lengths of the ears of corn in the 
same corn crib, and so on. If the frequency curve of the weights 
of grapefruits in a certain shipment has certain characteristics 
which are inconsistent with a normal distribution, such as the pos¬ 
session of more than one hump, the conclusion is that there are two 
or more different varieties composing the shipment. 

Another important example of normal distribution is the set of 
values obtained in experimental work when a physical quantity 
(length, weight, angle, area, temperature, etc.) is measured a large 
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number of times by different skilled observers. Experience leads 
us to believe that measurements close to the true value of the Q^an 
tity are likely to be more frequent than measurements far from a 
value; and also that measurements are as likely to exceed the true 
value as to fall short of it. Since, for these reasons, the measure¬ 
ments are assumed to fit a normal distribution, the modal measure¬ 
ment should be taken as the best available approximation to the true 
value of the quantity. But no mode may exist, since there may be 
no measurement which occurs more frequently than any other. 
However, since the mode and mean are equal in a normal distribu¬ 
tion, and a mean always exists, the mean of the measurements is 
taken as the value of the quantity measured. To appreciate the 
importance of this method we only need to note that it has wide 
applications in all fields concerned with measurement. The as¬ 
tronomer, in measuring distances to the moon, sun, planets, and 
stars, does not rely on a single measurement in each case, but takes 
the mean of many measurements. The physicist does the same 
thing in measuring mass, force, velocity, and temperature; and so 
does the chemist in determining the solubility, the boiling and freez¬ 
ing temperatures, and the atomic weight of each substance. In 
surveying a region where it is of importance to measure a distance 
accurately, the mean of many measurements is used. The same is 
true in experimental psychology when measurements of mental 
abilities and sensations are being made. 

The graphs of normal distributions all have the same general 
shape, although they may differ in size, in spread of the central 
hump, and in position relative to the horizontal and vertical axes. 
Fig. 238 shows three examples of such graphs. Graph (a) is of the 


(b) 

Figure 238 

type which represents the normal distribution of errors of measure¬ 
ment, an error being considered positive or negative according as 
the measurement is greater or less than the true value of the quan- 
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tity measured. Graphs (b) and (c) might represent distributions 
of heights or weights. 

Though the curves of normal distributions differ in details of 
form and in position relative to the axes, their general similarity 
of form means that the functional relation between frequency and 
the observed quantity is always of the same general type. If we 
wish to, we can take this characteristic form of curve as an expres¬ 
sion of this functional relation. It is also possible to express this 
function by means of an equation. 

To do this, let x represent the deviation of an observation from 
the mode, x being positive or negative according as the observed 
value is greater or less than the mode; and let y represent the fre¬ 
quency of that observation, and hence of the corresponding devia¬ 
tion x. Then for a normal distribution the frequency y is a func¬ 
tion of the deviation x, whose curve has the general form shown in 
Fig. 238 (a). The smaller the deviation x from the mode, the 
greater is its frequency y. Positive and negative deviations with 
the same numerical value have the same frequency. 

The equation whose graph has the form and characteristics just 
noted is derived, in more extended treatments of normal distribu¬ 
tion, on the basis of a precise definition. This equation has the 

form y = ab~ x , (1) 

where a and b are positive constants which depend upon the par¬ 
ticular distribution under consideration, and b > 1. 

EXERCISES 

1. What are the variables in the functional relation represented by a 
frequency distribution? 

2. List four characteristics of a normal frequency distribution. 

3. Give some examples of distributions which are assumed to be ap¬ 
proximately normal. 

4. If six pennies are tossed twenty times, would you expect the dis¬ 
tribution of heads to be normal? If six pennies are tossed a thousand 
times, would the distribution of heads be normal? Approximately 
normal? 

5. Each of twenty physicists determines a value for the velocity of light 
by measurement. The mean of these twenty measurements is then 
taken as the velocity of light. Upon what assumption is this de¬ 
termination of the mean justified? 

6. Under what conditions will the frequency distribution of the heights 
of men be approximately normal? 
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7. If the frequency curve for the heights of a very laW 1 *^^239 what 
in a certain geographical area has the appearance of Fig^ 239 wh 
can be inferred about the nature of the population of this ar 


t? 

c 

I 

£ 

U, 



Figure 239 


8. What is the characteristic shape of a normal frequency curve? 

9. Show that the characteristic shape of a normal frequency curve can 
be deduced from formula (1). 

10. Functional Description of Human Sensations. Let us now 
turn to the field of psychology which is concerned with explaining, 
among other things, human sensations, desires, and emotions. We 
can hardly expect mathematical functions to play as important a 
part in describing such intangibles as they play in describing non “ 
human phenomena such as forces, velocities, sound, electricity, and 
light. Yet in psychology, as in many fields which at first sight 
seem non-mathematical, measurement plays a role which appears 
to be growing in importance. This is especially true in the branch 
of psychology concerned with studying our sensations. 

Our sensations of light and color, sound, taste, touch, and muscu¬ 
lar tension are among the most important which we experience. 
Each of these sensations is produced when an external agent or 
stimulus acts on a special sense. Thus, the stimulus of vibrations 
of air acting on the ear produces the sensation of sound; the stim¬ 
ulus of vibrations of ether produces the sensation of light and color; 
and so forth. Our experiences tell us that the sensations we feel 
depend on the stimuli that produce them. Thus to each fre¬ 
quency of air vibrations within a limited range, there corresponds 
one pitch; to each frequency of ether vibrations within a limited 
range there corresponds one color, and so on. Moreover, a gradual 
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change in stimulus always produces a gradual change in sensation. 
Thus a gradual increase in frequency of air vibrations produces a 
gradual rise of pitch. We are therefore led to ask: Can this func¬ 
tional relationship between sensation and stimulus be expressed by 
a mathematical formula? 

Before answering this question, let us note that if such a formula 
exists it would have to express a relation between the numerical 
values of the variables, sensation and stimulus. Now, while the 
magnitude of a stimulus can be measured by instruments, the mag¬ 
nitude of the corresponding sensation cannot be so measured. For 
example, we can measure the frequencies of two sounds, but we 
have no means of obtaining numerical measures of the correspond¬ 
ing sensations of pitch, though we may recognize that those pitches 
are different. In other words, one of our variables, sensation, is not 
measurable in the sense that we can find a numerical value for each 
sensation. 

However, we are able to compare sensations with each other and 
to note relative differences. It is this ability that enables us to 
recognize the ordinary major scale when played on the piano. We 
recognize that the change of pitch in going up from C to D is the 
same as the change between D and E , but that the change from 
D to E is greater than the change from E to F. We also recognize 
the changes from E to F and from B to C to be the same. The 
scales used by the piano are adjusted so that the change, or interval, 
of pitch between the tone produced by any key of the piano and 
the one produced by an adjacent key is always the same. This 
interval is called a half tone. Thus the interval from E to F is a 
half tone, while the interval from C to D is a whole tone. Scales 
so adjusted as to equalize all intervals between notes played by con¬ 
secutive piano keys are called tempered scales. In the following 
discussion we shall understand “scale” to refer to a tempered scale. 
The tempered C major scale consists of eight tones such that the 
interval of pitch between any two consecutive tones is a whole 
tone or a half tone as follows: 

CDEFGABC 

w.t. w.t. h.t. w.t. w.t. w.t. h.t. 

• (w.t. — whole tone) 

(h.t. — half tone) 

The intervals of pitch from C to E and from G to B each consists 
of two whole tones, and are recognized to be equal by a trained ear. 
Similarly a trained ear recognizes all intervals consisting of a whole 
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tone plus a half tone as equal, all consisting of three whole tone 

as equal, and so on. aar \aa 

We see, therefore, that although we cannot measure our sensa- 

tions of pitch numerically, yet we can recognize equal in ter va so 
pitch. The same is true of our other sensations, though our ability 
to make distinctions is not so keen as in the case of pitch. °r 18 
reason let us continue to consider pitch. We can now think o our 
sensation of pitch as a variable such that we know when we have a 
sequence of equally spaced values of it. To discover a mat e- 
matical formula connecting sensation of pitch and stimulus we 
might measure the vibration frequencies corresponding to a se¬ 
quence of equally spaced pitches and note the relation between t e 

frequencies and the pitches. . 

The simplest sequence of pitches is that in which the interva 
between each two consecutive pitches is six whole tones, that is, a 
sequence of octaves. Let pi, p 2 , pa> • • • denote such a sequence, 
where pi denotes the lowest pitch, p% denotes the octave above pi, 
p 3 the octave above p 2 , and so on. For definiteness, suppose the 
frequency corresponding to pi is 100. The following table then 
shows the correspondence between the pitches and frequencies as 
established by experiment: 


1 pitches 

Pi 

Th 

Pi 

P< 

P* 

etc. 


100 

200 

400 

800 

1600 

etc. 


By reference to Chapter IX, article 6, it is immediately seen that 
the frequencies form a geometric progression with the ratio 2, 
that is, each frequency is twice the frequency at its left. A geo¬ 
metric progression with ratio 2 would also be obtained if the lowest 
pitch had a different frequency from 100. 

If a sequence of pitches, p u p 2 , ..., is used in which the frequency 
corresponding to pi is 96 and in which the interval between each 
two consecutive pitches is 3 whole tones plus one half tone, that is, 
if we use a sequence of what are known as fifths in musical termi¬ 
nology, we obtain the following results: 


pitch 

pi 

P2 

P3 

P4 

etc. 


96 

144 

216 

324 

etc. 


Again the frequencies form a geometric progression, though this 
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time the ratio is f. Thus 144 = 96 - f, 216 = 144 . $, and so on. 
A geometric progression with ratio f would also be obtained if the 
lowest pitch chosen had a frequency different from 96. 

Similar results are obtained for other intervals. We may there¬ 
fore state the following experimental fact: The vibration fre¬ 
quencies corresponding to any sequence of evenly spaced pitches form 
a geometric progression. If we let frequency be the independent 
variable x and pitch be the dependent variable y, the equation 
which describes this experimental fact must have this property: When 
the values of x form a geometric progression, the corresponding 
values of y are evenly spaced, that is, form an arithmetic pro¬ 
gression. It was found in Chapter IX, article 6, that the equation 

y = log x 

has this property. Hence we may take this equation as a descrip¬ 
tion of the functional relation between frequency and pitch. It is 
important to note, however, that this is not a function for com¬ 
puting the numerical value of a pitch when we know the frequency, 
for pitch has no numerical value. 

We have given special attention to the sensation of pitch because 
we can recognize equal intervals of pitch more accurately than we 
can recognize equal differences or intervals of other sensations, such 
as intensity of sound, intensity of light, shade of color, and muscu¬ 
lar tension. For this reason it has been necessary to study these 
sensations by statistical methods. The results of this study show 
that these sensations depend upon stimulus much as pitch depends 

on frequency, and hence are 
described approximately by 
the function y = log x, where 
x represents the stimulus and 
y the sensation. 

The suitability of this func¬ 
tion to describe the relation 
between sensation and stim¬ 
ulus will perhaps be better 
x appreciated if we consider the 
portion of its graph that lies 
in the first quadrant (Fig. 
240). Even those psycholo¬ 
gists who distrust the use of mathematical formulas in their field, 
agree on the following three properties of the relation between 
sensation and stimulus: 
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(1) No sensation is felt until the stimulus attains a certain valu 

known as the threshold value. . . u 

(2) After this threshold value is reached, an increase in 

produces an increase in sensation. . . , 

(3) This increase in sensation proceeds at a diminishing ra . 

If we think of x and y as representing stimulus and sensation, 
respectively, then the curve of Fig. 240 possesses all of these 
properties. First, the curve starts not at the origin O, but at some 
point A to the right of 0. * This checks with (1) above, the distance 
OA representing the threshold stimulus. Second, the curve rises 
as we move along it from left to right, that is, y increases as x 
increases. Third, the curve rises less and less sharply, that is, y 
increases less and less rapidly, or at a diminishing rate. In o ei 
words, the curve of this equation in the first quadrant possesses e 
essential general properties of the relation between sensation an 

stimulus. . 

The discovery of the function y = log x to represent this relation 

is attributed to Fechner, a German psychologist of tfye late nine¬ 
teenth century, but since so many of the experimental facts upon 
which it is based were discovered by Weber, another German psy¬ 
chologist, the formula is usually known as the Weber-Fechner law of 
sensation. The law has been found to be immensely useful in psy¬ 
chology and physiology. What is perhaps even more important, it 
represents the first attempt of psychologists to apply mathematical 
functions to their field. The idea that a mathematical formula 
could possibly describe our sensations was quite startling to psy¬ 
chologists when it was first propounded. This idea, however, has 
been fruitful, for out of it has grown much of the quantitative, ex¬ 
perimental psychology of today. 

EXERCISES 


1. Distinguish between stimulus and sensation. 

2. Give some examples of stimuli and their resulting sensations. 

3. In general, how does a sensation appear to change when the stimulus 
is increased? Give an example to illustrate this. 

4. Can stimulus be measured? Illustrate. 

5. Can sensation be measured? Explain. 

6. What relation exists between our sensation of pitch and frequencies? 

7. What function can be taken as a description of the relation between 
pitch and frequency? Explain in what sense this function is a 
description. 
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11. The Representation of Certain Aspects of Beauty by a Math¬ 
ematical Function. Although it may have been expected that 
mathematical functions should furnish quantitative descriptions of 
such physical phenomena as sound and electricity, it was perhaps 
somewhat surprising to find that this use of functions could be 
extended to the field of our sensations, as described in the preceding 
article. And it must be admitted that because our ability to 
measure sensations is much more limited than our ability to measure 
such things as length, for example, the application of functions to 
sensations is more restricted than is the case with the other phe¬ 
nomena which have been discussed in this chapter. One might ex¬ 
pect that it would be even harder to give quantitative evaluations 
of such emotional responses as our appreciation of beauty than it 
is to measure sensations. Therefore, it may seem astonishing that 
functional relations, involving some of the characteristics of objects 
of art, can be helpful in evaluating their aesthetic merit. And we 
should expect the meaning of such a functional relation to be even 
more restricted than that of an equation, relating sensation to 
stimulus, for there are some aspects of beauty to which we cannot 
hope to apply precise measurement. 

We will all admit that some melodies are more pleasing than 
others and that some paintings are more beautiful than others. 
Similar statements can be made concerning our appreciations of 
architecture, furniture, poems, geometrical forms (such as circles, 
ellipses, or triangles) and in general of all those objects capable of 
inspiring feelings of beauty. It is interesting to inquire as to what 
there is in such aesthetic objects to account for our feelings of 
beauty or ugliness, and why some objects appear more beautiful 
than others. This is the question which has been discussed, and to 
some extent answered, by Professor G. D. Birkhoff of Harvard Uni¬ 
versity, in his book Aesthetic Measure . Since Birkhoff’s work on 
this subject has appeared only recently, it has not as yet been fully 
evaluated by artists and mathematicians. That which follows will 
indicate briefly the use of a mathematical function in his method 
of analyzing beauty. 

It is likely that any attempt to analyze the reasons for the pleas¬ 
ure which arises out of our experience with an aesthetic object 
would lead us to make a distinction between the formal aspect of the 
object and its connotative aspect. The formal aspect refers to the 
orderliness of arrangement within the object, that is, to its form. 
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The connotative aspect refers to the special sigruficance 
object for a person because of his own particular exp & _ 

a painting, poor in design and color, may neverth u J ng 

son deeply because it depicts something of personal > aesthe tic 

mathematical language broadly, we may say * hat . 
feeling produced by an object is a function of two variablesc 
nected with the object, its form and connotation. Any attemp , 
however, to obtain an equation for this function seems doomed to 
failure because of the difficulty of measuring so personal a thing a 
connotation. Form, on the other hand, is more objective, and 
perhaps can be measured by some scheme or other. 'o 
reason it might be wiser, if an equation is sought, to consider 
only the relation between the form of the object and the leeung 
of beauty produced, even though such an equation can represen 
at most only a partial relation between the object and its aesthetic 

value. . ... 

Let us introduce the method to be employed with a simple illus¬ 
tration from economics. When comparing the financial success 
of two business firms of the same kind, we do not simply say tha 
the firm making the greater profit is the more successful. What we 
compare is not profits alone, but profits relative to total investment. 
That is, if p and i represent profit and investment, respectively, the 

value of the quotient ? (that is, the percentage of profit) serves to 

measure relative financial success. The firm for which this ratio is 
greater is judged the more successful. This idea can be applied to 
aesthetic experiences, such as listening to music or viewing a draw¬ 
ing. Each aesthetic experience yields a profit (perhaps a loss) in 
the form of pleasure resulting from a certain orderliness in the 
object. This feeling of pleasure is gained only as the result of a 
certain investment, or expenditure of physical effort (muscular 
and nervous energy), by the observer. The aesthetic success of 
the experience as compared with others of the same kind is to be 
judged not alone by the pleasure derived, but by the pleasure 
relative to the effort expended to gain it. Therefore, if we desig¬ 
nate pleasure and effort by P and E f respectively, it is natural to 

p 

take the quotient — as a measure of the value or success of an 

E 

aesthetic experience. In other words, the aesthetic measure M 
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of an experience can be regarded as a function of the two inde¬ 
pendent variables P and E , having the form 

M = I' W 

In order to obtain a value for M in any particular case we would 
have to measure the values of P and E. This is a difficult thing 
to do since pleasure and effort are very subjective things. It would 
be well, therefore, to replace them by other more objective things 
upon which they depend and which can be measured more easily. 
We are considering only the pleasure produced by the form of the 
object, and that pleasure depends on the amount of orderliness in 
the object. Orderliness comprises such things as symmetry, bal¬ 
ance, equality, contrast, repetition, and centers of rest. If a cer¬ 
tain value is assigned to each of these elements of order when it is 
found in an object, according to some scheme, the total of these 
values could be taken as a measure of the orderliness. Let us there¬ 
fore replace the variable pleasure by the variable orderliness, which 
is easier to measure. Similarly, the effort we make in trying to 
understand the object depends on the complexity of the form of the 
object. Complexity can be measured if the experimenter decides 
what things are involved in complexity of form. He then assigns 
values to them when they occur in an object, according to some 
scheme, and then totals these values. Let us, therefore, replace 
effort by complexity. If we make these replacements in formula 
(1), denoting orderliness and complexity by 0 and C, we obtain 

M-°- @> 

as the new formula for aesthetic measure. 

The manner of measuring 0 and C depends on the kind of aes¬ 
thetic objects under consideration. Since it is arbitrary, the value 
of the result obtained for M depends to a large extent upon the 
particular schemes adopted for assigning values to 0 and C, and, 
therefore, upon the judgment of the person assigning these values. 
Thus the number of tones in a melody could be taken as the measure 
of the complexity of the melody, since the greater the number of 
tones the greater the effort required to hear the whole melody. In 
the case of polygons, the number of sides in a polygon could be 
taken as a measure of its complexity, since the effort required to 
see the whole polygon depends upon this number. Using this 
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scheme, we could take C = 3 for a triangle, and C = 8 for an 

To illustrate the manner of measuring 0, let us option 

equilateral triangles of the same size placed in a ve 
on the same line, as in Fig. 241. Triangles (a) and (b) are sym 

metrical with respect to a 
vertical line, while (c) has no 
such symmetry. For most 
persons objects having ver¬ 
tical symmetry are more 
pleasing than those not hav¬ 
ing it. We shall therefore 

consider vertical symmetry to be an element of order and a S r 
assign some value, let us say 1 , to a triangle with vertica sym¬ 
metry and the value 0 to a triangle not having such symmetry. 

Just as we feel uneasy about a tight-rope walker because of his 
unstable position, so we feel uneasy about the equilibrium ol tri¬ 
angles (b) and (o), as compared with triangle (a). We feel greater 
uneasiness about (c) than about (b), however, since we feel that il 
(b) and (c) were physical objects, (c) would fall immediately, 
whereas (b) might remain balanced for a time before falling, 
other words, physical equilibrium is a second element of order in 
these triangles. Let us therefore assign three different numbers 
to triangles (a), (b), (c) as their respective values of this element. 
For convenience we can take these numbers to be 1, 0, and l, 


respectively. , 

If now we agree, for the sake of simplicity, to take notice of only 

these two elements of order, and no others, the values of O for (a), 
(b), and (c) are 2, 1, - 1, respectively. Since C -3 for each 
triangle, the values of M for (a), (b), and (c) are §, 5 , and — 3 , 
respectively. Interpreting these values, we would conclude that 
(a) has the greatest, and (c) the least, aesthetic measure of the three 
triangles, and that (b) has an intermediate value. The reader can 
decide whether or not his own feelings in the matter agree with 
these conclusions. 

In a similar manner, 0, C, and hence M, can be measured for all 
varieties of triangles or other polygons. For melodies, harmonies 
drawings, poems, and other aesthetic objects, different elements of 
order and complexity come up for consideration, but they can also 
be measured, once we have agreed upon a numerical basis for 
evaluating them. 
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The importance of this theory of aesthetic measure lies in the 
fact that in approaching the problem of formal beauty from a 
functional point of view it furnishes a systematic, scientific method 
of analyzing form. It forces us to search for those elements which 
constitute order and complexity and then to evaluate them. This 
procedure gives an intimate understanding of form. Moreover, 

we should note that the formula M = ^ works well for the simple 

aesthetic objects to which it has been applied, objects such as poly- 
gons, vase forms, melodies, chords, and poems. It must not be 
thought that the formula can be used to create beautiful songs, 
poems, and paintings and thus replace the artist’s imagination! 
However, if an artist believes this formula is valuable, he will not 
seek to enhance the beauty of a work merely by increasing its com¬ 
plexity. Although the formula can be used to create in a limited 
way, its value lies primarily in its use for analyzing what has already 
been created. 

Although it is true that the bases for evaluating elements of order 
and complexity are arbitrary, it may well happen that such bases 
can be agreed upon by persons who disagree concerning the aes¬ 
thetic merits of an object. In such cases the formula can be of 
service in determining the sources of the disagreement. Finally, 
there are people who will not admit the possibility of considering 
the formal aspect and the connotative aspect separately. If such 
a separation is indeed impossible, it is obvious that the formula 

M = ^ is practically worthless. This formula has been derived 

on the assumption that these two aspects can be separated, and 
has nothing to do with the connotative side of beauty. 


EXERCISES 

1. Distinguish between formal and connotative beauty. Illustrate. 

2. Explain the meaning of the letters in the formula M = —. 

c 

3. Why is formula (2) of article 11 a plausible expression for the aes¬ 
thetic value of the form of an object? 

4 . Suppose you wish to determine the aesthetic measure of the quadri¬ 
laterals in Fig. 242. What elements of order would you consider? 
How would you evaluate them? What is the complexity of each 

quadrilateral? Using the formula M = Q f find M for each object. 
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6. List the elements which in your opinion determine the comp 
of a melody. 





Figure 242 



6. State the limitations of the formula M - ^ in measuring beauty. 

12. Summary. The emphasis in this chapter is on the use of 
functions to give a concise quantitative description of phenomena. 

Musical sounds are periodic phenomena and are of two kinds, 
simple and composite. A simple sound is produced by peri¬ 
odic vibrations and is described quantitatively by the function 
y = a sin bt, where y and t represent displacement and time, respec¬ 
tively, of a typical molecule of air, and a and b are constants. A 
composite sound is composed of two or more simple sounds and 
hence is described by the function consisting of the sum of terms 
of the form a sin bt. The loudness, pitch, and quality of musical 
sounds determine the properties of these trigonometric functions. 

An alternating current is another periodic phenomenon. It is 
described quantitatively by the two trigonometric functions 
/ = ai sin bt and E = a 2 sin bt. These represent, respectively, the 
relations between the quantity of electricity I flowing and the time 
t, and between the pressure of this flow E and the time t. 

Electromagnetic phenomena, such as light, radio waves, and 
X-rays, are also periodic and are described by trigonometric func¬ 
tions, but beqause of the complexity of these functions they were 
not stated. 

The laws of growth were then discussed, and special emphasis 
was placed on the growth of populations. W e reviewed briefly the 
reasoning by which Malthus arrived at his celebrated law con¬ 
necting the growth of population with the increase in food supply. 
This led to a consideration of the more recent work of Raymond 
Pearl, in which we found that the growth of population is not in 
accord with the exponential formula assumed by Malthus; but 
growth in population occurs by cycles, each of which has a natural 
upper limit. 
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In economics we considered the functional relationships between 
cost of production and quantity produced, and between price and 
supply, noting the general characters of the relationships and of their 
graphical expressions. The reason for this modest achievement in 
economics as compared with that in sound, for example, is that 
economic relationships depend greatly upon an unpredictable 
human element and hence do not have the mathematical precision 
of purely physical relationships. 

We then considered some frequency distributions which involve 
what is known as a normal distribution. By examining the curve 
representing the functional relation between observations and fre¬ 
quencies we observed several important characteristics of this dis¬ 
tribution which has such broad and important applications in life. 

In the field of psychology we saw that even such non-mathe- 
matical things as the sensations we feel can be regarded as functions 
of the stimuli that produce them, and that, with certain reserva¬ 
tions, the equation y .= log x can be taken as an expression of this 
relationship. The curve of this equation is the one generally used 
when a graphical representation of the relation between sensation 
and stimulus is desired. 

The functional point of view was carried even into aesthetics, 
the study of beauty. We saw that the beauty of form of an aes¬ 
thetic object could be regarded as a function of the complexity and 
orderliness of the form, and that this function could be expressed 

by the equation M = — , where M , 0, and C represent measures of 

c 


the beauty, orderliness, and complexity, respectively. 

It must not be thought that of all the functions considered in this 
book only those in the present chapter are quantitative descrip¬ 
tions of phenomena. Indeed, every function that w^ have consid¬ 
ered is of this character, though that fact may not have been empha¬ 
sized. Some examples of such functional relations discussed in 
earlier chapters are Boyle’s Law of Gases, PV = k t and the law of 
falling bodies, s = 16 t 2 . 


REVIEW EXERCISES 

1. Why is a musical sound called a periodic phenomenon? Why is an 
alternating current called a periodic phenomenon? 

2. Explain the meaning of each of the following; state the correspond¬ 
ing equation or equations in each case; and explain the meaning of the 
letters in each equation: 
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3. 


4. 


6 . 

6 . 


7. 


8 . 


9. 


10 . 

11 . 


13. 


14. 


16. 


1 . 

2 . 

3. 

4. 

5. 

6 . 


(a) Simple sound. 

(b) Composite sound. 


(c) Alternating current. . 

If y = a, sin bd andy-a, sin fcf are the equations fori b ^r U snund 
two tuning forks and the first equation represents the louder^soun , 
how does ai compare in value with a*? If the first cqua l P 
resents the sound of higher pitch, how does 6 , compare m value 


with 62 ? 

Explain why the frequency of a composite musical sound is the same 
as that of the partial of smallest frequency. 

What is meant by partials of a tone? 

The sounds of the violin are different in quality from those of a flute, 
clarinet, and trumpet. What corresponding differences are there in 
the equations of these sounds? 

How did Mai thus come to the conclusion that eventually there 
would not be enough food supply to support the growing population. 
Draw a curve of the type which represents a cycle of growth of a 


population. 

What is the general character of the cost-quantity functional relation 
in economics? Sketch its graph. Do the same for the demand-price 
relation. 


State some properties of a normal distribution. 

Give four examples of a normal distribution. 

What is the typical form of a normal frequency curve? 

Why is the equation y ~ log x taken to represent the functional rela¬ 
tion between pitch and frequency? 

Draw the curve which is generally used to represent the relation 
between sensation and stimulus. 

By what method are O and C measured in the equation for aesthetic 

measure, M = ^ ? To what extent does this equation describe the 
C 

aesthetic value of an object of art? 
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TOPICS FOR FURTHER STUDY 

1. The physical basis of music. See Heil and Redfield. 

2. The cause of partials in string instruments. See Miller. 

3. An analysis of the tone qualities of familiar musical instruments. 
See Heil. 

4. Color analysis. See Heil. 

5. Our sensations of light and color. See Ostwald and Starling. 

6. Skew distributions. See Secrist. 

7. The logistic curve of population growth and its equation. See Pearl: 
The Biology of Population Growth. 

8. The use of curves to represent life expectations of various groups. 
See Pearl: The Biology of Death. 

9. Aesthetic measure of polygons (or melodies, chords, or poems). See 
Birkhoff. 



CHAPTER Xin 

RESTRICTIONS ON THE USE OF FUNCTIONS 

1. Introduction. The fields of knowledge in which functions are 

applied are numerous and varied. Many scientific laws are unc 
tional relations among variables. Because the uses of func ions 
daily life, as well as in science, are so important, the scientis a way 
needs to know how reliable the results are. Accuracy is impor an 
in the application of scientific laws to chemicals, to the construction 
of machines, to the generation of electricity and its conversion o 
use, and to other engineering projects. To disregard accuracy may 
cause great waste and danger to human life. There is the ur er 
question as to the degree to which mathematical statements ap¬ 
proximate true descriptions of physical situations. For examp e, 
the limited data indicated by the crosses in Fig. 243 might suggest 
either of the two curves shown, 
and hence could lead to two dif¬ 
ferent empirical equations. If 
the vertical axis represents the 
temperature of a star and the 
horizontal axis represents time, 
then the two curves may lead to 
different predictions as to future 
temperatures. Even though one 
may not use either equation for 
exact calculation, the knowledge 
of their correctness or incorrect- Figure 243 

ness may be important because 

astronomical theories may depend upon them. Therefore, we ought 
not to leave the study of functions without considering some 
restrictions which must be placed upon them in concrete situations. 
The broader question of the relation of mathematics to science will 
be discussed in later chapters. 

2. Errors in Measurement. Many equations which are used to 
represent functions are either empirical or are derived with the aid 
of empirical equations. Empirical equations are based on data 
gathered by observation and measurement. Theoretical equations 
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often involve constants also obtained by measurement. It is the 
use of measured values that introduces a fundamental source of 
inaccuracies in our equations. Of course there are situations in 
which the data may be known to be exact, as, for example, a table 
showing the number of shares of stock sold daily on the New York 
Stock Exchange. However, we can never be sure of the exactness 
of data obtained by the physical measurement of such quantities as 
volumes, pressures, intelligence ratings, temperatures, distances, 
velocities, and time. One reason for this is that some of the quan¬ 
tities we measure, under the assumption that they are constant, are 
really changing. For example, a steel rule used to measure length 
does not always have a constant length due to the fact that steel ex¬ 
pands as the temperature of its surroundings rises. Because of this 
variation, no single measurement of such a length, can be perma¬ 
nently accurate. In addition to errors introduced by the variation in 
the quantities measured, other errors arise because the hand, the 
eye, and our measuring devices are, for many purposes, crude and 
fallible. 

3. Errors in Fitting Empirical Equations to Data. The use of 
empirical equations involves inaccuracies not only because the equa¬ 
tions are derived from measured data, but also because often we 
are not sure of the proper type of equation to use. The reader will 
recall that in the process of finding empirical equations, as described 
in Chapter X, the first step is to graph the data and then to judge 
by the appearance of the graph what type of equation can be applied 
to the data. Very often the points of the graph appear to lie on a 
straight line and so we assume the relation between the variables 
to be of the form Ax + By + C = 0. In some cases in which we 
use a linear equation it may be better to use the equation of a 
parabola. The points on the graph in Fig. 243 might equally well 
lie on the straight line or on the parabola indicated. Even if the 
straight line is selected because it may appear to fit better, it is at 
once apparent that it can be only an approximate representation 
of the data because not all the points lie on the line. 

Another source of error in the use of empirical equations is the 
use of insufficient data upon which to base the equation. A person 
interested in the growth of the population of the United States 
might fit an equation to the figures representing the population of 
this country from 1790 to 1850. In this period one could use an 
exponential function, which would represent the data fairly ac- 



ART. 41 


STATISTICAL EQUATIONS 


417 


curately. However, if the population from 185 0 to 1930^is ^on^ 
sidered as well, this exponential function no longer ChaD- 

and the more complicated equation mentioned in ar ic e 
ter XII must be used. Of course no one should make th 
of using an equation based on figures from 1790 to 1 o or P 
tion in 1930 without checking that equation with the figures tro 
1850 on. Perhaps, however, an equation based on all the a a 
1790 to 1930 will fail to represent the population in future de ^ aaes - 
Hence we see that every empirical equation involves some ou 
as to whether or not it is based on sufficient data. 

4. Approximations in the Use of Statistical Laws. An equa ion 
relating the population of a city and the time, expressed in years, 
brings together values of definite, varying, physical quantities. 
Suppose, however, that we wished to study the relation between ie 
temperatures of June and July over a period of years. Now the 
temperature of June in any one year is not a fixed physical quantity 
which we can measure directly. Rather, it can mean only some sort 
of average of the daily temperatures or of the hourly temperatures 
throughout the month. The same is true for the temperature of 
July. Hence the mathematical equation relating the temperatures 
of these two months, when obtained, connects variables whose 
values are not the measurements of definite physical quantities. 
If one of the temperatures for June is 75°, 75° is not necessarily the 
temperature of the air throughout a day in June; in fact, a day in 
June having that temperature even for an appreciable portion of its 
duration may be rare. The equation relating the temperatures of 
June and July therefore represents a relation between average 
values. Functions which relate average values of the variables are 
known as statistical functions or statistical laws. Further examples 
of such laws may help to make their nature clear. 

Suppose a scientist looked into a liquid and observed the random, 
helter-skelter motion of the molecules in the liquid. Suppose this 
scientist is interested in a relation between the masses and veloc¬ 
ities of molecules. The range and number of different velocities 
and masses present are limited only by the number of molecules 
in the liquid. Certainly it is impossible to obtain a statement as to 
the relation between the mass and the velocity by an examination 
of all the individual molecules, because there are so many of them. 
But if we take averages of the velocities and masses observed, per¬ 
haps by theoretical reasoning, a relation may be discovered between 
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the average mass and the average velocity. No molecule in the 
liquid may have that average mass or average velocity, and even if 
some should have the average mass, these same molecules need not 
have the average velocity. Yet the mathematical relation between 
the averages may be extremely useful. Let us consider another 
illustration in which the use will be obvious. 

A life insurance company wishes to insure for twenty years the 
lives of people aged forty, let us say. Of people aged forty some 
die before their forty-first birthday; others live to be a hundred; 
most of them die at ages between these extremes. How can a life 
insurance company determine how long John Jones, aged forty, will 
live, in order to fix the premium of the policy on his life? A medical 
examination usually does not give this information. What life 
insurance companies have done is to study vital statistics. These 
statistics show that, on the average, three out of four people aged 
forty live to be sixty. The insurance company, accepting this data, 
is able to fix a premium which brings it sufficient profit to offset the 
loss incurred in the one case out of four in which death occurs before 
the age of 60. 

In Chapter X, article 3, we derived the empirical equation 

137 Y - 60 N + 4089 = 0, 

in which Y is the number of years after 1900 and N is the index 
number of retail food prices. N is not the price of a particular 
commodity, such as wheat. It is merely a convenient average to 
indicate the price of food for a year as compared with the price for 
some fixed year which is regarded as a standard. This equation is 
another example of a statistical law. 

We leave for discussion in the last chapter the question of the 
extent to which all scientific laws are statistical. The errors intro¬ 
duced by statistical laws arise primarily in the use of average values. 
For example, let us again consider the motion of the molecules in a 
liquid. Since we are unable to find an equation connecting the mass 
and the velocity by an examination of individual molecules, we make 
use of averages. The fact that results obtained by working with 
these averages are useful is often taken as a justification of this 
procedure. Yet it may be a matter of luck that we get useful results. 
Even if we grant that an average is the best device to apply to the 
situation, what kind of average should we take? Should it be a 
mean, or a mode, or a median, or some other kind of average? In 
the case of index numbers, for example, we have an added compli- 
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cation. Suppose we agree to take the mean of the prices o 
commodities listed, would it be fair to give the same weig ° 
price of carpet tacks as to the price of wheat? It is not reasona e 
to do so; hence we select some arbitrary standard, such as the o a 
sales of each article. Thus, since much more money is spent tor 
wheat than for carpet tacks, the price of wheat is given much more 
weight than the price of carpet tacks in computing the average. 
However, the standard selected for weighting may be a poor one, so 
that the weighting may give an inaccurate result.* It should be 
apparent, then, that statistical laws involve inaccuracies arising from 
their very nature. For this reason statistical laws must be used with 
great caution in predicting the behavior of individual entities, as, 
for example, in using an equation involving index numbers to 
predict the price of an individual commodity like wheat. More will 
be said about this in article 8. 

It is worth noting that the statistical laws of the social sciences 
are usually empirical whereas those of the physical sciences are 
usually theoretical. 

5. Approximations in the Use of Theoretical Equations. The 
use of measurement, empirical equations, and statistical laws intro¬ 
duces errors into the process of fitting equations to physical rela¬ 
tions. But even theoretical equations, which are deduced by valid 
reasoning from plausible axioms, as, for example, the formula for the 
area of a circle, may not represent physical relations exactly. In 
some physical situation it may happen that there are several pos¬ 
sible theoretical equations that could apply, and we are not sure 
which is the best to use. Suppose, for example, that we wish to 
calculate the distance between New York and Boston by indirect 
measurement, say by one of the methods used in Chapter VI. 
Though the shape of the earth is approximately that of a sphere, 
some small part of its surface may vary considerably from a spherical 
shape, and may be plane. We must decide whether the portion of 
the earth involved in making the desired measurement is flat enough 
to allow us to use Euclidean plane geometry or whether we should 
use theorems applying to the surface of a sphere.f We must make 

* The reader who will consult the reference to Davis and Nelson at the end of this chapter 
will get a better understanding of the difficulties involved in selecting a proper weighting device 
to compute index numbers. 

f A branch of Euclidean geometry, known as spherical geometry, considers properties of 
figures on the surface of a sphere. We considered some problems of spherical geometry in the 
study of navigation on the earth in Chapter VI. 
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a choice with no sure knowledge of its correctness. The physical 
situation may be handled by either of the two geometries, but we 
do not know which geometry gives the better result. 

A further source of error in theoretical equations is the fact that 
they are deduced from axioms. It may appear to be unreasonably 
skeptical for one to question the applicability of the axioms of 
Euclidean geometry to our physical world. And yet we must re¬ 
member that axioms are really assumptions, no matter how plausi¬ 
ble they may seem. It may be that a more careful examination of 
some situations will lead us to doubt that the axioms of Euclidean 
geometry apply. In the chapter on non-Euclidean geometry we 
shall see that a different choice of axioms may give formulas more 
closely applicable to our physical world than those which we cus¬ 
tomarily use. Although for 2300 years Euclidean geometry was 
believed to be in absolute agreement with nature, this view has been 
abandoned by modern mathematicians. 

Thus we have discovered two possible sources of errors in the 
applicability of theoretical equations. The first is due to doubt 
as to whether our physical situation should be handled by one or by 
another branch of mathematics. The second arises from a recogni¬ 
tion of the fact that our axioms are only assumptions and hence not 
necessarily true. 

EXERCISES 

1. For what reasons must all measurements be considered approximate? 

2. List some sources of error in the use of empirical equations. 

3. List some sources of error in the use of theoretical equations. 

4. What characteristic of stat istical laws may lead to errors in their use? 

6. Probability. By this time the reader may have the impres¬ 
sion that the application of mathematical functions to concrete 
situations is subject to many errors and therefore cannot be trusted. 
But the mere knowledge of the existence of these errors takes away 
much of their danger, because we can use devices which either com¬ 
pensate or make allowances for them. We shall see in the next few 
articles that the errors involved in finding functions to express 
physical relations may be minimized so that they do not seriously 
impair the practical use of these functions. 

If one goes out on a sunny morning without an umbrella, one 
trusts that it will not rain during the day. A walk along the street 
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involves the hope that the street will continue to support us, that no 
automobile will suddenly run wild onto the sidewal an > 

and that no gangsters will engage in a machine-gun batt e a ong 
route. Every business venture involves the risk of jai ure. 
takes but a moment to realize that every act of our daily life inyo ve 
an element of chance. We can never be sure that things will hap¬ 
pen as we expect them to. So it is with the application o ma e 
matical functions to practical situations. We cannot be sure a 
mathematical functions fit relations among physical variables 
closely enough to warrant relying upon the results obtained y _* e 
use of the functions. Shall we abandon the use of functions. o 
we always carry umbrellas, or cease walking on the streets, or give 
up business ventures, because there is the chance that disaster wi 
follow? However, in our ordinary activities, we do not ignore t le 
element of chance. We consider it, weigh it and then decide on our 
actions. One does not walk aimlessly through the streets of a city 
during a riot; nor does one engage in a business that at the outset 
appears likely to fail. One estimates the probability of an occur¬ 
rence and then acts accordingly. It is natural to expect that the 
same procedure might be used in the application of functions. 
There is one difference, however. In daily life we usually do not 
go so far as to assign a numerical value to the probability of an oc¬ 
currence. Often we are satisfied merely to know that the probabil¬ 
ity is high or low. Such a casual estimate of probability is of little 
value in scientific work, and so it is necessary to make more careful 
use of the notion of probability in its application to functions. We 
shall see first how mathematics puts the notion of probability on a 
numerical basis and then how the mathematical theory of prob¬ 
ability is used to give a more reliable application of mathematical 
functions to physical situations. 

7. The Mathematical Definition of Probability. The mathemati¬ 
cal definition of probability may be approached as follows. Suppose 
you wish to purchase an automobile and are undecided whether to 
purchase make A or make B. You therefore decide to make your 
selection by chance, in the following way. You write A on three 
slips of paper, corresponding to the three available dealers in make 
A, and B on five other slips of paper, corresponding to the five 
available dealers in make B. Then you put the eight slips in a hat, 
and draw one forth without looking. What is the probability of 
your drawing a slip with A on it? Since there is a total of 8 slips, 
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on 3 of which A appears, the mathematical probability of drawing a 
slip with A on it is defined to be f. This definition can be put in 
more general terms as follows: 

Definition: If exactly n equally likely occurrences are possible, and 
m of these occurrences are of a given class while the remaining n-m 
occurrences are of a different class, then the probability of an occurrence 

of the given class is — • 

n 

In the above illustration the equally likely occurrences were the 
8 ways in which a slip could be drawn. In 3 of these ways a slip 
could be drawn containing A. 

This definition of probability may be made to appear more rea¬ 
sonable by the following considerations. If there were no slips con¬ 
taining A, the probability of drawing A would, by the above defini¬ 
tion, be § = 0. That is, a probability of 0 corresponds to impos¬ 
sibility. If 4 of the 8 slips contained A, the probability of drawing A 
would be i = i. If all the 8 slips contained A, the probability 
would of drawing A be § = 1. That is, a probability of one cor¬ 
responds to certainty. Thus the definition of probability leads us 
to a numerical value of the probability of drawing A in these cases, 
and this numerical probability is larger in those situations in which 
we would naturally expect it to be so. 

As another illustration of the use of the definition of probability, 
let us calculate the probability of selecting an ace from the usual 
deck of 52 cards. Here there are 52 equally likely choices and a 
choice of any one of four aces is favorable to the event whose proba¬ 
bility we are calculating. Hence the probability of selecting an ace 
is A = tV The probability of selecting an ace or a king is, by 
similar reasoning, 

The above definition of probability, often referred to as the 
definition of a priori probability, is satisfactory in many situations, 
for example, in the drawing of a card, but it is difficult to employ in 
some cases. For example, what is the probability that John Jones, 
aged forty, will die within one year? To apply the definition of 
probability, we would have to know all the causes of death, assume 
they were equally likely or weight them properly, and then select 
those causes which could affect John Jones within the year. It is 
obviously impossible to do any such thing. However, statistics 
show that on the average 1 out of 100 people aged forty die within 
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one year. This average can be relied upon in calculating the prob 
ability that John Jones will die in a year since it has been-obtained 
by investigating a large number of people aged forty. Cer aan y> 
if we knew only one person aged forty and that person died wi in 
the year it would not be reasonable to state that every person age 
forty dies in one year. It seems reasonable that the larger e 
number of cases investigated the more likely it is that an average o 
those cases will be useful for predictions. Mathematicians an 
scientists use this average number as an estimate of the probability 
of an event and they call a probability obtained in this way a 
statistical or an a posteriori probability. Thus we say that the 
statistical probability that John Jones will die within one year is nnr- 
It is one of the accomplishments of the mathematical theory of 
probability that the statistical probability agrees with the a priori 
probability, where the latter exists, more and more closely the larger 
the number of cases upon which the statistical probability is based. 
For example, if one tosses a coin, the a priori probability for a head 
to appear is Suppose that we toss a coin 100 times and heads 
appear 55 times. The statistical probability of getting a head on 
the toss of the coin would then be If the coin is tossed a thou¬ 

sand times, it may be that 520 heads will appear. Then the statisti¬ 
cal probability of obtaining a head would be 1 = !%• Observe 
that the result is closer to £ than in the case of 100 trials. Actual 
coin tossing will confirm this trend. Therefore, to calculate the 
probability of an occurrence, one may use the a priori definition 
or the statistical definition, depending on which is more convenient. 
If the latter is used, the calculation of the probability should be 
based on a large * number of cases. 

EXERCISES 

1. What is the probability of throwing a 2 with a single throw of a die? 

2. What is the probability of throwing a 2 or a 5 with a single throw 
of a die? 

3. What is the probability of selecting a diamond in drawing one card 
from the usual deck of 52? 

4. The American Experience Table of Mortality states that out of 
78,106 people alive at age 40, 74,173 will be alive at the age of 45. 
What is the probability that a man aged 40 will live to be 45? 

5. If the probability that men of 20 will live to be forty is y, does that 
mean that 6 out of every 7 men of age 20 will live to be forty? that 

* The question of how largo could be answered by a deeper study of the theory of probability. 
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60 out of every 70 men of age 20 will live to be forty? What docs 
the probability mean? 

6. Which type of probability did you use in Exercises 1, 2, 3, 4 ? 


8. The Application of Probability to the Use of Functions. The 
study of the mathematical theory of probability, first undertaken 
to answer questions which arose in games of chance, has come to be 
one of the most important and most useful concepts in science. 
However, we shall consider only how the theory of probability aids 
us in overcoming serious errors in the use of functions. Let us 
review the sources of errors pointed out in the earlier articles of 
this chapter and see how some of them are taken care of by this 
theory. 

The first source of error considered was measurement. For ex¬ 
ample, an empirical equation may be desired to relate values such as 
the length and temperature of a metal rod. This equation would 
naturally be based on a table of measurements of temperature and 
length. A scientist rarely takes only one reading and records that 
as his result. He takes many readings; in the example we are con¬ 
sidering he may take perhaps 12 readings of the length of 60° tem¬ 
perature. Let us suppose that these readings differ slightly, which 
would very likely be the case. What would he select as the correct 
value of the length for that temperature? In cases of this sort it 
would be the common procedure to accept the mean of the 12 
readings as the correct value of the length. Of course, to accept 
the mean as the correct value does not imply that the mean is the 
correct value. It could be shown, however, by using statistical 
probability and certain reasonable assumptions, that the number 
representing the mean of a set of measurements of a physical 
quantity has a greater probability of being the correct value of the 
physical quantity, under the assumptions used, than any other 
number. The use of the mean in this way has the effect of reducing 
the sizes of errors of measurement. 

The second source of errors considered was one peculiar to em¬ 
pirical equations. After graphing a table of’data, we decide whether 
to fit to this data a linear equation like Ax + By + C = 0, or a 
quadratic equation like y = Ax 2 + Bx + C, or some other type 
of equation. The use of probability does not help us to decide 
which of these types to adopt; we shall indicate in article 9 how we 
may decide, and hence how a serious error may be avoided here. 
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However, in a situation in which a linear function was se e \ 
reader will recall that the method used was to selec wo p 
which appeared to Lie on the graph, substitute their co-or ina es 
the type equation, and thereby determine the values of A, , an • 
By selecting two different points, also lying approximate y on 
graph, it would have been possible to obtain a different set o va ue.’ 
for A, B, and C. Which set of values should we regard as more 
reliable, or should we combine the two sets in some way so as to o - 
tain a more reliable equation than either of the two? Mathema 1 - 
cians have developed a method of selecting the values of A , , an 

C which give the most probable linear equation fitting the given 
data. That method is not presented in this text.* 

The connection between the theory of probability and statistica 
laws is an intimate one. It may be recalled that statistical laws 
involve approximations in that they state relations among variables 
which assume, not values associated with specific physical objects, 
but averages of such values. The theory of probability indicates 
what sort of average to select.t This average is usually a more 
complicated average than the mean of a set of measurements. Al¬ 
though statistical laws themselves may be precise statements con¬ 
cerning averages, when they are applied to individual cases they 
permit only statements of what is most probable. For example, 
the law that 3 out of 4 people aged forty will live to be sixty is a 
fairly accurate one because it is based on experience with many 
people. In applying this statistical law to any 4 people chosen at 
random, and about whom nothing is known other than that each is 
forty years old, we can only conclude that the most probable occur¬ 
rence is that one of the four will die before he is sixty. However, 
it may happen that all four live to be ninety. 

As another example of the relation of probability to a statistical 
law, consider again the equation 

137 Y - 60 N + 4089 = 0, 

which relates the years from 1900 to 1915 and the index numbers of 
food prices. Suppose we used this equation to predict the index 
number for 1940 on the assumption that the equation is an accurate 
relation of index numbers and years. The calculation may show 
that the index number for 1940 is twice as large as it is in 1930. 

* The method referred to is known as the method of least squares. It is explained in many of 
the references at the end of Chapter X. 

f The reference to Swann at the end of the chapter elaborates this point. 
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Does this mean necessarily that a particular commodity like wheat 
will be double the value in 1940 that it has in 1930? Not at all; in 
fact, wheat may decline in price by 1940 and yet the equation above 
may be an accurate one for the relation between years and index 
numbers. The equation shows what happens on the average. If 
we must make a prediction of the price of a single commodity, with 
no further knowledge than this equation, we ought to conclude 
that the most probable price in 1940 would be double the price in 
1930. 

The significance of probability in statistical laws, then, is two¬ 
fold. First, probability is used to obtain the averages on which 
statistical laws are based. Second, statistical laws permit accurate 
prediction only when applied to averages of large numbers of cases; 
when applied to individual cases these laws only permit predictions 
of what is most probable. 


EXERCISES 

1. What types of errors are reduced in size by the use of probability? 

2. Suppose measurement of a certain length gave the readings 25.14, 
25.15, 25.16, 25.17. What is the most probable value of the length? 
Is this the true value of the length? Explain. 


9. The Test of Experience. If the reader will review the sources 
of error enumerated in articles 2 to 5, he will find that the theory of 
probability does not aid us in overcoming all of the difficulties. 
For example, in fitting an equation to a table of values, the type 
of equation is selected in accordance with the appearance of the 
graph. The selection of the wrong type may lead to serious error. 
In Chapter XI, article 8, example 3, an exponential function was 
used to represent the population of the United States from 1790 to 
1890. But an exponential function is not the best one to use in this 
situation. We saw that the prediction of the population for the 
year 1900 on the basis of the exponential function was inaccurate 
and would have been even more inaccurate for the years following 
1900. The question that arises then, is, how are errors of this type, 
which are not taken care of by the theory of probability, to be dis¬ 
posed of? 

In addition to the use of probability, there is one general method 
of reducing the errors that creep into the determination of the proper 
mathematical functions for physical relations, and that is the test 
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of experience itself. For example, suppose one used the exponen ia 
function mentioned in the preceding paragraph to represen e 
. population of the United States from 1790 to 1890 and by means 
of that function predicted the population for 1900. His prediction 
would be inaccurate, to be sure, but not seriously so if nothing un¬ 
usual occurred to affect the population, such as an epidemic. Using 
the data on population from 1790 to 1900 a new function could be 
obtained which would be useful for a period of time after 1900. 
Should this new function then prove inaccurate, another function 
could be obtained on the basis of a still more extensive table of data. 
As a matter of fact, the best equation obtainable thus far is not a 
simple one, but is the more complicated exponential equation (3), 
Chapter XII, article 7. When we speak of the test of experience 
as eliminating errors in functions we mean, then, that more data ob¬ 
tained by further experimentation or made available by the passage 
of time enable us to correct errors in the existing functions, either by 
changing the coefficients in the equation or by forming new types of 
equations. 

It should be added that even if new data lead us to change the 
form of the equation, the new equation gives results which do not 
differ widely from those given by the old equation for a short in¬ 
terval beyond the original set of data. For example, in Fig. 219 of 
Chapter XI, article 8, the exponential curve does not differ much 
from the other curve for a short interval beyond the point at which 
they begin to diverge. Therefore, a cautious use of a function for 
prediction may not lead to difficulties, even though the function is 
not the most accurate one. 

The process of predicting values of a function beyond the range of 
observation or experimentation is called extrapolation. As we have 
just shown, extrapolation may sometimes be used for a short interval 
beyond the known data. Beyond this short interval, however, ex¬ 
trapolation may be dangerous. Thus, on the basis of data from 1790 
to 1890 it may be possible to predict approximate population figures 
for 1900 and 1910, but to predict for later years would be to risk 
grave errors. However, interpolation, the process of predicting 
values within the range of known data, is generally safer than ex¬ 
trapolation. For example, we could use the exponential equation of 
Chapter XI, article 8, to predict fairly reliable figures on population 
in 1865 or 1875, since these values are within the range on which the 
equation is based. 
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The meaning of the test of experience to correct functions was 
illustrated above by an example of an empirical equation. Consider, 
however, a theoretical equation, such as the formula for the area 
of a rectangle in terms of its sides. Suppose that whenever we 
measured directly, with great care, the sides and area of a physical 
figure in the shape of a rectangle, we found that the product of the 
lengths of the sides differed from the measured area by a much 
greater amount than we should expect, assuming the formula to 
be correct. This would suggest that the formula is incorrect. 
How could we correct it? Since the formula was derived from the 
axioms of Euclidean geometry by deductive reasoning, it would 
appear that a change would have to be made in the axioms. It 
was mentioned in article 5 that it may appear to be extremely 
skeptical to speak of the need for changing the axioms of geometry, 
but we must be prepared to do so if we want mathematical geometry 
to apply to physical situations. The possibility of a change in the 
axioms will be discussed in Chapter XVIII. 

EXERCISES 

1. How is experience used to correct errors in the mathematical func¬ 
tions used for physical situations? 

2. If a farmer bought land which lay on the sides and top of a hill, 
would he be justified in using the formulas of Euclidean plane geom¬ 
etry to measure the area of that land? Could he use the Euclidean 
geometry which applies to the surface of a sphere? State in words 
the problem that the farmer faces in trying to measure the area of 
his land by mathematical formulas. 

10. A Note on Scientific Method. The use of the test of experi¬ 
ence to attain a mathematical function which adequately repre¬ 
sents a physical relation among variables is analogous to a broader 
and more important process commonly referred to as scientific 
method. Because the notion of scientific method is employed 
so often and because mathematics often plays a part in that method, 
it will be worth while to investigate the analogy between it and the 
process of fitting a mathematical function to a physical relation. 

The following example will help to illustrate this analogy. Sup¬ 
pose that we had never heard that the earth is round and wanted 
to form some idea of its shape. How could we proceed? We 
would naturally want to draw upon familiar facts of experience. 
For example, the earth is able to support physical objects and it 
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looks quite flat when we are sailing at sea. mig 

make the hypothesis that the earth is flat. The forma ion 
adoption of this hypothesis is analogous to finding aii empiri 
equation to fit a table of values. . . 

Let us recall that the adoption of an empirical equation inyo ve 
a large element of uncertainty, for other equations may ® 

same table of values. Furthermore, the empirical equation adopted 
may be found not to fit data obtained by further experimentation. 
Similarly, the hypothesis that the earth is flat may be found not to 
hold upon further investigation. For example, on this hypothesis, 
one should be able to observe the whole of a ship at sea as far aw ay 
as the eye can discern objects. However, it has often been o - 
served that the upper part of a ship can be seen at times when t le 
lower part is hidden from view by the water. Apparently the 
hypothesis that the earth is flat is no longer tenable when this 
additional fact is considered. Perhaps the shape of the earth is 
that of a cube. In that case, ships should disappear suddenly when 
sailing over an edge of the cube. But observation show's that a 
ship disappears gradually. Hence the hypothesis must be modi¬ 
fied to make the shape of the earth a curved one. Naturally we 
would then think of the earth as having a spherical shape, like a ball. 
This new hypothesis is corroborated by the further observation 
that ships disappear at the same rate for all directions of travel. 
Further observation could test this hypothesis and show it to be 
slightly in error, but we shall leave the argument here. Let us 
note merely that new observation led us to change our hypothesis. 
This is analogous to changing the equation which represents a 
physical situation when further data indicate that the old equation 
will no longer serve. 

The nature of the scientific method may be briefly stated as fol¬ 
lows: Data obtained by observation lead to the construction of a 
hypothesis which relates these data in a plausible way. By reason ¬ 
ing from this hypothesis we may be led to conclude that certain 
statements should be physically verifiable. If such is the case, the 
hypothesis is satisfactory; if not, it must be modified to account for 
the new data. The process of deducing new' consequences and 
further altering the hypothesis is continued until one is found 
which fits all known facts. It should be observed that scientific 
method, as well as the analogous process of fitting a mathematical 
function to a physical relation., does not provide us with truths. 
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Both of these processes provide us with hypotheses which describe 
the phenomena observed about us. Despite the fact that they are 
only approximations to truths, these hypotheses and equations are 
useful, sometimes to improve the physical conditions of life, and 
sometimes to satisfy our minds with an explanation of what is tak¬ 
ing place about us. Let us observe further that in the application 
of scientific method, mathematics may play a part in helping to 
formulate a hypothesis or in deducing consequences of a hypothesis. 
In fact, the process of fitting an equation to physical data, and of 
correcting that equation when further data demand the change, is 
an example of scientific method in a comparatively simple situation. 

EXERCISE 

Describe the process known as scientific method. 


11. Summary. This chapter has been devoted to a considera¬ 
tion of the restrictions involved in the use of mathematical func¬ 
tions. There are many sources of error in fitting equations to rela¬ 
tions among variables and precaution must be taken lest such errors 
should make the equations useless. Mathematical probability is 
very useful in reducing errors of certain kinds; the continual check¬ 
ing of calculated results with observed results enables us to correct 
the mathematical functions and thereby to reduce other kinds of 
errors. The process known as scientific method is analogous to the 
process of fitting equations to physical functions. 

Chapters X, XI, and XII were devoted to a discussion of the 
ways in which functions can be applied to physical situations. 
The present chapter should be looked upon as a further step toward 
the completion of our view of the uses of functions. A study of the 
errors involved in the applications of mathematical functions does 
not indicate limitations on their use so much as the need for care 
in their use, and the need for a knowledge of their reliability. As 
a result of the discussion of the relation of mathematical functions 
to physical situations we conclude that we cannot be sure that we 
have accurate statements of any quantitative relations. But those 
statements which we have are mathematical ones, and they are 
good enough approximations to be useful in many practical situa¬ 
tions. 
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REVIEW EXERCISES 

1. What is a statistical law? laws? 

2. What errors may be involved in the use of statistical laws 

3. Define a priori probability. 

4. What is meant by statistical probability? , 

6. How is statistical probability related to a pnon probab.hty 
6. Why do we use statistical probability in some situations rather 

, L p ptr»z“ u ;ru.e.«- a-tirsis: 

ssusis tSi— zsr. is**. — 

8. H™ is probability related to the predictions made on the basis of 

a statistical law? , 

9. Describe the two methods of reducing errors in fitting functions 
experimental data which were explained in this chapter. 

10. Explain the analogy between scientific method and fitting an equ - 

tion to a physical situation. . 

11 . Can an equation express the true relation between the physical vari- 
ables? Explain. 
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among variables became one of situations in which 

matics of the seventeenth century. The number ofsitoatoms 

this idea can be of service was illustrated vnthe preced,^ 

was quite natural then that while thinking about *wn°5Jes, 

qualities which may change, ^nieenO^ 

should have been led to think about the rates at which vanables change^ 

For example, everyone observes the change in A 

sons of the year and is concerned with daily changes 
rapid drop of twenty degrees affects our health, comfor 
differently from the same drop in temperature occurring over opened of 
several months. If we climb a hill one thousand feet high die rate at 

which the hill rises determines the manner in ™ h ' chw ° ch ™f * " 

M our condition when we arrive at the top. Indeed the rale of change 
of a variable is often more important than the mere fact that it is chang¬ 
ing. For example, if a bullet travels through the air _touxmk a 
its distance from the gun increases, but the speed, that is, the rate f 
change of distance compared to time, at which the bullet is traveling whe 
it hits the person determines whether or not it will penetrate his body. 
The rate of change of a variable can be studied only by means of 

mathematical concept of a limit. .... . 

Although the Greek mathematicians used a limiting process to Jin 
the area and circumference of a circle , it was not until Isaac Newton 
(1642-1727) and Gottfried Leibnitz ( 1646-1716) invented the differ¬ 
ential calculus that the limit concept attained a high degree of usefulness. 
Just as we considered the meaning of the function concept and seme oj 
its many applications in Part 77, so in Part III we shall consider the 
limit concept and a few of its applications. These concepts are two oj 
the most important ones in mathematics and much of modern science 
would be impossible without them. 

In Chapter XIV we shall consider the meaning of the limit concept 
itself. In Chapter XV we shall see that the understanding of this con¬ 
cept puts in our hands a powerful tool which makes possible a much 
deeper study of functional relations than we have been able to undertake 
previously. One use of functions was to. obtain numerical values of the 
dependent variable by substitution of values of the independent variable 
in the equation of the function. The concept of a limit will lead to meth- 
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ods whereby we can obtain numerical values for other quantities, besides 
the dependent variable, which are related to the function. These methods 
will enable us to derive further theoretical equations such as were dis¬ 
cussed in Chapter X. Further, using results derived by means of 
limits, we can gain important information about a given function, such 
as knowledge of a value of the independent variable yielding a minimum 
value of the function. For example, suppose we wish to construct a box 
having an open top, square base, and a volume of one hundred cubic 
feet. There are many boxes that can be constructed that satisfy these 
conditions; thus, one can have the dimensions 5X5X4; another can 
have the dimensions 10 X 10 X 1, and so forth. Among all the boxes 
that can be built to satisfy the conditions there is one which will require 
the smallest amount of material and by the use of the limit concept we 
shall be able to determine the dimensions of that box. 

In Chapter XVI we shall see how the limit concept enables us to sub¬ 
stitute precise concepts for notions which are familiar to nearly everyone, 
but which are vaguely formulated and therefore not suitable for precise 
reasoning. Some of these have already been mentioned. For example } 
in Chapter V, article 3, it was found that the concept of length as applied 
to a straight line could not be made to apply to a curved arc. Likewise, 
definitions of area and volume, as given there, are not suitable for figures 
having curved boundaries. In earlier chapters we solved problems 
involving the speed of a moving object, and we usually used this term in 
the sense of average speed as explained in Chapter XI, article 2. This 
average speed of a moving object is defined as the quotient obtained by 
dividing the number of units of distance through which the object moves 
by the number of units of time elapsed during the motion. We all have 
an intuitive concept of speed at an instant which cannot be defined as 
average speed is defined, for, at an instant, no distance is traveled and 
no time elapses, and so we cannot perform the above division. The 
average person may point to the speedometer on an automobile as indicat¬ 
ing what he means by instantaneous speed. If then we ask what a read¬ 
ing on the speedometer of forty miles per hour means, we often receive 
the reply that if the automobile continued at that rate, it would travel 
forty miles in one hour. This does not answer the question, for it does 
not tell us what is meant by the statement, 11 at that rate.” The symbols 
Vo and v, in Chapter XI, article 2, were used to represent instantaneous 
speed and at that time the intuitive notion of instantaneous speed was 
relied an. We shall rely on this intuitive notion in Chapter XV, but in 
Chapter XVI a mathematical definition of “speed at an instant” will 
be given to replace the vague, intuitive one. 



CHAPTER XIV 

THE CONCEPT OF A LIMIT 

1. Introduction. In this chapter we “a^bfr 

a limit. As an illustration of this eonecpt, d it height 

baU which is dropped so that on successive -bounds^^^ ^ 

above the ground in feet is 2 , i, t, Te, _ . f a sequence. 

shaU see that this set of numbers i . an exa ^ bound decrea ses 
As the ball continues to bounce the height _ ° thuR the suc- 

and the ball stays closer and closer to the 8 r ^ n ’ e tQ one 

cecive terms of ^.^ber is called the 

definite number, namely, . .• r *u e limit concept 

limit of the sequence. As another illustration of the limit, ^ ^ 

in a somewhat more involved situation, we ca a constan t 

travehng from New York City to Washington D.C at a con 
speed of 25 miles per hour. The distance he trave^ ^ leaving 

CYor« y hU — New Li City are 50, 75 87i 
93f 96£ ... miles, respectively. These distances are such that 
the closer to four hours that the man travels the oea rer to1 
miles his distance from New York City becomes. In ^ chapte 
we shall see that this number, 100, is called the limit of the Rmctaon 
relating the distance and the time, as the time (the independent 
variable) approaches the limit 4. 

2. Sequences. Before we can discuss the limit of a sequence 
it is necessary to understand the meaning of the word sequence. 
A sequence is a set of numbers so arranged that it has a first te , 
a second term, a third term, and so forth. Corresponding to each 
term in the sequence there is a definite term which Precedes it ex¬ 
cept that no term precedes the first, and a definite term which follows 

it, so that there is no last term. . , 

The most familiar example of a sequence of numbers is the 

sequence of the natural numbers 1, 2, 3, 4, 5, ... etc. Other 

examples of sequences are: ... • , . 

(1) The sequence of fractions formed by taking reciprocals oi the 

natural numbers: 1, i i, i, ■ • • etc - 
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(2) The sequence of numbers representing the areas of squares 
whose sides have lengths represented by the numbers in sequence (1): 

1> t> • • • etc. 

(3) The sequence of numbers in the sequence (1) taken with 

alternating minus and plus signs: — 1, + -f i, .. . etc. 

(4) The sequence: 2 1 , 2 2 , 2 3 , 2 4 , ... etc. 

The set of all real numbers between 0 and 1, taken in order of 
size, is an example of a set which is not a sequence, since there is no 
first number in this set; and furthermore given a specific number of 
the set there is no next number which follows it. 

It is customary, as is seen above, to exhibit a sequence by writing 
down several terms at the beginning of the sequence and letting a 
row of dots indicate the existence of further terms, the number of 
which is unlimited. Sometimes we can indicate the way in which 
each term of the sequence is formed by giving a formula from which 
each term in the sequence can be found. This formula is stated so 
as to involve a letter n which represents the number of the term. 
In the sequence of natural numbers, the value of any term is the 
number of the term itself; thus, the value of the second term is 2, 
the value of the tenth term is 10, and so in general the value of 
the nth term is n itself. The nth term of each of the sequences 
1—4, given above, may be expressed as follows: 

(1) Each term is 1 divided by the number of the term; hence 

the nth term may be expressed as 1 divided by n, or -. 

n 

(2) Each term is 1 divided by the square of the number of 
the term; hence the nth term may be expressed as 1 divided by 

2 1 
71 ’ ° r n 5 ' 

(3) Each term is the same as the corresponding term in the 
sequence (1) except that the signs alternate. Notice that the 
even numbered terms are positive and that the odd numbered 
terms are negative. The number (— l) n is equal to — 1 when n 
is odd and is equal to + 1 when n is even; hence we may write 

(— l) n • - as the nth term of (3). Thus, when n = 1, we have 
n 

(— l) 1 • \ = — 1; when n = 2 we have (— l) 2 • £ = + £; when 
n = 3, we have (— l) 3 • £ = — and so forth. 

(4) In this sequence each term is 2 raised to a power whose ex- 



SEQUENCES 


437 


ART. 21 __ 

ponent is the number of the term; hence the nth term may be ex- 

Pre ira d f a o S rmula for the nth term of a sequence is know, we can 
always find the value of any term of the sequenc y 
thTnumber of this term for n in the formula for the ^h term. 
Thus we can write down as many terms of the seq “®“®® are usua lly 
For purposes of discussion, the terms of a seq notation 

distinguished from one another by means of a 
Thus a sequence may be written as a x , a 2 , a 3 , a 4 , ... 
sents the first term, a, the second term, a, the th.rd term and so 
forth; the nth term is represented by a„, the mth term y m 
the pth term by a p . n J — 1 

Example 1. Given that the nth term of a sequence is re¬ 
write the first four terms of the sequence. Also write the mth 

term. n 2 — 1 

Solution. 


If n = 1, 


n 3 + 1 


!jiI = 5 = o 
1 + 1 2 


Oi. 


i — 

8 

— = a 3 . 

10 

15 

= _ = a. 

Thus the first four terms of the sequence whose nth term is 
71 1 are: 0, $, A. 




n 2 - 1 

2 2 - 1 

4 - 1 

If 

n = 2, 

n 3 + 1 

2 3 + 1 

4 + 1 



n 3 - 1 

3 3 - 1 

9 - 1 

If 

n = 3, 

n 3 + 1 

3 3 + 1 

9 + 1 



n 3 - 1 

4 3 - 1 

16-1 

If 

n = 4, 

n 3 + 1 

4 3 + 1 

16 + 1 


n 3 + 1 
If 


n 3 - 1 m 2 - 1 

n = ^TT " 


a 


m' 


Example 2. Find a formula for the nth term of a sequence 

beginning with the terms 1, • • •• 

Solution. Consider any term, for example, the fourth term. 
The numerator is 4 + 1 and the denominator is 2 • 4. This sug- 

n + 1 

gests that the nth term may be of the form 


if 


n = 1, 


2 n 

n + 1 = 1 + 1 = 2 = 1# 
2 n 2-1 2 


Now 
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71 = 2 , 


n = 3, 


n + 1 = 2 + 1 = 3 . 

2n 2-2 4 > 

n + 1 = 3 + 1 = 4 
2 n 2-3 6* 


Hence the formula — works for all the given terms and so the 

2 71 


value of the nth term may be expressed as 


n + 1 


EXERCISES 

1. Given the sequence 1, 3, 5, 7, 11, 13, 17, 19, 23, 29, ... what are the 
values of a x , a*, a 4 , a 6 , a»? 

2. Write the first six terms and the mth and pth terms of the sequence 

whose nth term is - 

(a) n + 1. (b) n 2 . (c) 1 - ±. 

1 


n — 1 
n+ 1 


n+ 1 


n + 1 


' / „ i i i v/ „ 

7i -+■ 1 l n 

(g) ( - 1)B • (h) " + 2~ 1)n ‘ 

3. Find a formula for the nth term of a sequence beginning with the 
terms: 

(a) 0, 1, 2, 3, 4, 5, 6, ... (b) 3, 9, 27, 81, 243, ... 

(c) 4, *,*,*,*,... * (d) 1, 4, 9, 16, 25, ... 

(e) 1, 4, 27, 256, 3125, ... (f) - 1, + 2, - 3, + 4, - 5, ... 

(g) 4, 4> 2*T» B*T» • • • 


4. Write three more terms of a sequence beginning with the terms: 

(a) 4, 4, 4,*, ... (b) 1,3, 7, 15, ... 

(c) 4, i, 4, H, • • • (d) -9, .99, .999, .9999, ... 

... © 1 .- 1 , 1 ,- 1 , • • 

(g) 5, 10, 15, 20, ... (h) 1, - 4, 4, - 4, . 

6 . Given any sequence di, a*, a 3 , a 4 , .... Does it follow that 03 > aa 
because 3 > 2? Explain. 

6. If there are 100 bacteria in a culture and the bacteria double in 
number once in every minute, find the number present at the end 
of 1 min.; 2 min.; 3 min.; 4 min.; 5 min. What is the general formula 
for the number present at the end of n minutes? 

7. Write down in order, (1) the number of parents a person has, (2) the 
number of grandparents, (3) the number of great-grandparents, and 
so forth. What is the general formula for the number of ancestors 
in the nth generation preceding the person’s generation, assuming 
that none of the ancestors married a relative? 
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3. Infinity as a Manner of Variation. Among the 
which we have discussed in the previous article are som ' 
terms get larger and larger the further one goes out in the seque 
For example, the sequence of the natural numbers 1, , , > > > ’ 

fhe sequence (4) of article 2, namely, 2*, 2*. 2«, 2 .the' sequence 0 

a X of Example 1 in article 2, and several sequences in 

exercises 2-4 of article 2 are of this type. Among these sequences 
we can distinguish two kinds: (1) sequences like 1, 2, 6, 4, 0, o, . . •, 
and 2 1 , 2\ 2 s , 2 4 , .... whose terms get so large that no matter wha 
positive number one may choose it is always possible to find a term 
in the sequence which will exceed this number numerica y, an 
(2) sequences like 0, ■■■ whose terms get larger and 

larger but remain smaller in numerical value than some defini 
number. Sequences of the first kind are said to tend to.infinity 
and the value of the nth term is said to become infinite. 1 hus we 


make the 

Definition: A sequence a„ a„ a„ a„ ... , is said to tend to in- 
finity, and the nth term a n is said to become infinite as n increases , ij, 
however large a number N we name f it is possible to find a term a m m 
the sequence , such that it and all succeeding terms exceed N in value. 

When a sequence tends to infinity, we express this symbolically 
as follows: a„->- The symbol » does not represent a number 
and has no meaning other than that given to it in the above defini¬ 
tion. 


Example 1. Show that the sequence of natural numbers tends 
to infinity. 

Solution. Let us choose a large positive number, N, and then 
choose a m to be an integer larger than N. For example, if N is 
chosen to be 10,000,000, then the term a m is 10,000,001, and each 
term following it exceeds 10,000,000; if N is 10 10 , a m = 10 10 + 1* 
and each term following it exceeds 10 10 ; etc. 

Example 2. Show that the sequence 0, f, -fiy, • • • etc *> whose 
n 2 — 1 

nth term is -r-, does not tend to infinity. 

n + 1 

Solution. Since n is a positive integer, n 2 is always positive. 
Thus the numerator, n* — 1, of any term is always less than the 


* The student should recall (see Chapter II. article 5) that the numerical or absolute value 
of a number is the number which is obtained when the sign is omitted. Thus the numerical 
value of + 5 and of - 5 is 5. Symbolically, the absolute value of + 5 is denoted by |+ 51, and 
the absolute value of — 5 is denoted by | — 5|. Similarly |5 — 3| - |3 — 5| = 2. 
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denominator, n 2 + 1, of the same term and thus the term is less 
than 1. Hence every term of the sequence is less than 1 and there¬ 
fore the sequence cannot tend to infinity. 

EXERCISES 

Determine which of the following sequences tend to infinity: 


1. 

2, 4, 6, 8, 10, 12, .... 

(an = 2 n). 

2. 

2, 4, 8, 16, 32, 64. 

(On = 2"). 

3. 

i, 1, i, 1, f, ?, .... 

(-=TI 

4. 

2, 1, $, J, J, l . 

( n+ 1 

I/ 1 "- n 

5. 

.... 

(On = 1). 


4. The Limit of a Sequence of Numbers. If we examine se¬ 
quences which do not tend to infinity, for example, 

(1) it *» "lV» 3*2, 6*4'> \\ 8, 2 &5» • • •» 

(2) 1, 1*, If, If, 1+ii 1H, l8f, l«i, 

(3) 49, 49*, 49f, 49*, 49**, 49**, 49**, 49f*f, 

(4) 1, — it it — it tV» “ TpZt 3*r> ~~ T*ff, • • •» 

( 5 ) 1, it 1, it It it It tV, • • •> 

we find that some of these sequences are such that the successive 
terms are closer and closer to some fixed number. Such is the case 
with the sequences numbered (1), (2), (3), and (4). The numbers 
which the successive terms of these sequences seem to approach 
more and more closely are respectively 0, 2, 50, and 0. When the 
terms of a sequence approach closer and closer to a fixed number, 
which we shall denote by l, the sequence is said to approach l as a 
limit, provided the sequence and the limit satisfy two restrictions 
which we shall no\y consider. An investigation of the meaning 
of the phrase “approach closer and closer” will enable us to notice 
the conditions which we must impose in the definition of the limit 


of a sequence. * 

If the terms of a sequence, a if a 2 , a 3 , a 4 , ... approach closer and 
closer to a number, l , we may inquire how closely they approach 1. 
For example, let us consider the sequence (2): 

1, 1*, If, 1 

The successive terms of this sequence are closer and closer to 2, but 
they are also closer and closer to 3 or 4 or 5 or, for that matter, 
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to any number * 2. However, the successive terms of the sequence 
approach closer to 2 than to any ot wnum , ^ ich differs from 
sible to find a term of the sequence, namely, , §> f 3 

2 by less than * there is no term of the sequence 
by less than 1. Now terms of sequence (2) not only PP 
within * of 2, but come to differ from 2 by less than_rU. 
by less than any positive number however smal . T ^s,thefi 
condition we shall impose in defining the limit of a sequence .sthe 
following: if a sequence a„ <z 3 , ... approaches a hmit l, no matte 
how small a positive number (usuaUy denoted by the Greek lette , 
epsilon) is chosen, there is a term of the sequence, a m , which 
close to the limit l, that it differs in value from l by less than e. 
In symbols this condition is written: if a sequence a„ a*. a 3 , -. • 
approaches a limit l, then for each positive number «, there is a 
term a m such that | l — a„ | < e. Referring to the sequence (2) 
considered above we see that 


if € = -jV, then a m could be lfj, for | 2 — I < A'i 

if e = then a m could be 1 Mi, for | 2 — ljii I < tJhJ 

if c = i q V o> then a m could be f° r I 2 — IfMf I < toW> 

and, in general, no matter what number is chosen for €, we can 
find a term a m such that 1 1 - a m | < «. Thus the sequence (2) 
satisfies the condition imposed. 

If we consider the sequence (5), 


1, £> 1, t> ii • • •> 

we see that if l = 0 the sequence will satisfy the condition im¬ 
posed. For, let € = tott; then a m = is such that | 0 — I ^ 
and for each positive number e, there is a term, a m , such that 
\l-a m \<c. However, no matter how far out we go in the sequence 
we note that every odd numbered term is 1 and so, although the 
even numbered terms are smaller and smaller, the odd numbered 
terms are not smaller and smaller. No matter how close an even 
numbered term is to 0, the next term is 1 and hence is as far from 0 as 
is the first term in the sequence. Thus the successive terms of the 
sequence are not closer and closer to 0 but are alternately closer to 
and far from 0. Since the successive terms of the sequence are 
not all closer and closer to 0, we shall place a second restriction in 
the definition of the limit of a sequence which will keep sequences 
like (5) from having a limit. 
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In the case of the sequence (2), once a term a m was found such that, 
for a given e, | l — a m | < €, then all terms after the a m that first 
satisfied this condition also satisfied the condition. Thus, 

if € = tV> then a m = ly-| is such that | 2 — lyf | < and, 

for € = iV any term in the sequence after a m = say a p , 

where p > m, also satisfies the condition \ 2 — a p \ < -fo. 

This is the restriction which we shall place on the definition of a 
limit to keep sequences like (5) from having limits. Thus in addi¬ 
tion to the first condition imposed above, namely, that in order for 
l to be the limit of the sequence a x , <* 2 , <*3, ...»it must be true that for 
a given positive number e, there is a term a m of the sequence such 
that | l — a m | < e, we shall impose the condition that all the terms 
from a m onward, that is, the terms a p where p > m, satisfy the rela¬ 
tion | l — a p | < c. These two conditions combined give the 

Definition: The number l is said to be the limit of the sequence 
a iy a 2 , a si • • • */> /or each positive number e, we can find a term in 
the sequence , a m , such that for this term and for all terms following 
it, that is, for all terms a p where p £ m, the difference \ l - a p \ is 
less than e. 

In order to understand the use that is made of the limit concept 
in this book it is essential to understand the meaning of the limit 
of a sequence; hence let us consider a few more examples. 

Example 1. Show that the sequence 1, h ••• has the 

limit 0 . 1 re 

Solution. The nth term of this sequence is a n = - 5 - If we are to 

show that the limit of this sequence is 0 , we must show that no 
matter what value is given to c it is always possible to find a term, 
a m , in the sequence which is such that |0 — a p \ < c f° r ^P — 
Thus if the value chosen for € is then the term a m = A satis¬ 
fies the condition that all terms a p , where p ^ 4, are such that 
|0 — a I < -jV Similarly, if e = rh> tben tlie t,erm “ y * 1 
satisfies the condition that all terms a„ where p* 11 , are such that 

[0 - a I < rhs- Now we c annot tr y ever y P 0SSlble value of € 
but we can see that the successive terms of the sequence are 

smaller and smaller because the denominators tend to infinity. 
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Hence |0 - a p |, where p £ m, can be madeiessthanany^ven e 
if we select as a. a term sufficiently far out in the sequence. 

Example 2. Show that the sequence 

.9, 2.1, .99, 2.01, .999, 2.001,... 

- limit 

lioluti™. ' The odd numbered terms appear to ^approaching 1, 
and the even numbered terms appear to be approaching . ^ 
us see if the limit is 1. For £ = rk we can choose a - .999 so 
that |1 - -999| < ihs; however, for p > m it is not true 
|1 - o,| < ihr- For example, a p = 2.001, the next term after .999 
does not satisfy the condition, since |1 — 2.0011 is not les 
-fo. If a m is chosen further along in the sequence, we arrive at a 
similar conclusion. Thus the limit of the sequence is not 1. ay 
similar reasoning it can be shown that no other number satisfies 
the conditions for a limit. 

The sequence *, $, |, «, ..., which has the limit 1, is an example 
of a sequence no term of which is equal to its limit; but it should 
be observed that the definition of the limit of a sequence does not 
preclude this possibility. For example, suppose a rubber ball is 
dropped to a concrete floor from a height of 16 feet. It rebounds 
and falls again from a lower height, and repeats this process several 
times. If each rebound carries the ball to £ of its former height, 
the heights above the floor at the top and bottom of each fall 
would be the following: 16, 0, 8, 0, 4, 0, 2, 0, 1, 0, .5, 0, .25, 0, . ... 
Here we have the first 14 terms of a sequence whose limit is 0, 
and each of the even numbered terms equals this limit. 

The definition of the limit of a sequence implies that a sequence 
cannot have two limits because, if the terms of a sequence are 
getting closer and closer, within any desired degree of approxima¬ 
tion, to one number, they cannot be getting closer and closer to 
another number. However, it may happen that several sequences 
have the same limit. We have already seen examples of several 
sequences having the limit 0. As further examples, consider the 
following sequences which have the limit 1: 

0, £, f, £, rf> • • • > 

0, .9, .99, .999, ..., 

2, £, i, t, • • • 9 
0, £, h lib • • • • 



444 


THE CONCEPT OF A LIMIT 


ICHAP. XIV 


If we examine the sequences 0, f t|> • • • and 1, fM, • •. 
we notice that the sequences formed of the numerators alone, or 
of the denominators alone, tend to infinity while the limits of the 
sequences are respectively 1 and 2. Thus we can conclude no¬ 
thing concerning the limit of a sequence of fractions by merely 
observing the sequence of numerators and the sequence of de¬ 
nominators. This point is further illustrated by the following 

sequence, whose nth term is --— : 

2 n n 4- 1 

i i i i 

i’ *. 

The sequence of numerators has the limit 0, as does also the sequence 
of denominators. But it is not correct to conclude that the limit 
of the given sequence is §, which has no value (see Chapter II, article 
6). For we may write the sequence in the form 


t» • • •> 


and the nth term in the form U . This form of the nth term 

2 n 

shows us that for a very large value of n the term is very near 
£. For example, if n = 1000, the term is Hence it appears 

that the limit is £, and it is possible to prove that this is the case 
by more advanced methods. 


EXERCISES 

1. Given the sequence i, J, i, ... which approaches the limit 0. 

Find a term dm such that | 0 - dm I < < when € = *; when 
t = Is this sufficient to prove that the limit of the sequence 

is 0? Explain. 

2. Given the sequence lg, lg, lgr, ... in which each term is smaller than 

the term immediately preceding it, and which approaches the limit 1. 
Find a term a m such that | 1 - a* | < c for p ^ m when e = -fo; when 
c = What must still be done to prove that the sequence has the 

limit 1? ^ 

3. Prove that the limit of the sequence 1, i, 37 , where o„ = ^, isO. 

4. Prove that the limit of the sequence 1, g, g, i, i, • •., where a* = -, is 0. 

6. Prove that the limit of the sequence 1,1,1,1,..., where a» - 1» is 1. 

6. Prove that the sequence 1, — 1, 1, — 1, 1, “ 1» • • • has no limit. 

7. What number does the sequence 1, — i, i, — i» A, • • • appear to 
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approach as a limit? What steps are necessary to prove.that this 

number is the limit of the sequence? SP nuence 

8. What numbers appear to be the hmits respective y g nce 0 f 

of numerators, the sequence of denominators, and q 

quotients of the following: 


(a) the sequence whose nth term is On 


(b) the sequence whose nth term is On 


n 


1 

n+ 1 
1 
n 
1 

2 n + 1 


.1 .01 .001 .0001 .00001 ... 

(c) the sequence —, Q2 > 0Q2 » qqq 2 ’ .00002 

... . .1 .01 .001 .0001 .00001 . 

(d) the sequence 

9. Write out three different sequences each having the limit 2. 


5. The Limit of a Function. Just as in the case of the limit 
of a sequence, we have an intuitive concept of the limit of a func¬ 
tion. Thus, let us consider the function y = x 2 , which is represented 
graphically in Fig. 244. If the positions of the ordinates are taken 
closer and closer to the ordinate A B f then the lengths of these ordi- 
nates approach closer and closer to the length of the ordinate AB , 
which is 4. Thus, it seems intuitively correct to say that 4 is the 
limit approached by the ordinate y as the position of this ordinate 
is taken closer and closer to A B. That is, y approaches 4 as x ap¬ 
proaches 2. Let us now try to put this intuitive concept into precise 


language. 
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If the. length of the ordinate y approaches the length 4 of the 
ordinate AB t then the difference in length between y and 4 must 
become very small. Thus, if we draw two horizontal lines TU and 
VW (see Fig. 245) respectively e units above and e units below the 
point B f then for any ordinate y (for example, GH in Fig. 245) 
which is close enough to the ordinate A B it is true that | y — 4 | < e. 
The ordinates which lie .close enough to AB (see Fig. 245) are those 
that lie between CE and DF\ that is, they are the ordinates that 

correspond to values of x in 
the interval EF (not including 
the end points). 

If A is not the mid-point of 
the interval EF f it is con¬ 
venient to replace EF by a 
smaller interval which has A 
as its mid-point. This smaller 
interval is obtained by letting 
the Greek letter 6 (delta) equal 
the smaller of the two lengths 
EA and AF and then laying 
off an interval of length 2 8 
with A as its mid-point (see 
Fig. 246). When EF is re¬ 
placed by the smaller interval, which in Fig. 246 is E'F , it is still 
true that all ordinates erected at points in this interval are such 
that | y — 4 | < e. 

Thus when we say that 4 is the limit approached by y when x 
approaches 2, we mean (see 
Fig. 246) that no matter how 
small a number is chosen for 
€ there must be an interval of 
length 2 5 on the X-axis with 
center at x = 2 such that 
y — 4 | < c when x is in the 
interval of length 2 5. 

For clarity we have con¬ 
sidered the limit of the par¬ 
ticular function y = x 2 as x 
approached 2. We are now in a position to state the general defi¬ 
nition of the limit of any function (see Fig. 247). 







Example 1. Given y = ^ and that this function has a limit when 
x approaches 1. Find this limit. 

* The value Of the function at * - a is excluded in the definition, for we wish to know how 

other values of *. nevertheless. would still be 4. 

t See above note. 
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Solution. Let us take as a sequence of x values the sequence 

2 > f. T> s, tb, . Corresponding to these values of x we 

find the values of y to be £, f, |, H.This sequence of 

values of y approaches the limit 1. Hence the function y = - 

1 I 

approaches the limit 1, and we may write lim - = 1 . 

*— i x 

Perhaps it seems as though we could have arrived at this con¬ 
clusion sooner by observing that y = 1 when x = 1 and hence 

inferring that y approaches 1 when 
x approaches 1. This argument 
is not justified as the following ex¬ 
ample will show. It will be re¬ 
called that, by the definition of a 
function, y is a function of g if a 
value of y is determined for every 
given value of x. Thus consider 
the function defined as follows: 
y = x for values of x different 
from 0 and y = 1 for x = 0. The 
graph of this function is the 
point (0, 1) and the line PQ in 
Fig. 249 except for the point (0, 0). 
In the case of this function, if x takes on a sequence of values 

whose limit is 0, we find lim y = 0. But when x = 0, y = 1. 

x -*0 

Hence we should not attempt to find a limit approached by a func¬ 
tion by substituting in the function the limit of a sequence of values 
taken on by the independent variable. 

x^ -4- 2 X 

Example 2. Given y = - and that the function has a 

x 

limit when x approaches 0. What is this limit? 

Solution. Let x take on a sequence of values 

IT* • • • 9 

having the limit 0. The sequence of corresponding values of y is 
1 + 2 t + 1 5 + ! iV + i + 1 



Figure 249 


1 


i 


l 

T 


or 3, 21 21 2h 2±, 


whose limit is 2. Thus lim 


x 2 2 x 


= 2 . 


x—*2 X 

Similarly if x takes on the values of any sequence whose limit is 0, 
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and if the sequence does not contam O as e *Vw since 
of corresponding values of y will h 

= x 2 + 2x = x(x + 2) t y is equal t ox + 2 for all values of * 

except 0* We cb JL . + 2 from !±±2L by dividing both nu¬ 
merator and denominator by * « diviei.n »Mch fe f 
when x = 0 but which can be performed tor all other v ^ 

Thus given any sequence of values of x having 

lot confining 0 as'a term, the values of „ can be obtamed from 

, + 2 as well as from ^±1*. It is easy to see that if * takes 

on such a sequence of values having 0 as a limit, x + 2 takes on a 

sequence of values having 2 as a limit. found 

The limit approached by y in this example^ could not be foun 

by substituting 0 for x in the equation y = ^ > for this substl " 


tution gives y = $, which has no value 
since division by 0 is not permitted in 
algebra. The method of obtaining 
the limit of a function by first dividing 
out a factor from both numerator and 
denominator and then evaluating the 
limit of the reduced expression has 
wide application, as will be seen in the 
next two chapters. 

Example 3. The postage required 
for first class mail going outside of a 
postal district is 3 cents for every 
ounce or fraction thereof. Thus the 
postage, p, is a function of the weight, 
w. Show that this function does not 
approach a limit when w approaches 1. 

Solution. The graph of this 
function consists of the horizontal 
line segments, AB, CD, EF, GH, 
IJ, etc., shown in Fig. 250. Now 
let us apply the definition of the 



Figure 250 


limit of a function. Let us take 

e = 6; then the number 5 = 1 satisfies the conditions of the defini- 
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tion, for with w between 0 and 2, p will be such that | p - 3 I < 6 
However, the definition requires that it shall be possible to find a 8 
for each positive value of e that may be chosen; hence, the fact that 
the definition is satisfied by a single choice of a value of e does not 
show that the function has a limit at w = 1 . For example if 
we choose e = 2, there is no interval of length 2 8 around the 
point w - 1 such that | p — 3 | < 2, for no matter how small 8 is 
there are always points, for example, w, in Fig. 250, to the right of 
«> - 1 such that p, = 6 and hence such that | p — 3 | is not less 
than 2. Thus, the function does not have a limit when w ap- 
proaches 1. F 


EXERCISES 

In each of the following examples assume that the desired limit exists. 


1. If y = 3 x 2 , find lim y. Find lim y. 


1 


*—o 


, , find lim y. 

1 “ X x —0 


2. If y = 


y as x approaches 1? 

3. If y = X , find lim y. 


x— i 


4. If y - 


X 2 + X c A V 

——, find lim y. 
x + 1 *-*i 


x * 1 

Find lim y. 

x -*2 


Find lim y. 
*—o 

Find lim y. 

x-*-l 


What can be said about 


6. Summary. In this chapter we have defined two related 
notions: first, the limit of a sequence and, second, the limit of a 
function. These notions were defined merely as abstract ideas, 
without any reference to their uses. The limit concept is so 
rich that it must be studied and restudied in order to get its full 
significance. It is rather elusive since the concise and accurate 
language of mathematics involves much that does not appear on 
the first reading. The many applications and implications of this 
concept, some of which we shall study in the next two chapters, 
will indicate the large field that is opened to the human mind by 
this new concept. 


REVIEW EXERCISES 

1. State in your own words what you understand by the limit of a 
sequence and by the limit of a function. Compare your answers 
with the two definitions given in this chapter. 

2. Describe a sequence. 
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3 What use is made of the notion of the limit of a sequence in connec¬ 
tion with the limit of a function. infinity? 

4. What docs it mean to say that a sequenc number? 

. Is the word infinity as used in this chapter t e nam 
By means of an example show that Urn * may differ from the 

-*• *"l °'**'— 1 

ever a term of the sequence? Give examples. 
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CHAPTER XV 

THE RATE OF CHANGE OF A FUNCTION 

1. Introduction. The idea of the limit of a function furnishes 
a tool for attacking a problem of far-reaching significance, namely 
that concerned with the precise rate of change of a function for 
a definite value of the independent variable. We shall consider 
first a special case of the general problem, where we are given the 
distance that a body travels as a function of the time, and we 
shall determine the instantaneous speed of the moving object 
Then we shall consider the general problem of finding the precise 
rate of change of any dependent variable with respect to the in¬ 
dependent variable, and its application to maxima and minima 
problems such as those which were mentioned in the introduction 
to Part III. Finally we shall consider the inverse problem to that 
of finding the rate of change, namely that of finding the function 
when the rate of change of the function is known. 

2. Speed at an Instant. Consider an automobile which is 
traveling from New York City to Philadelphia, a distance of 90 
miles. If the automobile leaves New York City at 2 p.m. and 
arrives in Philadelphia at 5 p.m., then its average speed for the 
trip is the distance it travels divided by the time it takes to travel 
this distance; that is, -% 0 - = 30 mi./hr. We are familiar with the 
fact that, although the average speed is 30 mi./hr., the speed at 
3 o’clock may be 40 mi./hr., at 4 o’clock it may be 60 mi./hr. etc., 
depending on road conditions. However, if we find the average 
speed for a brief period of time, including the instant at which we 
wish to find the speed, say 3 o'clock, then this average speed will be 
approximately the same as the speed at that instant. Thus, if 
the automobile crosses the Raritan River at 3 o’clock and travels 
.6 miles in the following minute, then the average speed for this 

0 

minute is — mi./min. = .6 mi./min. = 36 mi./hr. Now, although 


one minute is a fairly short interval of time, nevertheless it is still 
possible that the average speed for this minute may differ from the 
speed at 3 p.m. because the automobile may have increased or 
decreased its speed during this minute. In order to get a better 
approximation to the speed at 3 o’clock, we can decrease the length 
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of the time interval over which the averag ^ ^ or T j Tj> 

Thus we can compute the average speed average 

etc., of a second. The shorter the f wiU be and 

speed is computed the smaller the change in p speec i a t 3 

To the closer the average speed 

o’clock. If the sequence of time intervals eac approac hes 

the instant at which we wish to compute P ’ g PP eds ap _ 

zero, and if the corresponding sequence of 6 ed 

proaches a limit, then, since successive values of ^ d f hc [J mit 

get closer and closer to the speed‘ ^^“l^dat that instant, 
of the sequence of average speeds will be the p qlltomo bile in 
Although it is useful to consider the motion of an met hod 

order to find a method of obtaining instantaneous speed, thi th 
can be applied with greater ease to the problem of finding ^hem 
stantaneous speed of a freely falling body as i s body i s 

than that of the automobile. The speed of a freely 
continually increasing with time, and hence the average speed co 
puted for a definite interval of time is greater than what we think 
of as the speed at the beginning of this interval. But th,s dispa ' y 
is less the shorter the interval used. Thus the average p 
a short interval of time may be taken as an a ppr oximation to the 
speed at the beginning of the interval, and we may obtom «J*J uen J 
of such approximations over shorter and shorter • 

this sequence of average speeds has a limit, it is natural 
this Umit as the "speed at the instant” which ,s the beginning of 
the interval. Thus suppose we are to find the speed at the in 
when the body has been falling for precisely 3 seconds. Let A 
stand for an interval of time beginning at this instant, and te 
A s stand for the distance the body falls in this interval (T he 
symbols A t and As, read “delta t" and “delta s,’ are each single 
symbols and are not the products of two numbers A and t or A and 
s, respectively. They are common notations standing for an in¬ 
terval of time and an interval of distance.) Then, if t> stands foi 
the average speed for this interval of time, by the definition of 

average speed, we have v = Let us suppose that by a series of 

observations we determine the results tabulated below: 


A t (sec.) 


A s (feet 


(ft. per sec.) 


l||l l I 1 1 1 I t \ J_I_*_ 

IT T 52 333 25 19^ lOj H/g 12j^ ^0|_21 

112 104 1011 100 99 98 5 98 * 98 97 i 9?i 























In this table the values of A t are the first 10 terms of a sequence 
whose limit is 0, and the values of v are the first 10 terms of a 
sequence whose limit appears to be about 97. If we could prove 
that the limit of this sequence is 97, we should take 97 feet per 
second as the precise speed at the end of 3 seconds. 

Let us formulate this process so that we can get the limit of the 
sequence of average speeds directly from the formula for the dis- 
tance which a body falls in t seconds when dropped. Since the 
body faUs with initial speed 0, we have by Chapter X, article 6: 

s = 16 <*. ( 1 ) 

If a particular value of t is taken, say <„ we obtain a particular 
value of S , say Thus s , = 16 £ (2) 

To find the additional distance fallen in A t seconds, we take 

t = U + A t. Representing the additional distance by A s, we 
obtain the distance fallen in t, + A t seconds, which is therefore 
si + A s, by substituting l, + A t for t in s = 16 Thus 

s, + A s = 16 (<, + A <)’, 

s, + A s = 16 t\ + 32 <i (A 0 + 16 (A O’. (3) 

Now, subtracting (2) from (3), we have 

s. + A 8 - s, = 16 t\ + 32 f, (A 0 + 16 (A 0’ - 16 t\, 

A s = 32 (, (A 0 + 16 (A O’. ( 4 ) 

We obtain v by dividing A s as given by ( 4 ) by A l; hence 


A s 
A~t 


32*! At 4- 16 A* 2 32*» A* . . A* 2 


A* 


+ 16 


A* 


( 5 ) 


At 

v = 32*i + 16 (A*). 

In this equation h stands for a particular value of *, and hence is 
a constant in the equation. Therefore v is a function of A *, which 
is the independent variable in (5). We now wish to find the limit 
of v as At approaches the limit 0. But as A * approaches 0, 
32 *i + 16 (A *) approaches 32 *i, since 16 A * approaches 0 and *i 
is constant. To see that 16 A * — ► 0, let A * take on a sequence of 
values having 0 as a limit and note that the limit of the sequence 
of values which 16 A * takes on is 0. Hence if we let Vi stand for 
the limit approached by v* we have 

Vi = 32 <!. (6) 

• The student should note the similarity of the process here to that in Chapter XIV, article 
5, where wo found 


lira ar(x + 2 ) 
*-♦ 0 - 


x 

by dividing both numerator and denominator by x. In that case the independent variable was 
x while here it is A x. 
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We now observe that if U = 3, Vi - 96 , instead of 

our estimate found from the sequence of values .„..i ate e x- 

Zove. Thus, by using equation (6) we are able to calculate 

actly the speed at the end of 3 seconds. , rn]lI „ , 

Thus far we have thought of t as being fixed at s ° can 

But the same reasoning holds for any value of t and 
write (6) as a formula giving the speed at any time t. Thus it tne 

distance s, is the function of t: /j\ 

$ = 16 r; v 9 


then the speed v , is also a function of t , 

v = 32 t, 

the second function having been derived from the first through 
the limiting process described above. From this formula w 


t (sec.) 

0 

1 

2 

3 

4 

5 

6 

7 

224 

8 ... 

256 ... 

v (ft. per sec.) | 

0 

32 

64 

96 

128 

160 

192 


Let us apply tne metnuu uacu w v.w.. --- 

example. It is found in Chapter X, article 6, that if a ball is 
thrown straight upward from the ground with an initial velocity 
of 128 feet per second, its height s after t seconds is 

= 128 f - 16 t\ (®) 


Let us find the formula for the velocity at any time, t. First we 
think of h as representing a particular instant at which the velocity 
is to be found. The corresponding distance, Si, is found by putting 
t — ti in the above equation. Thus 

Si - 128 ti - 16 t\. (®) 

For a time «, + AUe shall have a distance differing from Si by 
the distance moved during the interval of time A t y which we call 
A s. The total distance moved in h + A t seconds is then si + As 
which, by substituting h + A t for t in (8), is found to be 

Sl + A s = 128 (tt + A 0 “ 16 (*i + A t)\ (10) 


Subtracting (9) from (10), 

Si + A s - Si = 128 (f, + A t) - 16 («, + A «)* - 128 h + 16 t]. 
Therefore A s = 128 h + 128 (A t ) - 16 t\ - 32 h (A t) - 16 (A <) 2 

- 128 h + 16 t\. 


* When we are concerned with a motion which can be upward at one time and downward at 
another, it is convenient to distinguish the directions, as usual, by plus and minus signs. The 
upward direction is considered positive and the downward, negative. When direction is 
attached to speed, the term velocity is used. 
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Hence A s = 128 (A t) - 32 t x (A t) - 16 (A t)\ 
The average speed v, over the interval of time A t , is 


As 128 A t - 32 t x A t - 16 A t 2 


v = 


= 128 - 32 t x - 16 (A t). 


A t At 

As At —► 0 in this function, v —► 128 - 32 t x since 128 - 32 t x 
remains constant and 16 A t —>-OasA t —► 0. Hence the instan¬ 
taneous velocity v Xi at time t Xf is 


v x = 128 - 32 t x . 

Since this process is the same no matter what value t x has, we may 
write the formula for velocity v , at any time t } 

v = 128 — 32 t. (11) 

From this formula we find v = 96 when t = 1, v = 64 when t = 2, 
v = 32 when t - 3, v = 0 when t - 4 , v = - 32 when t = 5, etc! 
Not only can we find a value of v by substituting a specified value 
of t in (11), but we can also find what value of t yields a prescribed 
velocity v. Thus if we wish to find after how many seconds the 
velocity will be 50 feet per second, we set 

128 - 32 t = 50, 

and solve this equation for t, obtaining t = £§, or 2^. 


EXERCISES 

1. A ball rolling down an inclined plane moves s feet in t seconds, these 
variables being related by the equation s - 4 l 2 . Derive a formula 
giving the velocity as a function of the number of seconds the ball 
has been rolling. Find the velocity at the end of 4 seconds. 

2. A projectile fired directly upward moves so that its distance from 
the earth is given by the equation, 

s - - 16 t 2 + 2400 t, 

where s is the number of feet high at the end of t seconds. Derive a 
formula giving the velocity as a function of the number of seconds 
the projectile has traveled. What is its muzzle velocity, that is, the 
velocity when t = 0? Find the velocity when t = 60; when t = 75. 
Find the height when t = 60. At what value of t is u — 50? 

3. A train leaves a station moving so that its distance from the station 
is given by the following equation: 

s - 5 t + 2 t 2 - i t\ 

Find the velocity when t — 1; when 1 = 2. 

4. What is the relation of instantaneous velocity to average velocity? 

5. Given any formula expressing distance traveled as a function of 
time. Outline the steps necessary to find the formula expressing 
the velocity as a function of the time. 


ART. 31 MAXIMUM HEIG 


HT IN VERTICAL MOTION 


457 


6. Why can’t we divide a number of unltS o^tv^wedo^'compute 
units of time to compute instantaneous velocity 

average velocity? 

3. Maximum Height in Vertical Motion. The■ “ 

article 2 has shown how an equation, expressing e . 

units of distance a body has moved in a straight line as a function 
of the number of units of time it has been in motion, can be mad 
to yield an equation expressing the velocity attained as a function 
of the number of units of time it has been in motion. Thisnew 
equation can then be used to find the velocity at any specified time 
or inversely, to find the time at which any specified velocity is 

at Weknow from ex P erience with ob i ects thrown verticallj ; u P'™ rd 

that they lose speed as they rise and that they gain speed as they 
fall back to the ground. As an object rises higher and higher its 
speed decreases more and more and at the highest point that the 
object reaches its speed must be zero, or else the object would con¬ 
tinue to rise. Thus the highest point that is reached by an object 
thrown vertically upward occurs when the speed of the object is 
zero. Let us again consider a ball thrown vertically upward 
with an initial velocity of 128 feet per second. As stated in article 2, 
the formula giving us the height above the ground in feet after t 
seconds is 

s = 128 l - 16 t 2 . 

We have found in article 2 that the formula giving the velocity v, 
at the end of t seconds is 

i> = 128 - 32 t. 

Now this velocity is 0 when the ball is at its highest point; hence 
to find the time at which this maximum height is attained we set v 
(which is a function of t) equal to 0 and solve the resulting equation 
in which t is the unkn own. Thus, in the present example, we write 
the equation 

128 - 32 t = 0, 
and obtain t = = 4. 

We can now go a step further and find what the maximum height 
is by substituting t = 4 in the equation for the height s, where 

. s = 128 t - 16 t\ 

Thus, for t = 4, s = 128 *4 — 16 • 4 2 *= 256. 
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Hence we conclude that the ball attains its maximum height of 
256 feet at the end of 4 seconds. 

Now let us consider a weight which is hung on a spring (see 
Fig. 251). If this weight is caused to move downwards and then 
released it will move up and down. As the weight moves down, 
its speed will eventually begin to decrease on account of the tension 
in the spring. When the weight reaches the lowest point to which 
it can go, the speed of the weight is zero, for otherwise the weight 
would continue to travel downwards. Thus we see that the speed 

with which the weight is traveling is zero 
when the weight reaches its lowest point or 
its minimum distance above the ground. 
In a similar way, we can see that the speed 
of the weight is zero when the weight is 
highest or at its maximum distance above 
the ground. In the previous example we 
have seen that when a body is thrown 
Figure 251 vertically upward its speed is zero at the 

highest point; in the second example we 
have seen that when a body is at its lowest point its speed is zero, 
also. 



EXERCISES 

1. At what time does the projectile of exercise 2, article 2, attain its 
highest point? What is its greatest height? When does it reach 
the ground? Compare this result with the time to reach the maxi¬ 
mum height. What velocity does it have when it hits the ground? 
Compare this with the velocity it had when it left the ground. 

2. The equation, s = 20 t — 16 P, gives the height in feet s, of a high 
jumper at the end of l seconds. What is the greatest height attained? 


4. The Rate of Change of a Function: The Derivative. In 
articles 2 and 3 we have been concerned with functions of the vari¬ 
able t , in which t represented a number of units of time and each 
function gave us a number of units of distance. The rate of change 
of such a function was accordingly called the velocity. The velocity 
v, is also a function of time, and we might proceed to apply the same 

method again and thus obtain lim Since — is an average 

At-* o At At 

rate of change of velocity over the interval of time A t , we should 
then think of lim ^ as the precise rate of change of velocity at an 


At- 


A t 
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instant. This instantaneous rate of change ^ velocity _is^the 
instantaneous acceleration. The process of fin g ional 

taneous rate of change can be a PP bed eq ^ have discussed 

relation has no connection with a moving body. V\ e . 

many functions of time besides those which represent distance. 

For example, the number of bacteria in a culture is a 

the number of minutes since the culture was formed. In th* °ase 

the rate of change is the instantaneous rate of increase or decrease 

of bacteria. ... • > • l »i. p IiuIp- 

There are also many functional relations in which 

pendent variable does not represent time. We are farm iar ^ 
many rates associated with functions of this kind as a few .^a m P'® b 
will remind us. The pressure in the ocean is a function of its depth. 
As a submarine descends it is important to know how the pressure 
varies. Thus we might find that the pressure changes p pounds 
per foot, this statement meaning that the pressure increases p 
pounds as the submarine goes one foot deeper. The amoun o 
salt which can be dissolved in water is a function of the temperature 
of the water. We might find that the amount which can be dis¬ 
solved increases g grams per degree Centigrade, this statement 
meaning that we can dissolve g grams more if we raise the tem¬ 
perature one degree Centigrade. The cost of operating an auto¬ 
mobile is a function of the speed at which it is driven. In order to 
determine what speed is most economical, a company operating 
a fleet of trucks might need to know how much the cost of operation 
increased per unit increase in speed, in order to compare this added 
expense with the saving in time afforded thereby. The profits o a 
manufacturing concern depend upon the output and it is important 
for such a concern to know how the profits change with reference 
to a change in output — the change in profit per unit change in 
output. What makes a drinking glass break when very hot water 
is poured into it? If the change in volume of the glass near the 
interior surface per unit change in the volume of the glass near the 
exterior surface is greater than a certain critical value the glass 
breaks. One of the most familiar of all rates is the rate of rise of a 
hill, which we call the grade or slope of the hill. It is the number 
of feet rise per foot of horizontal advance. This corresponds to the 
definition of slope of a line given in Chapter VII. In any one 
of these examples we may be interested in the precise rate for a 
definite value of the independent variable. For example, we might 
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be interested in the rate of change of pressure with respect to 
depth at a particular depth, or in the rate of rise of a hill at a par¬ 
ticular point on the hill. 

We have often observed that mathematical expressions single 
out the purely numerical features of a quantity or relation. Methods 
which mathematicians develop to apply to such processes are then 
quite independent of special interpretations. Thus, if y is a func¬ 
tion of x, we can refer to the precise rate of change of y with re¬ 
spect to x at the particular value of x, and we can extend the method 
for finding the speed at a particular instant to the rate of change 
of y with respect to x at a particular value of x. For example, 
consider the function 

y = x 2 - 3 x + 2, (lj 

and let us carry out the process described in article 2 to find the 
rate of change of y with respect to x when x = x x . Let y x be the 
value of y obtained by substituting x x for x in (1) and we have 

yx = x\ - 3 x, -f 2. (2) 

If now we change x x by an amount A x, we obtain a value of 
y different from y Xt and the amount by which y is changed we call 
A y . Thus 

y x + A y = (xi + A x) 2 - 3 (xi + A x) + 2, 
y x + A y = x? -I- 2 x, (A x) + (A x) 2 — 3 x x - 3 (A x) + 2. (3) 
Subtracting (2) from (3), we have 

A y = 2 Xi (A x) + (A x) 1 — 3 (A x). 


Thus we have obtained A y t which is the change in y, as a function 
of A x (xi being a constant). By the average rate of change of y with 

respect to x we mean the quotient —-, and write 

A x 


Ay 

Ax 


2xiAx + Ax ! - 3Ax 
Ax 


2 xi + A x — 3. 


If we now let A x approach 0, we obtain 

lim = 2 Xi — 3. 
ax—o Ax 


This limit is obtained by selecting a sequence of values of Ax 
which has 0 as a limit and observing the limit approached by 
2 Xi + A x — 3. The result may be called the precise rate of 
change of y with respect to x at the value, x = Xi. This rate is 



ART. 5] 


THE DERIVATIVE OF dX n 


461 


very similar to velocity at an instant, and indeed it is that velocity 
if x stands for time and y for distance. The general name app ie 
to it is the derivative of y with respect to x, and it is symbolize y 

D x y. This symbol D x y always stands for Jim^ I n this case, 

for the value x = Xi, 

D x y = 2 x» - 3. 

Since the process which we have used would be the same for any 
value of x t we write 

D x y = 2 x — 3. 

The interpretation of the derivative depends upon the interpre¬ 
tation of the variables in the given functional relation. Thus if, 
in the above example, x stands for a number of units of time and y 
for a number of units of distance, then D x y represents the instan¬ 
taneous velocity; if x stands for a number of feet depth and y for 
a number of pounds pressure, then D x y represents the rate of 
change of pressure with respect to depth at any prescribed depth x; 
and so forth. 

5. The Derivative of ax n . In order to use the derivative of a 
function with a minimum of technical detail, it is desirable to learn 
the derivatives of those functions which occur most frequently. 
Since it is not our purpose to develop extensive technique, we shall 
confine this study to the single function ax n , and to polynomials 
made up of such terms. 

Before writing the general formula for the derivative of ax n let 
us find the derivatives of some special functions of this type, 
namely, x, x 2 , and x 3 . In each case the derivative is found by 
applying the general process of article 2. 

(1) Consider y = x. (1) 

Suppose y = yi when x = Xx. Substituting in (1), we get 

yi = xi. ( 2 ) 

Now let y = yi + A y when x = Xi + A x. Substituting in (1), we get 

yi + A y = xi + A x. (3) 

Subtracting (2) from (3), 

A y = A x. 

Dividing both sides by A x, 

Ay.x 
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Taking the limit as A x —*- 0, 

D x y = lim ^ = 1, 
a*—* o Ax 

since the ratio is constant and equal to 1 for all values of A x. 

Hence, if y = x, D x y = 1 for all values of x. 

(2) Consider 2 / = x 2 . ( 4 ) 

Suppose y = yi when x = Xu Substituting in (4), we get 

2/i = 4 (6) 

Now let y = yi + A y when x = Xi + A x. Substituting in (4), we get 

yi + A y = (xi + A x) 2 . 

Multiplying out the right-hand side, 

t/i + A y = x\ + 2 Xx (A x) + (A x) 2 . (6) 

Subtracting (5) from (6), 

A y = 2 xi (A x) + (A x)\ 

Dividing both sides by A x, 

A v 

~r~ = 2xi + Ax. 

Ax 

Taking the limit as A x —0, 

D x y = lim ^ = 2 Xi, 

Ax—*0 A X 

for, if A x takes on a sequence of values approaching 0 as a limit, 
2 xi + A x takes on a sequence of values approaching 2 Xi as a 
limit since Xi is a constant. Since Xi is any value of x, when y = x 2 , 
D a y = 2 x for all values of x. 

(3) Consider y = x*. (7) 

Suppose y = yi when x = Xi. Substituting in (7), we get 

2/i = 4 (8) 

Now let y = y x + A y when x = Xi + A x. Substituting in (7), we get 

yi -b A y = (xi + A x)\ 

Multiplying out the right-hand side, 

2 /i + A y = x\ + 3 x\ (A x) + 3 Xi (A x) 2 + (A x)\ (9) 

Subtracting (8) from (9), 

A 2/ = 3 x* (A x) + 3 Xi (A x) 2 + (A x)\ 

Dividing both sides by A x, 

^ = 3 xj + 3 si (A *) + (Ax)*. 

A x 
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Taking the limit as A x ► 0, 

D x y = lim 


A* 


= 3x\. 

o» —0 A X 

. { w „ - 3 - 3 D a = 3 X 1 for all values of x. 

~ — *- - 

sidered, namely, 0 

when y = x, D x y = 1, (= 1 • * ), 

when y = x 2 , D, 2 / = 2 x » 

when t/ = x*, D,2/ = 3 x 2 , 

suggests the following general rule which can be easily verified 

these three cases. . An j r 

The derivative of *" is the product of the exponent n, and * 
raised to a power one less than n. Symbolically, we may state this. 

when y = x n , D x y = nx n *. 

We have proved that this formula is correct when n = 1, 2, or 3. 
It is possible to prove that it is correct for any real value of n; 
however, its proof involves more algebra than we wish to use here. 

The above formula is merely a special case of the derivative of 
the function y = ax n where a = 1. In order to see the effect that 
a constant multiplier a has on the derivative, let us find the deriva¬ 
tive of the special function y = ax'. We apply the general process 
of article 2 to 

y = ax . 

Suppose y = yi when x = X\. Substituting in (10), we get 

2 ( 11 ) 
yi = a x v ' ' AJ -' 

Now if y = yi + A y when x = Xi + A x, we get, substituting in (10), 

2 /i + A y = a (xi + A x) 2 . 

Multiplying out the right-hand side, 

2 /i + A y = ax\ + 2 axi A x + a A x 2 . (12) 

Subtracting (11) from (12), 

A y = 2 axi Ax + oAx 2 . 

Dividing both sides by A x, 

= 2 axi + a A x. 

A x 

Taking the limit as A x —► 0, 

D x y = lim = 2 axi. 
a*—o A x 
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Since X, is any value of x, when y = ox 2 , D x y = 2 ax for all values 
of x. Similarly, a will be carried along as a factor in each step 
regardless of the power to which x is raised. Thus, in general 
we may state 

Theorem I: The derivative of a function y = ax n with respect to x , 
where a and n are constants, is equal to the product of the exponent n , 
the coefficient a , and x raised to a power one less than n. Symboli¬ 
cally, this is written 

when y = ax n , D x y = nax n ~\ (I) 

The complete proof of this formula will be found in texts on the 
calculus. 

Another special case of the function y = ax n occurs when n = 0. 
In this case, y = ax° = a • 1 = a. Let us apply the general process 
of article 2, to 


V = a. (13) 

Suppose y = y, when x = x,. Substituting in (13), we get 

Vi = a. (14) 

If V * Vi + A y when x = x t + A x, substitution in (13) gives 

y, + A y = a. (15) 

Subtracting (14) from (15), we have 

Ay = 0. 

Dividing both sides by A x, 

§* = 0 . 

Taking the liiqit as A x —► 0, we have 

D,y = lim = o. 

Ax —0 A X 


Hence if y is equal to a constant, the derivative D x y = 0. The 
formula (I) will also give this result, for if y = a = ax°, we have 
n = 0, and substituting in (I), 

D x y = 0 • a • x° ~ 1 =0. 

If a function is the sum of several terms of the type ax n , the 
terms are kept distinct throughout the process of obtaining the 
derivative. Let us verify this fact when y = x 3 + x 2 . Applying 
She general process of article 2, 

y, = xj + x ], 

y x + A y = (xi + A x) 3 + (xi + A x) 2 , 
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j/i + A j/ = x 2 + 3 x 2 (A x) + 3 *i (A x)‘ + <* + #+* t) + (A 

A y = 3 x 2 (A x) + 3 x, (A x) 2 + (A x)» + 2 x, (A x) + (A *)*, 

^' = 3i! + 3j,(Ax) + (Ax) , + 2x. + Ax, 

A x 


D x y = 


lim —= 3 3% + 2 Xu 

TT nnno _**" 9°, r 2 Dw = 3i 2 + 2a: for all values of x. It is 

clear that the two terms of the derivative are the 
respectively of the two terms of the function. In general, we 

may state , „-, n v© 

Theorem II: The derivative of the sum of terms of the type ax u 

equal to the sum of the derivatives of these terms taken separately. 
Example 1. Find the derivative of y = 2 x*. 

Solution. Apply formula (I). Here a = 2 and n - 5; hence 
substituting in formula (I), we have 

D z y = 5 • 2 • x i_1 = 10x\ 

Example 2. Find the derivative of y = — x I! . 

Solution. Apply formula (I). Here a = — 1 and n — 1 , 
hence, substituting in formula (I), we have 

D x y = 12 • (- 1) • x 1 * -1 = —12 x“. : 

Example 3. Find the derivative of y = x 3 — 3 x 2 + 2. 

Solution. By formula (I), the derivative of x 3 is 3 x 2 , the deriva¬ 
tive of — 3 x 2 is — 6 x and the derivative of 2 is 0. By theorem 
(II) the derivative of x’-3x ! + 2 is equal to the sum of the 
derivatives of x 3 , - 3 x 2 , and 2. Hence the derivative of 

t / =x , -3x 2 + 2isD I y = 3x’-6x + 0 = 3x ! -6x. 


EXERCISES 

By means of theorems (I) and (II), find the derivatives of the following: 
1. 2. y = 3 i 2 + 2 i. 3. y = x 5 . 

4. y = 10 x 3 - 5 x 2 + x. 

6. y = x” 2 . (In this case, n = — 2, and hence n — 1 = — 3.) 

6. y = - • (Note that - = as” 1 .) 
x x 



8. y — x*. (In this case, n = \, and hence n — \ 
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9* y = Vx. (Note that v'x = x ».) 

10. v=v^+^. 11. y-x + l. 

X 2 ? 

13. Boyle’s law states that V = ^ where V and P are the volume and 

pressure respectively of a gas, and K is a constant. Find the rate 
of change of V with respect to P for P = 10. 

14. A spherical balloon is expanding, its volume being V = $ tit 3 Find 
the rate of change of V with respect to r when r = 5. 

6. Maximum and Minimum Values of a Function. The concept 
of the derivative of a function, as representing the rate of change 
of the function with respect to the independent variable, provides 
a tool for answering questions concerning such rates as those 
mentioned in article 4. In particular, the discovery of values of 
the independent variable for which the rate of change of the func¬ 
tion is 0 is most important in the case of many practical problems. 
It will be recalled from article 3 that in considering distance as a 
function of time, the speed D t s is zero at an instant when s is a 
maximum or a minimum. Similarly, if we have y as a function 
of x , we might expect that D x y is zero at a value of x at which y 
is a maximum or a minimum. While this is not always the case 
it is true for a very large class of functions including all those 
occurring in the following exercises. We shall now use this fact 
to solve some practical problems. 

Example 1. Find the dimensions of the rectangle of largest 
area which can be enclosed by a perimeter 100 inches in length. 

Solution . In a figure (Fig. 252) illustrating the required rectangle, 
we let x represent the width. Since the 
perimeter is 100, the sum of the length 
and width must be 50. Hence the length 
is 50 — x. Therefore, representing the 
area by y t we have 

y = x (50 — x) or y = 50 x — x*. 

Now using the theorems of article 5, 

D x y = 50 - 2 x. 

Setting D x y equal to 0, 

0 = 50 - 2 x. 

Hence the value of x making the derivative 0 is x =* 25. Sub¬ 
stituting x = 25 in the equation for y, we obtain y = 625. 


X 


50—x 


Figuhe 252 
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ART. 61 _ 

If we substitute values of s f ° r g^Ta'lue^s of^ 

and x = 26, m the function y = x (50 x), we g 

which are less than y = 625 which was obtained when * 5^ 

Hence we conclude* that the largest rectangle with 
inches long is a square 25 inches on a side and having its area 

625 square inches. . . * 

A similar result would have been obtained for rectangles of any 
specified perimeter. That is, the largest rectangle enclosed by a 
given perimeter is a square. Anyone might have guessed tha 
this was the case, but we have obtained the result by reasoning 
rather than by guesswork. It is a result obviously useful to any¬ 
one wishing to surround the largest possible rectangular area by a 
given perimeter, for example, to a farmer wishing to enclose the 
largest possible field with a given amount of fence. 


Following the procedure used in solving example 1 we may 
state the steps by which maximum and minimum values of a 

function can be found as follows: 

1. Express the variable whose maximum or minimum value is 
sought as a function of the other variable in the situation. 

2. Find D x y. This can be found by the theorems of article 5 or, 
if formulas applying to the given functions are not known, by 

determining the limit approached by —^ directly, as in article 4. 

A X 

3. Set D z y equal to 0 and solve the resulting equation. A value 
of x satisfying this equation makes the derivative of the function, 
that is, the rate of change of the function with respect to x , equal 
to 0. 

4. After a value of x (say Xi), making D x y = 0, has been de¬ 
termined by step 3, the maximum (or minimum) value of y can 
be found by substituting Xi in the equation written in step 1. 

5. By substituting values of the independent variable close to 
the value obtained in step 3 in the function we can determine 
whether the value we have found is a maximum, or a minimum.* 

Example 2. An open rectangular tank with square base is to 
contain 750 cubic feet. If the construction of the base costs $6 
per square foot and that of the sides is $4 per square foot, find 
the dimensions which make the total cost least. 

* This test will not serve to distinguish a maximum or a minimum value unless the values of 
x that are chosen are very close to the critical value of x. More accurate tests are given in books 
on the calculus. 
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Jolution Step 1 . Let a side of the base be x feet long and 
let the depth be d (see Fig. 253). Hence, 
since the volume of a rectangular box with 
a square base is equal to the area of its 
base, x ! , multiplied by its depth, d, we have 
x*d = 750. 

Therefore d is ^ feet. The area of the 

base is x 5 square feet, and therefore the 
cost of the base is 6 x 2 dollars. The num¬ 
ber of square feet in one of the sides is xd = x-~ = and 

r x 

therefore the cost of one of the sides is 4 — dollars. Since there 

X 

are four sides, the total cost of the sides is 4 • 4 ■ — dollars. If 
the total cost of the tank is represented by y, we have 

y 


Figure 253 


6 x 1 + 4 • 4 • —, 

X 

6x 2 + 12000 x" 1 . 


or y 

Step 2. Using the theorems of article 5, we find 

= 12 x - 12000 x" 2 , 

or D,y = !2x —1^5. 

Step 3. Setting this expression for D^y equal to 0, 

12000 


12 x - 


= 0 . 


Clearing fractions, 
Solving, 


12 x* - 12000 = 0. 

x = 10. 


750 750 


= 7.5. 


Therefore for the depth, we have d = , — 

x 2 100 

Step 4. Substituting x = 10 in the function giving the cost y, 
we obtain i onnn 

y = 6 • !00 + ^ 

= 600 + 1200 = 1800. 

Step 5. If we substitute x = 11 and x = 9 in 

y = 6x 2 + 12000 x" 1 
we obtain 1816 + and 1819+ respectively. 
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Hence we conclude that the cost will be minimum if the tank 
is 7.5 feet deep and the base is a square whose side is 10 leet. 
these dimensions are used, the cost will be $1800. 


EXERCISES 

1. Find the number of square feet in the largest rectangular field that 
can be enclosed by 1000 feet of fencing. ( Ans. 62,500 square feet.) 

2. A rectangular sheet of tin 10 inches wide is to be made into a gutter 
by turning up the sides so that the cross-section has a I—I shape. 
How deep and how wide must the gutter be to carry the greates 
amount of water? Hint: The area of a cross-section must be a 
maximum. (Ans. 5 inches X 2* inches.) 

3. The parcel post regulations prescribe that the sum of the length and 
girth (the girth is twice the sum of the width and depth for a rectangu¬ 
lar parcel) of a package must not exceed 84 inches. Find the length 
of the largest rectangular parcel with square ends that can be sent by 
parcel post. (Ans. 28 inches.) 

4. Find the dimensions of the rectangle of smallest perimeter whose 
area is 100 square feet. (Ans. 10 feet X 10 feet.) 

6. A carpenter has 108 square feet of lumber with which to build a box 
with a square base and an open top. Find the dimensions of the 
largest box he can make. (Ans. 6 feet X 6 feet X 3 feet.) 

6. A rectangular field of 20,000 square feet is to be fenced off along a 
river. If no fence is needed along the river, what should the dimen¬ 
sions be so that a minimum length of fencing will be required? 
(Ans. 100 feet X 200 feet.) 

7. An open rectangular tank with a square base is to contain 500 cubic 
feet. What should the dimensions be if the surface is to be a mini¬ 
mum? (Ans. 10 feet X 10 feet X 5 feet.) 

8. Rectangular steel boxes are to be built which have a square base 
and cover and contain 128 cubic inches. If the cost per square inch 
of the sides is 1 cent and of the bottom and top 2 cents, find the 
dimensions of the box for minimum cost and find the total cost of 
the box. (Ans. 4 in. X 4 in. X 8 in.; cost = S1.92.) 

9. A railroad company agreed to run a special train for 50 passengers 
at a uniform rate of $10 each. In order to secure more passengers, 
the company agreed to deduct 10 cents from this uniform fare for 
each passenger in excess of 50 (that is, if there were 60 passengers 
the fare would be $9 each). What number of passengers would give 
the company maximum gross receipts? (Ans. 75.) 

10. What should be the diameter of a covered tin can holding 1 
quart (58 cu. in.) and requiring the least amount of tin? (Ans. 


3/OQO 

y-= 4.20 in. approximately.) 
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7. Finding a Function Whose Derivative is Known. We recall 
that the derivative of a function represents the rate of change 
of the function with respect to the independent variable. It has 
physical significance whenever the independent variable and the 
function have physical interpretations. This suggests that the 
equation giving this rate as a function of the independent variable 
might be determined from observations directly. For example, 
the equation relating speed to time might be known without our 
first knowing the functional relation between distance and time. 
Having speed as a function of time, how can we then obtain the 
functional relation between distance and time? Evidently we 
need a method of reversing the process of obtaining the derivative. 
We seek a function whose derivative is known, or, as we shall call 
it, an anti-derivative. 

As suggested, the anti-derivative should be found by reversing 
the process of finding the derivative. Having formulas giving us 
derivatives of specified functions, we need only restate these 
formulas, realizing that the specified function in any given case 
is the anti-derivative sought. Thus, since the derivative of the 
function y = x is D x y = 1, when we have given that the derivative 
of some function y is D x y = 1 we conclude that the function y 
(the anti-derivative) is equal to i. In other words, since the 
derivative of x is 1, we conclude that the anti-derivative of 1 is x. 
Similarly, since the derivative of x 2 is 2 x, we conclude that the 
anti-derivative of 2 x is x\ 

Since the derivative of any constant is 0, we can only conclude 
that if D x y = 0, y = a constant, but we do not know what con¬ 
stant. If y = x 2 + a constant, the derivative is always D x y = 2 x, 
no matter what the value of the constant is. As a consequence 
of these results, we must revise the results stated in the pre¬ 
ceding paragraph. The anti-derivative of 1 is x + any con¬ 
stant, or, as we shall say, x + C. Also the anti-derivative of 
2 x is x 2 + C. Thus the process of finding anti-derivatives leads 
to ambiguous results. This ambiguity is no disadvantage in 
practical cases; on the contrary, it is often an advantage to 
have an undetermined constant in our result, which can be so 
adjusted that the result can be made to fit many different situa¬ 
tions. 

Let us see how an anti-derivative can be used to give us added 
information in a problem involving motion. Suppose observations 
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have led us to the following functional relation between 
and the velocity: 

v = 20 - 4 t. 

Since v is the derivative D t s, we write D t s = 20 - 4 t. ™ 

the derivative of 20 t, and 4 t is the derivative of - 2 f, and h 
we conclude that /i\ 

s = 20 1 - 2 e + C. w 

Thus, if we can determine a suitable value of C, we shall have o 
tained the functional relation between s and t from the functional 
relation between v and t. It is an easy task to determine > 
all we need do is to measure s corresponding to a particular va 
of t and substitute these values in (1). Thus, if the moving o jec 
is 6 feet away from the point from which values of s arc measure 
when t = 0 (that is, when the observed motion started), we have 

6 = 0 - 0 + C, or C = 6. 

Replacing C in (1) by this number 6, we have 

s - 20 t - 2 e + 6, 

as the functional relation between t and s. 

Similarly, if the acceleration of an object is known, at each 
instant of time, the anti-derivative will be a function of time 
representing the velocity. Now physicists can often find the accel¬ 
eration by direct observation more readily than they can tell the 
velocity or the distance of a moving object. For example, it has 
been shown by careful experiments that the force of gravity pro¬ 
duces an acceleration of approximately 32 feet per second per 
second upon any falling body near the earth’s surface. 

That is, D t v = 32. 

Taking the anti-derivative, we write 

v - 32 t + C. 

In this function, C must represent the initial speed for, when 
l = o, v = C. Calling this initial speed v 0 , we then write 

v = 32 t Vo, 

in which v 0 is a constant known from observation. But now we 
recall that v = D t s. Hence 

D t s = 32 t + Vo. 

Again taking the anti-derivative, we write 

s = 16 t 2 -f Vot + k. 

In this function, k must represent the initial distance of the object 
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from the point from which s is measured, for when t = 0 s = k 
Calling this initial distance s 0 , we write 

5 = 16 £ •+■ Vot + So* 

Thus from knowledge of the acceleration we have obtained func¬ 
tions representing speed and distance, respectively, by taking anti- 
derivatives. 

The equation D t v = 32, which we assumed to have been obtained 
by observation, is an example of a type of equation which is of tre¬ 
mendous importance throughout science. We refer to equations 
m which instantaneous rates, that is, derivatives, appear. Two 
further illustrations of this type of equation will be given but 
will not be solved since we have not developed the necessary 
methods. 

Example 1. If a body falls through a resisting medium (air, 
for example) in which the resistance is proportional to the square 
of the speed, the following equation describes its motion: 

D,v = g — kv 2 . 

In this equation g represents the acceleration due to gravity; and, 
since the resistance (which is an opposing force) is proportional tc 
the square of the speed, the acceleration, or rather deceleration, 
due to this resistance is represented by — kv 2 , in which k is the 
factor of proportionality. The equation states that the total 
acceleration is that due to gravity plus the opposing acceleration, 
— kv 2 . 

Example 2. The rate of decay of radium is proportional to the 
amount remaining. Let A represent the amount remaining at any 
time. Then the rate of decay, that is, the rate of change of A, is 
represented by D.A. We state that this rate is proportional to the 
amount left, A , by means of the equation 

D t A = - kA . 

The negative sign is used with the constant of proportionality to 
emphasize the negative character of D t A. This rate is negative 
since A is decreasing. The solution of this equation leads to an 
exponential function such as those discussed in Chapter XI, article 8. 

Equations containing derivatives furnish a powerful method of 
describing physical situations by mathematical statements. But 
their usefulness goes much further, since additional equations can 
be derived from those given by the process of finding anti-deriva¬ 
tives. It often happens that equations so obtained furnish informa- 
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tion about the physical situations involved which woi^tives^are 
hidden from us otherwise. Equations involving derivatives are 

called differential equations, and the body of theory 
around them forms a large branch of modern mathematics. 


EXERCISES 

1. Find the anti-derivatives of: 3 x 2 , 4 x 3 , 5 x 4 , 6 x 6 , — x , 2 x 

- 3 X" 4 , x 2 , x 3 , x 4 , x 5 , - x“ 3 , x“ 4 , 2 x- 8 . 

2. Find the function y such that 

(a) D x y = x 2 + 3 and y = 4 when x — 1. 

(b) D x y = x — 1 and y = 4 when x = 2. 

(c) D x y = x 2 - 3 x + 2 and y - 1 when x - 1. 


8. Summary- Instantaneous speed was introduced as the 
limit of a function expressing average speed. This idea was then 
generalized to the rate of change of any function with respect to 
the independent variable, regardless of any physical or geometrical 
interpretation of the variables involved. This generalized rate 
was given the name “the derivative.” The derivative was used in 
such practical problems as finding maximum and minimum values 
of a function. We found it natural to try to reverse the process of 
finding a derivative, since in physical situations we are often able 
to write the expression which is equal to a derivative of a function 
more readily than the function itself. To find a function from its 
derivative, the formulas for derivatives were reversed, and these 
reversed formulas gave what we called “anti-derivatives.” It was 
impossible to carry the work of finding derivatives, and the inverse 
process of finding anti-derivatives, beyond the initial stages, since 
such work is mainly technical and not essential for our purpose, 
which is to gain an insight into the ideas involved. Finally, illus¬ 
trations were given of a powerful method of attacking a great 
variety of problems, namely, the method of differential equations, 
although such equations were not solved because the necessary 
methods have not been developed in this book. 


REVIEW EXERCISES 

1. What is meant by the “derivative of a function”? 

2. State the steps involved in finding the derivative of any function by 
the process of article 2. 

3. What is the interpretation of D x y if x represents temperature and y 
represents pressure? 



474 THE RATE OF CHANGE OF A FUNCTION (CHAP. XV 
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locity. If t represents time and v represents volume? 

6 . What is meant by “the anti-derivative”? 

6 . What is a differential equation? 
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CHAPTER XVI 

THE USE OF LIMITS IN DEFINING CONCEPTS 

1. Introduction. One of the prominent characteristics of mathe¬ 
matical reasoning’is its insistence upon precise definitions ot tne 
concepts employed. Despite the fact that we have used t e con 
cept of instantaneous speed in the preceding chapter, we have a 
no adequate definition of it thus far. Whereas average speed is by 
definition the distance traveled divided by the time, instantaneous 
speed cannot mean this because no distance is traveled at an instan 
nor is an instant an interval of time. This difficulty was men¬ 
tioned in the introduction to Part III. Another concept not yet 
defined in this book is the length of an arc of a curve. It may be 
recalled from Chapter V that a simple meaning can be attached to 
the notion of the length of a line segment. It is merely the number 
of times a unit of length can be laid off on the given segment. 
We cannot use this definition, however, for the length of an arc of a 
curve because we cannot find a unit of arc-length which will fit 
all arcs, inasmuch as arcs vary in curvature. Moreover, even if a 
unit-arc length could be chosen, there would remain the problem of 
the relation of this unit to the unit used to measure straight line 
segments. A similar problem exists for areas bounded by curves. 
Up to now we have relied upon intuitive meanings of the concepts 
just mentioned, without giving them precise definitions. In this 
chapter .we shall see how the idea of a limit enables us to formulate 
exact definitions of these and other concepts. 

2. Instantaneous Speed. In Chapter XV, article 2, we con¬ 
sidered the method of finding the speed of a moving body at any 
instant. We found that we could compute the speed at an instant 
by finding the limit of a function, which expressed the average 
speed over a variable interval of time including this instant, as the 
interval approached zero. This was expressed symbolically by 

v = lim —-• 

At—• 0 A t 

At that time we accepted this limit as representing instantaneous 
speed because it appealed to our intuition as satisfying what we 
meant by instantaneous speed. We were accepting this conclusion 
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somewhat uncritically, however. If someone were to ask us whether 
animals having backbones are vertebrates we should first satisfy 
ourselves as to what we mean by a vertebrate before answering 
the question. In other words, with a good definition of the term 
vertebrate before us, we can decide whether animals having back¬ 
bones satisfy the definition. We went through no such process 
in connection with instantaneous speed because we had no good 
definition of that concept. Moreover, ail attempts to formulate a 
good definition of instantaneous speed without involving the limit 
concept have failed to be satisfactory. On the other hand, we can 
adopt the limit of a function expressing average speeds as our very 
definition of instantaneous speed. This definition not only satis¬ 
fies our rough impressions of what instantaneous speed should be, 
but the numerical values of quantities obtained by using it agree 
with values of these quantities obtained by measurement. For 
example, by using the fact that the instantaneous speed of an 
object thrown straight up into the air is zero at its maximum 
height above the ground, we can calculate the maximum height, 
and we find that the value obtained agrees with the measured value 
of that height. 

We therefore adopt the following 

Definition: The speed at any instant t = f, is the limit approached 

by the average speed —-7 > taken over an interval of time A t. which con- 

A t 


tains t lf as A t approaches zero. 

In Chapter XV we thought of the interval A t as beginning at 
the instant h, but this was only for the purpose of fixing attention 
on the essential process involved which was that of finding the 
A s 

limit of-as A t approached zero. This restriction is unnecessary, 

A t 


for we can just as well determine A s and corresponding to an in- 

Za l 


terval A t ending at t u or containing U between its beginning and its 

A s 

end. The essential thing is that we be able to express — as a func- 

A t 


tion of A t which will approach a definite limit as A t approaches zero. 

3. The Length of a Curved Line. In Chapter V, article 3, the 
measure of the length of a straight line segment was defined as the 
number of times it contains a unit line segment. As pointed out 
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By applying a 



Figure 254 



Figure 255 


there, this definition cannot be applied to a curve, 
footrule to a curved arc, A B (see Fig. 254) we 
can measure a broken line, AC DEB, inscribed 
in the arc, all sides being one foot long except 
the last which may be shorter. The measure 
of the length of this broken line can be con¬ 
sidered an approximation to the length of the 
arc. If we apply a straight segment 6 inches 
long to the arc AB (see Fig. 255), we shall 

measure the length of the broken line 
ACDEFGHB which is a better approximation 
to the arc — better in the sense that it more 
nearly coincides with the arc. We can obtain 
better and better approximations by using 
shorter and shorter straight segments and 
each time measuring the length of the broken 
line inscribed in the arc A B. Let us consider 
all approximations which can be formed by applying a segment, 
starting at A and laying off chords always extending toward B. 
The length of the arc may be defined as follows: 

Definition: The measure of the length of the arc AB is the limit 
approached by the length of an inscribed broken line , as the length of 
each of its segments approaches 0. 

This definition of the length of a curved arc agrees with our 
intuitive ideas of the length of an arc. It agrees with our experience 
in the physical world, since, for example, the circumference of a 
circle is found by this method in plane geometry and the results 
obtained by substitution in the formula C = 2 7rr, agree with 
those found by measurement of physical circles. When applied 
to a straight line segment this definition gives the same result as 
that obtained directly from the definition of length given in Chapter 
V, article 3, for, in this case all approximations exactly coincide 
with the line to be measured, and therefore the limit is the same 
as each approximation; namely, the number of times the line 
contains the unit segment. No new unit segment is introduced in 
this definition, but the same unit segment that is used for measur¬ 
ing the length of a straight line is also used here. The definition 
gives us a method for computing the length of a curve although we 
shall not consider here the question of how the computation is 
carried out. 
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4. Areas Bounded by Curves. The concept of an area enclosed 
by a curved boundary can be approached in a manner similar to 
that used for the length of an arc. If we inscribe a polygon in the 
boundary by laying off chords one foot long, following the boundary 
always m the same direction, and making the closing side shorter 
than one foot if necessary, we can consider the area of this polygon 
to be an approximation to that of the given figure (Fig. 256). If we 




inscribe a polygon in the same manner using chords 6 inches long, 
with the possible exception of the closing side, the area of this 
polygon (Fig. 257) is an approximation apparently better than the 
former — better in the sense that the boundary of this polygon 
more nearly coincides with that of the given figure. We can 
obtain better and better approximations by forming polygons of 
shorter and shorter sides. Let us consider all approximations 
which can be formed by inscribing polygons in the manner de¬ 
scribed above. The area of an approximating polygon is a func¬ 
tion of the length of one of the equal sides of the polygon. Thus 
the area of the figure bounded by the curve may be defined as follows: 

Definition: The area of the figure hounded by a curve is the limit 
approached by the area of an inscribed polygon , as the length of each 
side approaches 0. 

For many applications a second formulation of the concept of 
area is useful. This time we shall consider the area enclosed by 
the X-axis, two ordinates, x = a and x = 6, and a curve (Fig. 258). 
Let us draw lines perpendicular to the X-axis dividing the area 
into strips of equal width, and call the width of each of the strips 
A x. Let us replace each strip by a rectangle whose height is the 
shorter of the two sides perpendicular to the X-axis. Thus the 
strip ALDC'is replaced by the rectangle ALPC , and so forth. 
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The sura of the areas of the rectangles thus formed can be 
as an approximation to the area of the given g u * e - ' 

Fig. 258, we consider the sum of the rectangles A , ’ 

MERN, and NFSB to be an approximation to the area of 
figure ACGB. The sum of the areas of these rectangles is 
AC • A x 4- LD • A x + ME ■ Ax A- NF - Ax, 
or (AC + LD A- ME A- NF) A x. 

The lengths AC, LD, ME, and so forth, are ordinates of points on 
the curve, thus we may write AC = yi, LD — y-i, ME y 3, a 

so forth, and hence we have 

(AC A- LD + ME -f ATF) A x = (^i + 2/2 + Ifs + I/4) A 



By taking A x smaller, and thus forming more rectangles, we 
obtain another approximation, which might be considered better 
than the first since the figure (see Fig. 259) thus formed more nearly 
covers the given figure than in the first case. The sum of the 
areas of the rectangles depends on the value chosen for A x and 
hence it is a function of A x. The smaller A x is chosen, the closer 
this sum of areas approximates the area under the curve, hence 
we make the 

Definition: The area of the figure hounded by a curve, the X-axis, 
and the lines x = a and x = b, is the limit of the function 

A = i/ l Ax + y t Ax + ... + z/ n Ax 
as A x approaches 0 and the number of terms consequently tends to 
infinity. 
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As an example of the operation of the above definition, consider 
the area bounded by the X-axis, the ordinates x = 2, x = 10, and 
the line y = x. As a first approximation we may take the sum of 
the areas of the four rectangles, AC PL, LDQM, MERN , and 
NFSB (see Fig. 260). We have A x = AL = LM = MN = NB = 2, 
AC = 2, LD = 4, ME = 6, ATF = 8. Therefore the sum is 
2-2 + 4*2 + 6- 2-f-8*2 = 40. As a second approximation, 

Y 



let us take eight rectangles each with width A x = 1. The sum in 
this case is 2 • 1+3 • 1 + 4 • 1 + 5 • 1 + 6 • 1+7 • 1 + 8 • 1 + 
9 • 1 = 45. Let us see what the sum is in the general case, that is, 
when we take n rectangles (see Fig. 261). When we divide the inter¬ 
val from x = 2 to x = 10 into n equal parts, each part, As, is 

g 

- units long since the entire interval is 8 units long. Taking the 
n 

rectangles from left to right, we note that in this particular example 
each has its height A x units greater than the preceding one since 
the equation of the straight line is y = x and thus the y values 
increase exactly as much as the x values. Therefore the sum of 
the areas of the rectangles is 

A = 2Ai + (2 + Ai)Ai + (2 + 2Ai)Ax+... 

+ [2 + (n - 2) Ax]Ax + [2 + (n - 1) Ax] Ax, 

which is equal to 

A = [2 + 2 + Ax + 2 + 2Ax + ... + 2 + (n-2)Ax + 

2 + (n — 1) A x] A x. 
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In the bracket there are n twos; thus 

A = [n ■ 2 + Ax + 2 Ax + ... + (n - 2 ) A x + (n - 1) A x] A x. 

Now taking the first term out of the bracket, 

A = n-2Ax + [Ax + 2Ax + ... + (n - 2) Ax + (n - 1) Ax] Ax. 
Factoring A x out of the bracket, 

A = 2 n A x + [1 + 2 + .. . + (n - 2) + (n - 1)] (A x) 2 . 

The sum in the bracket is an arithmetical progression with a 
first term of 1, a last term of n — 1 and n — 1 terms; hence, by the 
formula for the sum of an arithmetical progression,* we have 

= n (n - 1) 


* Tho sum of an arithmetical progression may be found as follows. Let the first term of the 
arithmetical progression be a, the common difference be d, the last term be l and the sum of 
n terms be S, then 

5-a + (a + d) + (a + 2rf) + ... +(Z—2<f) + (i — d)+/. (1) 

Rewriting this progression in the opposite order 

S-Z + (/ — d) + (Z — 2d) + ... + (a + 2 d) + (o + d) + a. (2) 

Now adding (1) and (2) we have 

2 S — a + / + a + f + a + /+ ... + a + Z + a + Z + a + i. 

On the right-hand side of this equation the expression a + l occurs n times, hence 

2S-n(a+0. 

Thus S = — (a + 0* 


Applying this formula to the progression 1 + 2 + — + (n — 2) + (n — 1) we have 

(1 + fezJJs. 


S 


2 


2 
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Hence A = 2nAi + ^(A x )\ 

Since we divided the interval from x = 2 to x = 10 into n equal 

parts, each part of length A x, then n Ax = 8, or n = —. There- 

A x 

g 

fore, substituting-for n. 

A x 

A, > — • 

- 16 + 4 (£-‘) i * 

4 = 16 + 32 — 4 A x = 48 — 4 A x. 

The limit of this function of A x as A x approaches zero is the area 
we seek. But the limit of 48 - 4 A x, as A x approaches 0, is 48. 
Hence the area of our figure is 48. 

The calculation of this area by direct application of the defini¬ 
tion is a complicated way of obtaining a result, much more easily 
found by a simple formula. Since the figure is a trapezoid, its 
area can be computed by the formula of plane geometry. 

area = £ (sum of the bases) • (altitude). 

In Fig. 260, the length of the base AC = 2, the length of the base 
BG =10, and the altitude AB = 8; hence the area of the figure is 
i (2 + 10) • 8, or 48. The purposes of the demonstration are (1) 
to make the meaning of the definition clear, (2) to help the student 
to realize that the result is exact rather than an approximation, and 
(3) by the length and awkwardness of the calculation to demon¬ 
strate the need for more convenient methods of applying the 
definition. If the upper boundary of the area had been a curve, 
instead of a straight, line, the calculation would have been still 
more complicated. Simpler methods of attack will not be dis¬ 
cussed in this book but they are easily accessible through further 
study.* Let us note, however, that the above definition of the 
area bounded by a curve not only defines what we mean by the 
concept in a way that satisfies our intuition but also offers us a 
method of finding that area. 

We may well ask whether the area under the curve in Fig. 258 
could have been obtained by using inscribed polygons as was done 

• Sec any calculus book. 
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in the ease of Fig. 256. It is possible to prove that the same result 
can be obtained by either method. We shall assume this s a e 
ment without proof. It is also possible to prove the theorem a 
the limit is the same no matter how the function which approxi¬ 
mates the area is chosen. That is, if we use first the sum of our 
rectangles, second, the sum of eight rectangles, third, the sum o 
16 rectangles, etc., we shall arrive at the same limit as that of the 
function formed by taking, first, the sum of 3 rectangles, second, 
the sum of 9 rectangles, third, the sum of 27 rectangles, etc. 

EXERCISES 

1. By the method of article 4, find the area between the line y = x — 2, 
the X-axis, and the ordinate x = 10. Check by the formulas of plane 
geometry. 

2. By the method of article 4, find the area between the line y - 4, the 
X-axis, and the ordinates x = 2 and x * 8. Check by the formulas 
of plane geometry. 

5. The Sum of an Infinite Series. Consider a rubber ball which 
is dropped from a height of 1 foot and on successive rebounds rises 
to £ foot, £ foot, J foot, etc. Theoretically, the ball will continue 
to bounce in this way indefinitely. Now what is the sum of all 
the distances the ball falls? (Since the question asks only the 
total of all the distances the ball falls, we must not include the 
distances it rises between falls.) Here we are asked to find the 
sum of an endless collection of terms: 

!+£ + ! + £+•••• ( 1 ) 
An indicated sum of such a collection of terms is called an infinite 
series. We cannot find this sum by adding £ to 1, \ to this sum, 
£ to this new sum, and so forth, because no matter how many 
terms we add in this way there still remain terms to be added. Thus 
we see the ordinary process of adding a collection of numbers is 
insufficient in the case of an infinite series. Hence, if we are to find 
the sum of an infinite series we shall have to define its sum in such 
a way as to permit us to compute it. If we begin the process of 
adding the terms by adding the first two terms, then the first three 
terms, etc., we get the sums, 

1 h •••• 

These partial sums form a sequence whose limit can be shown to 
be 2. We define the sum of the infinite series (1) to be the limit 
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of this sequence of partial sums. Hence the sum of the series (1) 
is 2. 

We can now make a more general statement as to the meaning 
of the sum of an infinite series. Let us consider any infinite series 

+ a* + a 3 + a 4 + .... 

We can form a sequence, s u s 2 , s 3 , s 4 , ... of sums of 1, 2, 3, 4, ... 
etc., terms of this series as follows: 

Si = fli, 

* — 0 i + a*, 

S3 = o.\ + 02 + Os, 

$4 = fli + Ch 4“ <*3 + diy 

etc. 

Then we make the 

Definition: The infinite series a x + a, + a, + a 4 + ... is said to 
have the sum S if the limit of the sequence of sums s l9 s t9 s„ s 4> ... 
exists and is equal to S, where s x = a„ s, = a x + a„ s, = a x + a, + a„ 
s 4 = a x + a t + a 3 + a 4 , etc. An infinite series which has such a 
sum is said to be convergent , otherwise it is said to be divergent . 
Example 1. Find the sum of the infinite series 

i + i + i + iV + •••• 

Solution. Si = i, 

5 2 = i + { = i, 

53 = £+ i + & = |, 

s 4 = i + i + & + iV = 

etc. 

Thus we have the sequence £, £, £, -R, .... The limit of this 
sequence is 1; hence the sum of the infinite series £ + £ + & + T 1 g- + 
... is 1. 

Example 2. Show that the infinite series 

1-1+1-1+1-1+1-1+ .... 

has no sum. 

Solution. Si = 1, 

* = 1 - 1 = 0 , 

*- 1-1 + 1 - 1 , 

* — 1 — 1 + 1 — 1 — 0, 

etc. 

Thus we have the sequence 1, 0, 1, 0, 1, 0, .... This sequence has 
no limit by the definition in Chapter XIV, article 4, and hence 
this infinite series is divergent. 
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Example 3. Show that the infinite series 

1+2 + 34-4 + 54- . 

has no sum. 

Solution . Si = 1, 

s 2 = 1+2 = 3, 
s 3 =* 1 + 2 + 3 = 6, 
s 4 = 1 + 2 + 3 + 4 = 10, 
etc. 

Thus we have the sequence 1, 3, 6, 10, .... This sequence becomes 
infinite; hence the infinite series is divergent. 

Infinite geometrical progressions occur with sufficient frequency 
to make it desirable to obtain a formula for the sum of such a 
progression, the terms of which can be represented by 

a, ar, ar 2 , ar 8 , .... (2) 

To find the sum of the terms in (2), we must form the sequence 
of sums Si = a, s 2 = a + ar, etc. 

But from Chapter X, article 5, we know that the sum of the first 
n terms of the progression (2) is given by 

a — ar n 


1 - r 


( 3 ) 


Hence, to find the sum of the terms in (2), we have only to 

find the lim s n , or lim --— • Now it can be shown that 

n—• a> n— 00 1 — r 

lim r n = 0 if r is between — 1 and + 1 in value.* Hence 


«-* CO 


lim s„ = lim 


a — ar 


n—♦ co 


n—<o 1 — r 1 — r 
Therefore the sum of the infinite geometrical progression, a, ar, 

ar 2 , ar 8 , ... is —^— > if r is between — 1 and + 1. The student can 
1 — r 

readily show that the sequence of sums of terms in (2) tends to 
infinity when r = 1 or when r > 1. 


EXERCISES 

1. Find the sum of the infinite series 

l + i + i + i + A+ ••• 

by the method of Example 1. 

* Perhaps this fact will seem plausible to the reader after raising such a number as \ to higher 
and higher powers. 
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2. Show that the infinite series 1 + 3 + 5 + ... has no sum. 

3. Show that the infinite series 2—1 + 2—1 + 2-1+ has no 
sum. 

4. By means of the formula for the sum of an infinite geometrical pro¬ 
gression, find the sums of the following infinite series: 

(a) 1 + i + * + * + .(b) 1 + i + * + .... 

(c) i + i + i + .... (d) 1 + * + i + .... 

6, The Race-Course Paradox. The failure to understand what 
is meant by the sum of an infinite series has led to much confused 

thinking in the past. Thus, by means of the definition of the 

sum of an infinite series, we can answer two paradoxes which were 
stated by the early Greek philosopher, Zeno. One of these para¬ 
doxes may be stated as follows: A runner can never reach the 
end of a race-course. Zeno was able to arrive at this conclusion 
by the following argument: The runner must traverse half of the 
course before he traverses the whole course. After having covered 
the first half of the course, he must traverse half of the remaining 
half. Then he must traverse half of the remaining portion, etc. 
(see Fig. 262). Thus there are an endless number of portions of the 



Figure 262 


race-course to be covered. Zeno concluded, therefore, that this 
could not be done in a finite length of time. But we have all 
had occasion to run to some goal and we have found by experience 
that it is possible to reach the goal even though Zeno arrived at 
the conclusion that this is impossible. Thus, either Zeno’s reason¬ 
ing is incorrect or else we must accept the fact that experience and 
reasoning give contrary results in this case. Many people have 
attempted to find the error in Zeno’s reasoning, but it was not until 
the concept of a limit was understood that this paradox was cleared 
up. The error in Zeno’s reasoning occurs in the implication that 
the sum of an endless number of terms is infinite. We have seen 
in the previous article that the sum of an infinite series may be 
finite. Let us suppose that the runner is traveling with a constant 
speed and that it takes him £ minute to cover the first half of the 
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race-course. The next quarter of the course will take him i e * 

the next eighth of the course will take him i minute; etc. T us 
the length of time that it takes the runner to run the course is 

•J + i + i + Tfr+--- 

minutes. This is an infinite geometrical series whose sum is 1 
Hence the total length of time that the runner consumes is 1 minute. 
The representation of the number of minutes consumed by means 
of this series emphasizes the fact that as the runner gets closer and 
closer to the end of the race-course the time he has been running 
gets closer and closer to 1 minute. The distance the runner covers 
is also represented by an infinite series 

i + i + i + lV + •••> 

whose sum is also 1. Thus, since the sum of an infinite series 
may be, and in this example is, finite, the runner can reach the 
end of the race-course, and reasoning and experience lead to the 
same conclusion. 

The second paradox merely repeats the difficulties of the first 
paradox in a different form. This paradox may be stated as 
follows: If Achilles and a tortoise run a race and the tortoise starts 
nearer to the goal than Achilles, then Achilles can never overtake 
the tortoise. Zeno was able to arrive at this conclusion by the 
following argument: Both Achilles and the tortoise start at the 
same time, but in the time that Achilles takes to reach the place 
from which the tortoise started, the latter has moved farther along. 
In the time required for Achilles to make up this new distance, the 
tortoise has moved still farther along. Thus, Zeno concluded that 
Achilles is always getting nearer to the tortoise but never overtakes 
him. Achilles could run much faster than a tortoise, and yet Zeno 
concluded that Achilles could not overtake the tortoise, even 
though experience leads us to the opposite conclusion. Here again 
there was a conflict between the results obtained by reasoning 
and by experience. The explanation of this paradox depends upon 
the fact that the sum of the infinitely many time intervals required 
by Achilles to overtake the tortoise is finite. 

Zeno stated other paradoxes which are just as interesting as the 
two above. We shall study some of these in later chapters and 
see how mathematics removes the difficulties involved in them. 

7. Summary. In this chapter we have employed the limit con¬ 
cept to clarify the meaning of certain vague concepts. Thus we 
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were enabled to give precise definitions of instantaneous speed, the 
length of a curved line, the area enclosed by a curved boundary 
and the sum of an infinite series. These are examples of some of 
the simpler ideas which employ the limit concept in their defini¬ 
tion. It should be noticed that the definitions adopted for these 
ideas permitted us to calculate the values of the numerical quanti- 
ties involved and that these calculated values agree with observed 
values. The confusion which can result from a failure to under¬ 
stand the exact meanings of the concepts one employs is well illus¬ 
trated by Zeno’s paradoxes. 

Although the concepts of the limit of a sequence and the limit 
of a function are fundamental in Chapters XIV, XV and XVI, it 
should be noticed that the questions discussed are divided into 
two classes; namely, those involving limits of functions expressing 
ratios, for example, instantaneous speed, and those involving limits 
of functions expressing sums, for example, the length of a curve. 
There is no apparent connection between these two types of prob¬ 
lems outside of the fact that the notion of a limit is essential to 
both. However, it is shown in texts on the calculus that the 
limit of a sequence of sums can often be calculated by means of 
the anti-derivative discussed in Chapter XV, article 7. The 
branch of mathematics in which the limits of sequences and func¬ 
tions are studied is called “ 1 calculus” and a large part of this sub¬ 
ject is made possible by the relation between the anti-derivative 
and the limit of a function expressing a certain type of sum, which 
is called an integral. 

REVIEW EXERCISES 

1. State the precise definitions of 

(a) instantaneous speed; 

(b) the length of a curved line; 

(c) the area enclosed within a curve; 

(d) the sum of an infinite series. 

2. Give some reasons why each of the definitions in this chapter were 
chosen. 

3. Are the formulas for the circumference and area of a circle obtained 
independently of the limit concept? Explain. 

4. Define the length of the circumference of a circle by means of the limit 
of a function. 

6. Define the area of a circle by means of the limit of a function. 

6. Give examples of series having sums and of series not having sums. 
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PART IV 

SOME TOPICS IN MODERN MATHEMATICS 
THE NATURE OF MATHEMATICS 
RELATIONS TO OTHER FIELDS OF KNOWLEDGE 

In the first three parts of this book some of the most important ideas 
of elementary mathematics have been presented together with some of 
iheir practical applications in the physical sciences, the social sciences, 
and the arts. The ideas considered were, for the most part, all known 
and used before the nineteenth century, and because of their basic impor¬ 
tance they have come to be a fundamental part of the mathematics of 
today. 

From about 1800 on, to use an approximate date, mathematics has 
grown at a tremendously rapid rate, a rate never equaled before in its 
history, and along with this rapid growth mathematics has become 
increasingly important in modem life and thought. What was respon¬ 
sible for this spurt in mathematical productiveness? It was mainly 
the critical attitude which mathematicians of the nineteenth century 
began to adopt with regard to the achievements of earlier mathematicians. 
In some cases the concepts used by earlier mathematicians were found 
to be vague and were made precise. Occasionally mistakes in reason - 
ing were detected. Even such great mathematicians as Leibnitz, Euler , 
and Lagrange were found guilty of some error or other. In other cases 
mathematicians of the last century broke definitely with the past by 
creating entirely new branches of mathematics. Non-Euclidean geom¬ 
etry and the theory of infinite classes stand out among these new 
branches. 

As the name suggests, each non-Euclidean system of geometry (there 
were several created) was a system different from the familiar geometry 
of Euclid. It was different because it was based on other axioms than 
those of Euclid. Moreover, the axioms of each non-Euclidean geom¬ 
etry appeared not to agree with experience. The theory of infinite 
classes differed from Euclid's conception in that it rejected the axiom 
which states that a whole is greater than any of its parts. These devel¬ 
opments were nothing less than a revolution in mathematical thought. 
How could there be more than one system of geometry in mathematics? 
Even granting that there could be more than one geometry, how could 
there be a geometry based on axioms not supported by experience? Each 
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non-Euclidean geometry has theorems which are inconsistent with 
some of Euclid's. In the theory of infinite classes a whole is not neces¬ 
sarily greater than a part, whereas in plane geometry a whole is always 
greater than any part. How can there be such inconsistencies in math¬ 
ematics, which is supposed to be logical above everything else? 

Fundamental questions were also raised in the minds of non-math¬ 
ematicians. Before the discovery of non-Euclidean geometry, sci¬ 
entists, philosophers, and educated people in general had believed that 
Euclid's geometry was a perfect description of space and of the proper¬ 
ties of figures in space. Euclid's axioms were self-evident truths to 
them. How, then, could there be a geometry based on different axioms? 
Even if there could be, how could it possibly agree with experience? 
And if it did not agree with experience, what place did it have in math¬ 
ematics, which seemed to be concerned with discovering truths of the 
physical world? 

These are all vital questions concerning the very nature of mathe¬ 
matics and its relation to experience. Out of the attempts made to 
answer them came a new understanding of mathematics, an under¬ 
standing which permitted the acceptance of non-Euclidean geometries, 
not only as logical alternatives to Euclidean geometry, but, more remark¬ 
ably still, as possible descriptions of physical space. Indeed, early in 
the twentieth century, Einstein offered a physical theory of the universe 
based on a non-Euclidean geometry and the indications are that the 
theory agrees with experience. Similarly, the theory of infinite classes 
has been found to agree with experience despite the fact that it seems to 
contradict a 11 self-evident" axiom of Euclid. The theory has helped 
scientists and philosophers in forming precise concepts of time and 
motion. 

In Part IV we shall discuss the theory of infinite classes, non- 
Euclidean geometry, the new understanding of the nature of mathe¬ 
matics to which they led, relativity, and finally the broad relation of 
mathematics to other fields of knowledge. In discussing the last- 
mentioned topic we shall draw on the entire background of ideas pre¬ 
sented throughout the book. The broad relations referred to are those 
which can be exhibited by answering questions such as these: How do 
mathematics, science, and philosophy serve each other? What does 
present-day civilization owe to mathematics? Such questions can be 
considered intelligently only with a background of such material as has 
been presented in the earlier portions of this book. 


CHAPTER XVH 
INFINITE CLASSES 

1. Introduction. There are three essentially different notions 
of infinity used in mathematics. One of them, considered in a P j 
ter XIV, was designated as “infinity as a manner of variation. 
This notion of infinity occurs in statements such as ‘ x is becoming 
infinite,” which means, it is recalled, that the variable % takes on 
values which exceed any that can be named, however large. n- 
finite” is therefore used in this connection to mean a certain type o 
variation. A second notion of infinity is not bound up with e 
idea of variation, though just what it does involve cannot now e 
stated. It is convenient, however, to refer to it as “infinity as a 
cardinal number.” The aim of the present chapter is to consider 
this meaning of infinity. The third notion of infinity is geometrical 
in character. It will be considered in the following chapter. 

2. The Notion of an Infinite Class. When we wish to determine 
how many people there are in a room or how many apples there are 
in a fruit dish, we count them, the act of counting in each case com¬ 
ing to an end when all the objects have been considered. In math* 
ematics, however, there are collections or classes of objects which 
cannot be counted in this way because the counting process would 
be endless. All the positive integers form a class of this sort, since, 
however many integers we count, many more still remain to be 
counted. Other examples are the class of all the fractions between 
0 and 1, all the real numbers between 0 and 1, all the points on a line 
segment, and all the points within a circle. Such collections of ob¬ 
jects are called infinite classes or infinite sets.* A collection of ob¬ 
jects, such as the people in a room or the apples in a fruit dish, which 
can be counted in the usual way, is called a finite set, or a finite 
class, of objects. Many collections of physical objects contain so 
many objects that one might be led to infer that they are infinite 
classes, whereas they are actually finite. All the birds in the world 
at a definite time, all the grains of sand on a definite portion of a 
beach, all the grains of wheat grown in the United States in a definite 
year — these are some examples of extremely large finite classes. 

Although infinite sets of objects cannot be counted in the usual 
way, it does seem, at first glance, that some of these infinite sets con- 

* In this chapter “set” and "class" have the same meaning. 
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tain more objects than others, if we do not examine too closely here 
the meaning of “more than.” Thus, the set of all positive integers 
seems to be more numerous than the set of all positive even integers, 
since the latter class is only a part of the former. For the same 
reason there seem to be more points in a plane than on a line seg¬ 
ment in that plane. This question therefore arises: Though two 
infinite sets of objects cannot be compared as to size or magnitude 
by the ordinary process of counting, can some way be devised 
whereby they can be so compared? 

Galileo gave an answer to this question in his Dialogues Concern¬ 
ing Two New Sciences, which appeared in 1636. He said that 
infinite classes cannot be compared as to size and that it was this 
characteristic of infinite classes which distinguished them from 
finite classes. In particular he considered the infinite sets of points 
on several line segments of different lengths and concluded that the 
longer segments do not contain more points than the shorter, they 
do not contain fewer points, nor do they contain just as many points, 
but that each segment simply contains an infinite number of points. 
Quite possibly most mathematicians down to the middle of the nine¬ 
teenth century who thought about the matter came to the same con¬ 
clusion as did Galileo. But in 1883 Georg Cantor, a German 
mathematician, showed how it is possible to compare infinite classes 
as to size, and thus laid the foundation for the ideas which mathe¬ 
maticians possess today regarding infinite classes. It must be said, 
however, that Cantor’s ideas were accepted only after a bitter con¬ 
troversy comparing in intensity with those waged by mathemati¬ 
cians over the acceptance of irrational, negative, and imaginary 
numbers, and with that waged by biologists of Cantor’s century over 
the ideas on evolution offered by Darwin. The following discussion 
is based primarily on Cantor’s work. 

3. The Comparison of Infinite Classes. In order to decide how 
to compare infinite classes of objects as to size, let us consider the 
manner in which finite classes are so compared. Ordinarily two 
finite classes are compared as to size by counting the objects in each. 
But, as we have seen, the objects in an infinite class cannot be 
counted. Is there any other way of comparing finite classes than 
by counting? If so, it may be possible to compare infinite classes 
in the same way. There is a way, and it involves the simple notion 
of correspondence. For example, if we saw a classroom in which 
every seat is occupied, there being one and only one student in each 
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seat, and no student is standing, we would know that the number of 
students equals the number of seats. There would be an exact cor¬ 
respondence between the students and the seats such that to each 
student would correspond one seat, and, conversely, to each seat 
would correspond one student. Such a correspondence is called 
a one-to-one correspondence. If, however, we observed some seats 
to be vacant, we should conclude that there are more seats than 
students; that is, the set of chairs is greater than the set of students. 
In this case, of course, there is no one-to-one correspondence between 
these two sets. It was Cantor’s suggestion to use the idea of a one- 
to-one correspondence also as a basis for comparing infinite sets. 

Let us see how a one-to-one correspondence can be established 
between two infinite sets of numbers, for example, between the set 
of all positive integers greater than 1 and the set of all fractions 
with numerator 1. We first write the two sets as shown below: 


(a) 2, 3, 4, 5, 6, 7, etc. 

(b) i, i , 1, £, etc. 

To establish the correspondence, we let 2 in set (a) and £ in set (b) 
correspond to each other, 3 in set (a) and £ in set (b), and in general 
we let each integer in set (a) correspond to the fraction in (b) which 
is its reciprocal. Thus, to each number in set (a) there corresponds 
one number in set (b), and conversely; hence, we say that a one-to- 
one correspondence between the two sets has been established, or 
simply that the sets are in one-to- 
one correspondence. 

A one-to-one correspondence can 
also be established between two 
infinite sets of points. Consider, 
for example, a triangle ABC (Fig. 

263). Draw segment A X B X . There 
is an infinite set of points on AB 
and an infinite set on A X B X since, 
from plane geometry, between any 
two points on a line there are al¬ 


C 



ways other points, and between any two of these other points there 
are still other points, and so on. Let P x be a point on A X B X . The 
line through C and P i meets AB in a point Q x . If P 2 is another point 
on A x B lf the line through C and P 2 meets AB in another point Q 2 . 
The infinite set of points on A X B X are therefore made to correspond 
to the infinite set on AB in this way: Pi and Qi correspond to each 
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other, P 2 and Q 2 correspond to each other, and so on. Thus, to each 
point on A X B X corresponds a definite point on AB, and conversely, 
which means that a one-to-one correspondence has been established 
between the two infinite sets of points. 

It is seen that in order to establish a one-to-one correspondence 
between two infinite classes, it is necessary only to exhibit a rule or 
method whereby the members of one class are associated one by 
one with the members of the other class. In the case of sets (a) and 
(b) above, the method was to associate each member of (a) with its 
reciprocal in (b). In the case of the two sets of points, the rule was 
to take the two points in which each line through C met AB and 
AiBi as a pair of corresponding points. 

It would be natural for us to want to say that two infinite classes 
which are in one-to-one correspondence have the same number of 
objects, just as we say that two finite classes which are in one-to-one 
correspondence have the same number of objects. To use the word 
“number” in this way, however, in reference to an infinite class, 
would amount to extending the concept of number, since ordi¬ 
narily the word “number” means “finite number.” Cantor’s 
great contribution to mathematics was to realize this and to be will¬ 
ing to extend the concept of number in this way. We now say, as 
Cantor did, that if two classes of objects are in one-to-one corre¬ 
spondence they have the same cardinal number of objects, and it is 
immaterial whether the classes are finite or infinite. When the class 
is finite, it is customary to call its number a finite cardinal number 
and when infinite, to call its number a transfinite cardinal number. 
The two infinite sets of numbers considered above, which were seen 
to be in one-to-one correspondence, thus have the same transfinite 
cardinal number; similarly, the two infinite sets of points which were 
considered have the same transfinite cardinal number. (It could be 
shown that these two transfinite cardinal numbers are not the same 
numbers.) Moreover, a symbol is adopted to represent the number 
of objects in each infinite class, just as there is a symbol, for exam¬ 
ple, 1, 2, 3, and 4, to represent the number of objects in each finite 
class. In the following article, two of the most important trans¬ 
finite numbers will be considered. 

EXERCISES 

1. What mathematical principle is involved when a police officer de¬ 
termines how many clubs to order for the new police recruits by 
counting the latter? 
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2. Can we determine how many odd integers there are by counting 

room. What follows regarding the cardinal numbers of t 

collections? . . . 

6. Show that the set of negative integers, -1, - 2, -6, % - 

in one-to-one correspondence with the perfect squares, 1, 41,9, 
etc. State the rule whereby the correspondence is established. 

6. Establish a one-to-one correspondence between the points^ on. e 

hypotenuse and the points on the arm of the same right triangle. 
State the rule which establishes the correspondence. 


4. The Transfinite Numbers Ho and C. As we have seen, all 
infinite classes that are in one-to-one correspondence have the same 
transfinite cardinal number. Thus, in particular, all infinite classes 
that are in one-to-one correspondence with the class of positive in¬ 
tegers have the same transfinite cardinal number, which is repre¬ 
sented by the symbol H 0 (read aleph null). Let us consider some 
other classes which also have the same transfinite number Ho. 

Galileo showed that the class of all perfect squares is in one-to-one 
correspondence with the class of positive integers. It therefore fol¬ 
lows from Cantor’s definition of cardinal number that the class of 
perfect squares also has the transfinite cardinal number Ho- We can 
verify that there is a one-to-one correspondence in this case by means 
of the following arrangement of the two classes: 

(a) 1, 2', 3, 4, 5, 6, 7, etc. 

(b) 1, 4, 9, 16, 25, 36, 49, etc. 

To each number in class (a) corresponds the number in class (b) 
which is its square, and to each number in class (b) corresponds the 
number in class (a) which is its positive square root. Thus the 
one-to-one correspondence is established. The student has perhaps 
noticed that each number in class (b) is also in class (a); that is, 
class (b) is a part of class (a). Yet the two classes are in one-to-one 
correspondence and accordingly have the same transfinite number. 
Is this a contradiction of the familiar axiom which states that the 
whole is greater than any of its parts? This question will be 
answered in the following article. 
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Many other infinite sets which are only parts of the set of positive 
integers also have the transfinite number K 0 . For example, the set 
ol positive even integers is in one-to-one correspondence with the 
set of all positive integers (even and odd), as shown below: 

( a ) 1> 2, 3, 4, 5, 6, 7, 8, etc. 

(b) 2, 4, 6, 8, 10, 12, 14, 16, etc. 

To each number in (a) corresponds the even integer in (b) which is 
its double, and, conversely, to each integer in (b) corresponds the 
integer in (a) which is one-half of it. Hence both sets have the same 
transfinite number N 0 . Yet if we did not use one-to-one correspond¬ 
ence here as a basis of comparison, we should be tempted to say that 
(a) contains twice as many numbers as (b). 

Similarly, it could easily be shown that the set of multiples of 10, 
that is, 10, 20, 30, 40, etc., the set of multiples of 100, that is, 100, 
200, 300, 400, etc., and, of course, many other sets formed in the 
same way, all have the same transfinite number N 0 . 

Examples of sets have just been given which have the transfinite 
number N 0 even though they are only parts of the set of all positive 
integers. But it is also possible to exhibit many sets, of which the 
positive integers form only a part and which have the transfinite 
number N 0 . The set of all positive rational numbers is an example 
of such a set. (It is to be recalled that a rational number is one 
which can be expressed as the quotient of two integers. Thus, 
since 5 = 5 is a rational number. Similarly every positive in¬ 

teger is a rational number.) To show that a one-to-one correspond¬ 
ence can be established between the positive rational numbers and 
the positive integers, let us first list all of the positive rational num¬ 
bers according to the following scheme: 
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The rational numbers with denominator 1 are m the first 

with denominator 2 are in the second fine, ^ js seen 

that each positive rational number has a place m this array, although 

each appears many times. For example, * a PP ears ^° “ J £ 
and so on. Such dupfications can be eliminated. In order to do 
this, let us first relist the numbers, starting in the upper left-hand 
corner and following the arrows. We thus obtain 

(a) 1, 2, i, h b 3, 4, |, f, b h b etc. 

This relisting gives a place to each number in the original array. 
Then, omitting duplications from (a), we obtain 

(b) 1, 2, 4, h 3, 4, f, t h h etc. 

This is a list of all positive rational numbers with no duplications. 
The set (b) may now be put into one-to-one correspondence with 
the positive integers 

(c) 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, etc. 

In order to do this we make the first number in (b) and the first 


number in (c) correspond to each other; we make the second num¬ 
ber in (b) and the second number in (c) correspond to each other; 
and so on. Thus, to each number in (b) corresponds a definite num¬ 
ber in (c), and conversely, which establishes the correspondence. 
The set of positive rational numbers therefore has the transfinite 
number N 0 . 

The student may be disturbed by the fact that there appears to 
be no numerical relation between a number in (b) and the cor¬ 
responding number in (c), whereas the contrary is the case, for 
example, in the correspondence between the positive integers 
1, 2, 3, 4, etc., and the perfect squares 1, 4, 9, 16, etc., in which to 
each positive integer corresponds its square. But as we saw in 


article 3, all that one must do in order to establish a one-to-one cor¬ 
respondence between two sets is to exhibit a method of pairing the 
elements of the sets. There need be no numerical relation between 
the elements in each pair. A definite method of pairing the ele¬ 
ments of (b) and (c) above was exhibited. It was to pair the first 
element of (b) with the first element of (c), the second element of 
(b) with the second element of (c), and so on. Hence a one-to-one 


correspondence between the elements of (b) and (c) was established. 

The conclusion that the positive rational numbers and the positive 
integers are in one-to-one correspondence seems almost unbeliev¬ 
able when we note that between any two consecutive integers there 
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is an infinite set of rational numbers, and that between any two 
such rational numbers there is also an infinite set of other rational 
numbers. For example, between 0 and 1 there is the infinite set of 
rational numbers *, £, ±, *, etc. Then between * and £ there is the 
infinite set of rational numbers * (which lies halfway between 
f ^ (which lies halfway between * and 4), U (which lies 

halfway between and fV), and so on indefinitely. This would 
seem to indicate that the rational numbers are so much more numer¬ 
ous than the integers that the two sets could not possibly be put into 
one-to-one correspondence. Yet we just saw that this correspond¬ 
ence can be established. Hence, we conclude that the set of posi¬ 
tive rational numbers has the same cardinal number as the set of 
positive integers, namely, the cardinal number N 0 , or, stated differ- 
ently, that the positive rational numbers are just as numerous as the 
positive integers. 

It might now well be asked whether the set of all positive real 
numbers, that is, the set of all positive rational and irrational num¬ 
bers, can also be put into one-to-one correspondence with the positive 
integers. The answer to this question is that it cannot be done, but 
the proof of this fact will be omitted. Consequently, the cardinal 
number of the set of positive real numbers is not N 0 . It is called the 
cardinal number of the continuum and is designated by the symbol 
C. 

From the fact that the set of rational numbers is only a part of the 
set of real numbers, whereas the set of real numbers is not a part of 
the set of rational numbers, our intuition might lead us to conclude 
that is less than C. Of course conclusions in mathematics are not 
established by intuition. However, intuition often suggests conclu¬ 
sions which can later be established by logical methods. The correct 
logical procedure in comparing N 0 and C is to make a definition stat¬ 
ing under what conditions one infinite set is to be regarded as being 
less than another. Actually, the definition usually taken is that 
suggested by intuition. It is that one infinite set (a) is less than 
another infinite set (b) if set (a) can be put into one-to-one corre¬ 
spondence with a part of set (b), and set (b) cannot be put into one- 
to-one correspondence with any part of set (a). If this condition is 
satisfied, the cardinal number of the first set is said to be smaller than 
the cardinal number of the second set. Now it can be shown that 
the positive real numbers cannot be put into one-to-one correspond¬ 
ence with the positive rational numbers. Also, the positive rational 



ART. 4] THE 


TRANSFINITE NUMBERS ANDC 


501 


“''“to. 

tt—nLbers is Urge, than the set ”""tai 

or, in other words, there are more irrational 

numbers. If this is so, the student may ask, hy have I not „ 
across irrational numbers more often in my mathematical studie ®' 
There are several answers to this question. First, the operation 
of addition, subtraction, multiplication, division, and raising to a 
power, when performed with rational numbers, never lead to irra¬ 
tional numbers, and these operations and numbers are dealt with 
most often in elementary school, high school, and first-year college 
mathematics. Second, even when irrational numbers arise, they 
are very often not recognized as such. For example, i r is irrational, 
but so often is its approximate numerical value expressed as 3.1416, 
a rational number, that we often erroneously regard it as rational. 
Similarly, the use of the approximation 1.4 in place of v2 may 
sometimes cause us to think of V2 as being rational, which we know 
is incorrect. The logarithms of numbers and the values of the 
trigonometric functions are mainly irrational numbers, and yet we 
are never conscious of this fact because our tables give only ap¬ 
proximations in terms of four-place rational numbers. 

There are some very important sets of points which also have the 
cardinal number C. We saw in Chapter VII, on Coordinate Geom¬ 
etry, that to each point on the right-hand side of the X-axis cor¬ 
responds a positive real number and, conversely, to each positive 
real number corresponds a point on the right-hand side of the 
X-axis. Hence, the set of points on the right-hand side of the 
X-axis is in one-to-one correspondence with the set of positive real 
numbers and therefore also has the cardinal number C. Similarly, 
the set of points on the left-hand side of the X-axis has the cardinal 
number C, and the same is true for the set of points on each side of 
the F-axis. It is this correspondence between the points of a line 
and the real numbers that makes possible the unification of algebra 
and geometry attained in coordinate geometry. 
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It is possible to show that the set of points on a line segment 
however short, also has the cardinal number C. Consider the posi- 

OM S£ tST Th™’ f K r eXamP ' 6 ; Take a Segment on ifc ««* as 
OM (Fig. 264). Through a pomt N on the F-axis draw a parallel to 


Y 




the X-axis. Through M draw a parallel to the F-axis. In this 
way a rectangle OMSN is formed. Draw the diagonal OS. Now 
let P be any point on the X-axis, say to the right of M. The line 
NP meets OS in a point Q. The perpendicular from Q to the X-axis 
meets the latter in a point R. Thus to each point P on the X-axis 
to the right of M corresponds a point R on the segment OM. Simi¬ 
larly, if P lies to the left of M (Fig. 265), a definite point R on the 
segment OM corresponds to P. Hence, to each point on the positive 
part of the X-axis there corresponds a point on the segment OM, 
Conversely, to each point on OM corresponds a point on the positive 
part of the X-axis. This establishes the remarkable fact that the 
set of points on any line segment OM, however small, can be put 
; r into one-to-one correspond- 

• ence with the set of points on 

the entire right-hand part of 
the X-axis. The set of points 
on the segment OM therefore 

O m - ~m - X has the cardinal number C. 

Similarly it could be shown 
Figure 266 that the segment OM i, which 

is twice as long as OM, also 
has the cardinal number C (Fig. 266). We thus arrive at another start¬ 
ling conclusion, that OM and OMi have the same number of points 
despite the fact that OM x is twice as long as OM. The length of a 
line segment therefore has nothing to do with the number of points 
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on it. There are even more startling facts The set of a p 
on a straight line (it should be remembered that a straight line 
segment is only a bounded portion of a straight line), the se o a 
points in a plane, and even the set of all points in space can eac e 
put into one-to-one correspondence with the set of points on a line 
segment, however small, and hence each of these sets has the cardina 

number C. . . 

Again, let M be any point on the positive side of the X-axis. in 
particular, let its abscissa be 1. We know from Chapter VII, on 
Coordinate Geometry-, that there is a one-to-one correspondence 
between the points on the segment OM and the real numbers from 
0 to 1. It therefore follows that the set of all real numbers from 
0 to 1 also has the cardinal number C. But, as was mentioned 
earlier, the set of all positive real numbers has the cardinal number 
C. Hence, the set of real numbers from 0 to 1 can be put into 
one-to-one correspondence with the set of all positive real numbers. 
Similarly, it could be shown that the set of real numbers from 0 to 
.1 or from 0 to .00001, or in any interval, however small, can be put 
into one-to-one correspondence with the set of all positive real 
numbers, and hence also has the cardinal number C. 

It may be asked whether there are any transfinite cardinal num¬ 
bers between N 0 and C. Mathematicians have not yet been able to 
answer this question one way or the other. They have shown, 
however, that N 0 is the smallest transfinite number, and that there 
are infinitely many transfinite numbers greater than C. 

It should now be clear what “infinity as a cardinal number” 
means and how it differs from “infinity as a manner of variation.” 
The symbol co, which is often used to designate infinity, is not a 
transfinite cardinal number. It is used in connection with the 
notion of infinity as a manner of variation, occurring in symbolic 
statements such as x —oo, which means, as we saw in Chapter 
XIV, article 3, that the variable x is becoming infinite. 

EXERCISES 

1. Explain the meaning of the transfinite cardinal number N 0 . 

2. Show that each of the following infinite sets has the transfinite cardi¬ 
nal number N 0 : 

(a) i, Try, »Y, etc.; 

(b) The set of positive odd integers; 

(c) The set of all positive and negative integers. 
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3. What is the meaning of the transfinite cardinal number C? 

4. Give three examples of sets having the cardinal number C. 

5. What must one do in order to show that the cardinal number of a 
given infinite class is C? 

6. Does the length of a straight line segment have anything to do with 
the number of points on the segment? Explain and illustrate. 

7. Are there more real numbers between 0 and 2 than between 0 and 1? 
Explain. 

8. (a) Show that there is a one-to-one correspondence between the 
points of a circular arc and the points of the subtended chord, 
(b) What is their common cardinal number? Why? (c) Does this 
result seem to contradict the familiar geometrical fact that an arc 
is longer than the subtended chord? Explain. 

5. The Axiom Concerning the Whole and its Parts. In the pre¬ 
ceding article many examples were considered in which two infinite 
sets had the same cardinal number despite the fact that one set 
was only a part of the other. It was mentioned that this appears 
to be inconsistent with the axiom which states that the whole is 
greater than any of its parts. This important matter requires 
discussion. 

It may have been the unwillingness of Galileo and other mathe¬ 
maticians before the time of Cantor to run counter to this ancient 
axiom which kept them from developing the subject of infinite 
classes. Because of their greater knowledge of the nature of axioms 
and of their place in mathematics, mathematicians of the nineteenth 
and twentieth centuries, for example, Cantor, Dedekind, and Rus¬ 
sell, are in agreement that the axiom concerning the whole and its 
parts, like other axioms of Euclid, is not to be understood to apply 
to all branches of mathematics, and that in particular it is not to be 
applied to infinite classes. If we applied it to infinite classes, we 
should have to say, for example, that the class of positive even 
integers is smaller than the class of all positive integers because it is 
only a part of the latter class. But to say this would mean that 
we should have to abandon the idea of one-to-one correspondence 
as a basis of comparing infinite classes. Modern mathematicians 
have been unwilling to do this, for they realize how fundamental 
one-to-one correspondence is in the comparison of finite classes. 
Though we may not realize it, even counting ordinary finite classes 
of physical objects involves the idea of one-to-one correspondence, 
for to count the objects in a finite class is essentially to set up a 
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one-to-one correspondence with a class of integers. When counting 
is not done with integers, but with fingers or pebbles, as was the 
practice among ancient races, the use of one-to-one correspondence 
is even more apparent. For example, an ancient hunter may very 
likely have held some fingers to indicate to his companion how many 
deer he had killed, one finger for each deer. In the hunter s mind, 
whether he was conscious of it or not, was the understanding that 
two collections of objects which are in one-to-one correspondence 
have the same number of objects. Undoubtedly the same fingers 
were used to indicate a quantity of men or a bundle of arrows. 
The hunter’s fingers thus served as number symbols. But when¬ 
ever symbols are used to represent the number of objects in a finite 
collection, whether these symbols are fingers, words, pebbles, or 
merely the familiar marks 1, 2, 3, etc., any two collections in one-to- 
one correspondence are always represented by the same symbol. 
Thus, one-to-one correspondence is at the very basis of our concept 
of finite numbers and of their representation by symbols. Therefore, 
when Cantor realized that infinite classes cannot be compared as 
to size by counting, he compared them by an even more funda¬ 
mental idea than counting, the idea of a one-to-one correspondence; 
and, because one-to-one correspondence is so basic in our concept 
of finite numbers, modern mathematicians prefer to retain it in the 
study of infinite classes and to abandon the axiom concerning the 
whole and its parts in that study. On the other hand, though, this 
axiom continues to be applied to the study of finite lengths, areas, 
volumes, and angles in geometry. 

No finite class has the property that it can be put into one-to-one 
correspondence with a part of itself. For this reason, it is cus¬ 
tomary to make the following: 

Definitions: An infinite class is a class which can be put into one- 
to-one correspondence with a part of itself. A finite class is a class 
which cannot be put into one-to-one correspondence with a part of itself. 

Throughout the preceding articles of this chapter advantage was 
taken of the student’s ability to recognize when a class of objects 
is finite or infinite, for no definitions of these terms were given. 

There is one special case of this property of infinite classes that 
is worth mentioning. It is that the cardinal number of an infinite 
class is not changed when a finite number of objects is added to or 
removed from the class. For example, the class obtained by remov¬ 
ing the integers 1, 2, 3, 4, 5 from the class of positive integers has 
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the cardinal number N 0 , since the two classes, arranged as follows 

;*! i' 3, 4, * 5, 6, 7, 8, 9, 10, etc. 

(b) 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, etc., 

are seen to be in one-to-one correspondence. Class (b) is a part 
of class (a). The fact that the removal of 5 members from a class 
with the cardinal number N 0 leaves a new class with the same car¬ 
dinal number N 0 may be expressed symbolically by the equation 
No - 5 - N„. If we had been required to solve the equation 
x — 5 - x back in Chapter III, we should have said there is no 
solution. Now, however, we see that, although there is no finite 
number x which satisfies this equation, there is a transfinite number 
which does, namely, N 0 . It could be shown that C is also a solution. 
Similarly, the class obtained by adding 5 new members to the set 
of positive integers also has the cardinal number N 0 , and the cor¬ 
responding equation is N 0 + 5 = N 0 . We can therefore regard N 0 
as a solution of the equation x + 5 = x. C is another solution of 
this equation. 

EXERCISES 

1. What is the attitude of present-day mathematicians regarding the 
applicability of the axiom of the whole and its parts to infinite classes? 

2. Why is the axiom of the whole and its parts abandoned in the study 
of infinite sets rather than the principle of one-to-one correspondence? 

3. If the axiom of the whole and its parts were kept in the study of 
infinite classes, what would we have to conclude about the compara¬ 
tive sizes of the class of all positive integers and the class of all 
positive even integers? 

4. Find a solution of the equation x — 1 ■■ x. 


6. Structure of the Set of Real Numbers and of the Set of 
Points on a Line. Let us imagine the real numbers to be arranged 
in order of size so that, for example, — 10 precedes — 5, — 5 pre¬ 
cedes + 1, + 1 precedes V2, V2 precedes \^3, and so on, each 
real number following all smaller real numbers and preceding 
all larger real numbers. The real numbers thus arranged have 
the property that between any two of them lie other real numbers. 
For example, between 0 and 1 is between £ and f is §, between 
V2 and V 3 is V2.1, and so on. These examples, of course, do not 
prove the truth of this property in all cases, but a proof could 
be given. In particular, it could be shown that halfway between 
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, Q + ^ 

any two real numbers a and b is the real number ^ 


Thus, 


halfway between £ and i is ? = A- Because of this prop¬ 

erty that between any two of them there are others, the real num¬ 
bers are said to form a dense set. It can be shown, moreover, 
that there is an infinite set of numbers between each two real num¬ 
bers. The student will be asked to show this in an exercise. 

From the fact that the real numbers when arranged in order 
of size form a dense set, it follows that there is no number which 
is next in order of size after a given real number. Thus, there is 
no next larger number after 2. If one were to say, for example, 
that 2.001 is the next larger number after 2, we could answer that 
2.0001 is between 2 and 2.001, thus disproving the assertion. 
Similarly, there is no next smaller number before 2 or before any 
other real number. To say, therefore, that a set is dense when 
arranged in a certain way is equivalent to saying that as thus 
arranged there are no consecutive members in the set. The set 
of integers arranged according to size is not dense because it con¬ 
tains consecutive integers. Similarly, the set of fractions with 
numerator 1 is not dense when arranged in order of size (smaller 
fractions preceding larger ones), since it contains consecutive frac¬ 
tions. For example, £ and i are consecutive fractions in this set, 
since there is no fraction of the set between £ and i- This must not 
be understood to mean that there is no fraction at all lying between 
$ and The fraction W, for example, is between £ and but 
since its numerator is not 1, it is not a member of the given set of 
fractions. 

All the points on a straight line are in one-to-one correspondence 
with the real numbers when the latter are arranged in order of size, 
and hence also form a dense set. Thus, if P and Q are any two 
points on a line, and a coordinate system is set up on this line, two 
real numbers p and q will correspond to P and Q, respectively. 


Halfway between the numbers p and q is the real number 


V + Q 
■ - — • 

2 


Hence, halfway between the points P and Q is a point R which cor¬ 
responds to the number ^ • Thus, between any two points on 
a line there is a third point, and hence an infinite set of points. 
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Consequently, there is no point immediately to the right of, or 
immediately to the left of, a given point. To speak of consecutive 
points on a line is therefore absurd. 

We have just seen that the points on a line are a dense set because 
they are in one-to-one correspondence with the real numbers 
when the latter are arranged according to size. But this corre¬ 
spondence was never established for the student. In Chapter VII 
it was merely asserted that the correspondence exists. In plane 
geometry it is assumed, though not explicitly stated, that there is 
an infinite set of points on any straight line in a plane and that 
between any two points there are other points. Nothing is as¬ 
sumed beyond this about the set of points on a line. Moreover, 
no additional properties of this set can be proved without further 
assumptions. Therefore we bring to the study of coordinate 
geometry only this knowledge of the points on a line: they form a 
dense, infinite set. In coordinate geometry it is desired to associate 
each real number with one, and only one, point on a line, and to 
have no other points on a line than those associated with the real 
numbers. This association is possible only if the points are in 
one-to-one correspondence with the real numbers. It is therefore 
desirable to assume that the set of points on a line is not only infinite 
and dense,’but is also in one-to-one correspondence with the real 
numbers, that is, it has the cardinal number C. This assumption 
is known as the Cantor-Dedekind Axiom. It may be helpful to 
add that if the only numbers known were the rational numbers, 
and it was desirable to associate these numbers with points on a 
line so as to set up a coordinate system, it would be convenient to 
assume that the set of points on a line is not only infinite and 
dense, but is in one-to-one correspondence with the rational num¬ 
bers. In this case the set of points on a line would be assumed to 
have the cardinal number N 0 . 

In Chapter VII use was made of the Cantor-Dedekind Axiom, 
although that fact was not explicitly stated. To have stated it 
then would have confused the student, since he would very likely 
have seen no need for it. He should now realize that what we did 
in Chapter VII in associating points and numbers was to create 
points and associate them with the real numbers. Thus a point was 
created with which the number 0 was associated, another was 
created with which the number 1 was associated, and for each real 
number a point was created. The points thus created were related 
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to one another just as the reai numbers are related to one another 
when arranged in order of size. For example, the pom 
with 2 was assumed to lie to the left of all points associated with 
larger real numbers and to the right of all points associated wi 
smaller real numbers. It is this exact correspondence between 
points and real numbers that is at the basis of coordinate geome ry. 


EXERCISES 

1. Give an example of a dense set different from any mentioned in the 

text. . . , . , 

2. Give an example, not mentioned in the text, of an infinite set whic 

is not dense. 

3. Show that the rational numbers when arranged in order of size form 
a dense set. 

4. Show that the rational numbers can be arranged so that they do not 
form a dense set. Hint: Refer to article 4. 

6. Show that between each two members of a dense set there is an 
infinite set of members of the set. Hence how many points are there 
between any two points on a line, and how many real numbers are 
there between any two real numbers? 


7. Applications to Time and Motion. By means of the theory 
of infinite classes it is possible to answer some perplexing questions 
concerning the nature of time and motion that have bothered 
philosophers for two thousand years. These questions are the 
famous paradoxes of Zeno, the Greek philosopher. It is possible 
that Zeno proposed them in order to show his contemporaries that 
they did not understand motion as well as they thought they did. 

In Chapter XVI, article 6, the paradox concerning Achilles and 
the tortoise was solved by the use of limits. The contemporary 
English mathematician and philosopher, Bertrand Russell, has 
given another version of this same paradox which can be solved 
by the use of the theory of infinite classes. According to this 
version, at each instant during the race Achilles and the tortoise 
are each in some position, and neither is twice in the same position. 
Hence, from the instant the race starts to any subsequent instant 
the tortoise occupies as many distinct positions as does Achilles. 
But Achilles can catch up with the tortoise only by occupying more 
positions than the tortoise, since he has to travel a greater distance 
than the tortoise. Hence, Achilles can never overtake the tortoise, 
for as we have seen, Achilles and the tortoise must occupy an equal 
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number of positions In answering this argument, let us first agree 

moment tlTT' u fr ° m ^ ^ ° f the race to an y subsequent 
moment the tortoise has occupied as many positions as Achilles. 

In the language of this chapter, there is a one-to-one correspondence 

between the infinite set of positions occupied by the tortoise and 

the infinite set of positions occupied by Achilles. Each position of 

the tortoise corresponds to the position of Achilles at the same 

instant. What we disagree with in the argument is the assertion 

that because he travels a greater distance than the tortoise Achilles 

will have to occupy more positions than the tortoise in order to 

catch up with the latter. To be sure, in order for Achilles to catch 

up with the tortoise he has to travel a greater distance than the 

tortoise. But it is wrong to conclude that for this reason Achilles 

occupies more positions than the tortoise. We saw in article 4 that 

the number of points on a line segment has nothing at all to do with 

the length of the segment, and that, in particular, the points of a 

line segment are in one-to-one correspondence with the points of 

any longer line segment. Applying this to the argument as Russell 

stated it, we see that even though Achilles has to travel a greater 

distance or length than the tortoise in order to catch up with the 

latter, it does not follow that in so doing he must occupy more 

positions than the tortoise. Thus the argument, as Russell stated it, 

that Achilles cannot catch up with the tortoise, is destroyed. 

Russell stated this version of Zeno’s paradox in the attempt to 
clarify Zeno's statement of the paradox and of course knew that 
the answer to his version is that given above. This paradox shows 
the desirability of regarding the straight path of a moving object 
as being structurally similar to a mathematical straight line, that 
is, as consisting of a dense infinite set of positions such that the set 
of positions of any portion of the path is in one-to-one correspond¬ 
ence with the set of positions of any other portion of the path or of 
the whole path. 

It is also desirable to regard time as structurally akin to a straight 
line. To show this, let us consider the paradox of Zeno concerning 
the arrow in motion. This paradox as recorded by Aristotle in his 
Physics is as follows: 

The Arrow: If everything, when it is behaving in a uniform 
manner, is continually either moving or at rest, but what is moving 
is always in the now, then the moving arrow is motionless* 

* Dantzig: Number, p. 122. 
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The very vagueness of this statement of the paradox may have 
helped to delay its solution. Be that as it may, there have been 
many interpretations of the meaning of the paradox, some endeavor¬ 
ing to show that Zeno’s conception of time was faulty, others tha 
Zeno’s whole conception of motion was wrong. Let us first con¬ 
sider an interpretation of the former type. An instant has no 
duration. Hence, at any instant the arrow is in a definite position 
and at the next instant it is in another position. Call these posi¬ 
tions A and B. Then there is space between A and B. But how 
can the arrow have time to traverse this space if at one instant it is 
at A and the next instant at B? The modern answer to this ques¬ 
tion is simple. There is no next instant after a given instant. Be¬ 
tween each two instants are other instants, in fact an infinite set of 
other instants. Thus, the instants of time form a dense infinite 
set, a concept which very likely Zeno did not possess. 

This modern concept of time goes even further. According to 
it, the set of instarrts of time is regarded as having the cardinal 
number C. The reason for regarding the set of instants in this way 
is that it is desirable to conceive of time as a quantity which is 
measured just as physical length is measured. To measure time 
we choose some starting, or zero, instant and some unit of time, say 
a second. We then conceive of an instant which marks £ second 
from now, of another which marks 5 seconds from now, of one 
marking y/2 seconds from now, and in general of an instant marking 
each positive real number of seconds from now. Thus, we find it 
desirable to regard the instants of time in the future to be in one-to- 
one correspondence with the positive real numbers. Similarly, 
the instants in the past are regarded as being in one-to-one cor¬ 
respondence with the negative real numbers, the present instant, 
of course, corresponding to 0. The set of all the instants of time is 
therefore regarded as being in one-to-one correspondence with the 
real numbers, and hence has the cardinal number C. In this latter 
respect, therefore, the instants of time are like the points on a 
straight line. Indeed, there is a very close resemblance between 
the structure of time and that of a straight line. A straight line 
extends infinitely far in two directions; time extends infinitely far 
into the past and into the future. An interval of time is analogous 
to a line segment. The points of a line are without length; the 
instants of time are without duration. The set of points of a line 
segment is dense and has the cardinal number C; likewise for the 
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instants in an interval of time. We thus see how mathematical 
the modern concept of time is. 

Let us now return to Zeno’s paradox of the arrow in motion, and 
cons'der another interpretation of it, one which has perhaps been 
the most baffling of all. At each instant of its flight the tip of the 
arrow occupies a definite position. At that instant the arrow can¬ 
not move, for to move requires time and an instant has no duration. 
Hence, at each instant the moving arrow is at rest. This paradox 
flings the gauntlet in our face, so to speak, and to answer it requires 
nothing less than a satisfactory explanation of the phenomenon 
called motion. 


The answer given today would greatly upset Zeno’s contempo¬ 
raries and very likely astonish even Zeno himself. It is that motion 
is nothing more than an object’s being in different positions at 
different instants of time, the positions and the instants each form¬ 
ing a dense, infinite set. To each instant of time corresponds a 
definite position. Thus, motion is regarded simply as a functional 
relation between instants of time and positions in space. For ex¬ 
ample, according to this mathematical concept of motion, the 
motion of an object which is dropped from rest consists in its being 
in different positions at different instants of time in accordance 
with the equation $ = 16 t\ If the motion of a falling object is 
nothing more than its being in a different position at different 
instants of time, what do we mean by its velocity at an instant? 
In Chapter XVI we saw that the only precise definition of its 
velocity at an instant is the mathematical one, which requires 
that a certain limit be calculated by use of the function s = 16 t 2 . 

This mathematical concept of motion is precise enough, it may 
be said, but does it agree with experience? If an object should 
merely satisfy the condition of being in different positions at dif¬ 
ferent instants of time, would it appear to be moving? Or would 
something more be necessary to give the common appearance of 
motion? Before answering this question, let us consider an ordinary 
motion picture as seen in a cinema. The film in the operator’s 
room, we know, consists of a great number of small snapshots. 
These snapshots are flashed on the screen in such rapid succession 
that they do not appear as individual snapshots, but instead present 
the smooth type of motion with which we are so familiar from our 
daily experience. Our eyes cannot detect that each snapshot re¬ 
mains motionless for a short time on the screen. Thus, many 
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motionless scenes presented in rapid succession produce the ap- 
pearance of motion. The question of whether the mathematical 
concept of motion agrees with experience can now easily be an¬ 
swered. According to this concept a moving object is in a definite 
position in space at each instant of time, and in different positions 
at different instants. The set of instants of time is infinite and 
dense. So also are the positions in space. Hence, between each 
two positions occupied by the object is an infinite set of other 
positions occupied by it, and between each two positions of this 
infinite set is another infinite set, and so on. Surely an object 
occupying so many positions in space in a short interval of time 
will appear to move smoothly. The set of snapshots of a cinema 
film is not dense or even infinite and yet it produces smooth motion 
on the screen. We thus see that an object will appear to be in 
motion if it merely satisfies the condition of being in different 
positions at different instants of time. This shows that the mathe¬ 
matical concept of motion agrees with experience. 

EXERCISES 

1. What is the present-day view of the structure of time? Of the 
structure of the path taken by a moving object? 

2. What fact about infinite classes was used in solving Russell’s version 
of Zeno’s paradox concerning Achilles and the tortoise? 

3. State the two interpretations of the paradox of the moving arrow 
given in this article and answer them. 

8 . Summary. In the present chapter it was seen that by using 
the principle of one-to-one correspondence, it is possible to assign 
numbers to infinite classes. All infinite classes in one-to-one cor¬ 
respondence with each other are said to have the same transfinite 
cardinal number. One-to-one correspondence is also the basis for 
assigning finite cardinal numbers to finite classes. Out of this 
common basis of assigning numbers to classes of objects arises the 
concept of a cardinal number applying alike to finite and infinite 
classes. To apply the word “number” to infinite classes, however, 
means that the concept of a number has been extended. This 
extension is observable in the use of number symbols, such as K 0 and 
C, to represent infinite classes. These transfinite cardinal number 
symbols are less familiar than the finite cardinal number symbols 
1, 2, 3, etc., but are not essentially different in character from the 
latter. 
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It was seen that a part of an infinite class can have the same 
cardinal number as the whole infinite class. This is not to be 
regarded as a contradiction of the axiom that a whole is greater 
than any of its parts. Instead, this axiom is to be regarded as not 
applying to infinite classes. Either it or the principle of one-to-one 
correspondence has to be abandoned in the study of infinite classes, 
and present-day mathematicians prefer to abandon the axiom. 

Finally, we gained an appreciation of the practical use of infinite 
classes in the formation of concepts of such important things as 
time and motion. 


REVIEW EXERCISES 

1. What is a one-to-one correspondence between two classes? 

2. How is one-to-one correspondence used as a basis for assigning 
numbers to infinite classes? 

3. Why is one-to-one correspondence used for assigning numbers to 
infinite classes, rather than some other principle? 

4. What is meant by a cardinal number symbol? A finite cardinal 
number symbol? A transfinite cardinal number symbol? 

6. What is a finite class? An infinite class? 

6 . Explain why calling No and C numbers amounts to extending the 
concept of a number. 

7. The number of objects in a certain class is neither increased nor 
decreased when 10 more objects are put in the class. How can 
this be? 

8. Show that if two infinite classes each having the cardinal number No 
are combined so as to form a single infinite class, this latter class 
also has the cardinal number No. This amounts to showing that 
No + No = No. 

9. When is an infinite set said to be dense? 

10. Give an example of a dense set in algebra; in geometry. 

11. The set of instants of time are like the set of points on a line and 
also like the set of real numbers. Explain. 

12. Can the principle of one-to-one correspondence and the axiom con¬ 
cerning the whole and its parts both be used in the study of infinite 
classes? Explain. 

13. Explain the mathematical concept of motion and show that it agrees 
with experience. 
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CHAPTER XVIII 

NON-EUCLIDEAN GEOMETRY 


1. Introduction. In the article “Geometry and Experience ” 
in Chapter V, it was seen that, although the familiar geometry of 
Euclid appears to agree very well with experience, errors of observa¬ 
tion and measurement prevent us from asserting that the agreement 
is perfect. This suggests that it might be possible to create a new 
geometry which would agree even better with experience. In order 
to be different from Euclidean geometry this new geometry would 
have to be based on axioms different from those of Euclidean geom¬ 
etry. Furthermore, since Euclid’s axioms appear to come from 
experience, it may be that these new axioms would appear to be 
contrary to experience. It may seem absurd to expect to develop 
a geometry which will agree with experience as well as, or even 
better than, Euclidean geometry agrees, by basing it on axioms ap¬ 
parently contradicting experience. In answer to this attitude, it 
may be said that time and time again history has shown that man’s 
judgment concerning what appears to agree with experience is 
largely a matter of habit of thought, and like most habits can be 
changed. Ancient man thought the earth was flat. Today we 
think of it as spherical. In any case, the fact is that a little over a 
hundred years ago the first non-Euclidean geometry was created, 
and the event was one of the most momentous in the history of 
thought. The present chapter will attempt to show what non- 
Euclidean geometry is and why it is important. 

2. Euclid’s Axioms Concerning a Geometrical Infinity. Our dis¬ 
cussion centers around two axioms of Euclid which involve the 


notion of infinity in a geometrical sense, as distinguished from in¬ 
finity as a manner of variation, considered in Chapter XIV, article 3, 
and infinity as a cardinal number, considered in Chapter XVII. 
One of the axioms states that a straight line is infinite.* This 

means that if P is any point on a 

- H - £. -2- straight line, it is possible to lay 

Figure 267 off two segments PQ and PR on 

the line having as great a length 
as we please, Q and R lying on opposite sides of P (Fig. 267). A 


* Euclid assumed this axiom, though he did not state it explicitly. 
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person starting out from P and traveling in one direction along this 
straight line at a constant speed could never reach the end of the 
line, however far he travels, for the line has no end. In this axiom 
Euclid thus assumed that a straight line is infinite and endless. 

Euclid stated a second axiom which also involves infinity in a 
geometrical sense. It will be convenient for our purposes not to 
give this axiom as Euclid stated it, but to replace it by another 
which is its logical equivalent. The statement of the latter is as 
follows: 

The Euclidean Parallel Axiom: Through a point there passes 
one, and only one , straight line which lies in the same plane as a 
given straight line and which does not meet the latter. 

This unique line is said to be parallel to the given line. The 
parallel axiom can be regarded as involving a geometrical infinity, 
in this way. Let l be a segment of a straight line, P a point not on 
this line, and m a segment of the p 

straight line through P parallel ---“ m 

to l (Fig. 268). We can then re¬ 
gard the parallel axiom as stating- 1 

that however far the segments l Figure 268 

and m are extended, they will not 

intersect each other. Any other segment through P , according to 
the axiom, would meet l if both are extended far enough. Thus, we 
can regard the parallel axiom as making an assumption about a 
geometrical infinity. 

As we know, the axioms of geometry were adopted originally 
because they were suggested by man’s experience with the physical 
world. They appear to be true of physical objects. But man’s 
physical experiences have been confined to an insignificant part of 
what he imagines to be the physical universe. He has therefore 
had no experience with objects infinitely far off and hence cannot 
be prepared to say what is true there, or indeed if there is such a 
thing as an 11 infinitely far off.” For this reason Euclid’s two 
axioms concerning the geometrically infinite appear to be not as 
solidly rooted in our physical experience as does the axiom, for 
example, which states that there is one and only one straight line 
through two points. To be sure, we can conceive of physical lines 
extending indefinitely far out into space, but the ability to conceive 
things is no guaranty of their physical existence. The greatest 



518 


NON-EUCLIDEAN GEOMETRY 


[CHAP. XVin 


physicists of today are in doubt as regards the extent of physical 
space, some believing it is infinite, others, that it is finite. 

There is some evidence which seems to indicate that Euclid mav 
have been doubtfu 1 about the wisdom of making assumptions about 
“^tely far off. For example, although he states the par¬ 
allel axiom with the other axioms, he avoids using it as long as pos¬ 
sible, preferring other methods of proof to that involving the axiom 
There is also evidence that not long after Euclid’s time (he lived 
about 300 b.c.), the parallel axiom became the subject of contro¬ 
versy. The belief that this axiom is not so fundamental as the 
other axioms of Euclid impelled some of the most eminent mathe¬ 
maticians down to the nineteenth century to give it their attention. 
Many tried to prove that the axiom can be deduced from the other 
axioms, but they were all unsuccessful. If it could be deduced, 
there would be no need to retain it as an axiom; it would be a 
theorem. Finally, in the late eighteenth and early nineteenth cen¬ 
turies, three mathematicians, working independently, came to the 
conclusion that the axiom could not be proved. They were Gauss 
(1777-1855), a German; Lobachevsky (1793-1856), a Russian; and 
Bolyai (1802-1860), a Hungarian. 

Much more important for the history of thought, however, was 
the way in which they reasoned after reaching this conclusion. It 
was along the following lines. 

If it is impossible to prove the parallel axiom from the others, it 
must be independent of these others. In that case it can be re¬ 
placed by a different axiom, and this new axiom can then be used 
together with the other axioms of Euclid to prove new theorems. 
Of these new theorems, those which do not involve the new axiom 
should be exactly like those of Euclid’s geometry, but those which 
involve the new axiom should differ from the corresponding theo¬ 
rems of Euclid which involve the parallel axiom. Since Euclid’s 
theorems appear to agree with experience, it may turn out that 
some of the new theorems will not agree with experience. However, 
they will have as sound a logical basis as do Euclid’s theorems, 
since they will be conclusions obtained by reasoning deductively 
from a set of consistent axioms. 

Each of these men thus envisioned a geometry different from 
Euclid’s, a geometry which has therefore been called non-Euclidean. 
The three men chose practically the same axiom to replace Euclid’s 
parallel axiom and hence created the same non-Euclidean geometry. 
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Only Bolyai and Lobachevsky, however, gave their ideas to the 
world, both around 1830. Later in the century, in 1854, another 
quite different non-Euclidean geometry was discovered by the 
German mathematician, Riemann (1826-1866). He broke even 
more completely with Euclid by not accepting the axiom that a 
straight line is infinite, as well as by not accepting Euclid’s parallel 
axiom. 


3. The Non-Euclidean Geometry of Bolyai and Lobachevsky. 

Let us first see by what axiom Bolyai and Lobachevsky replaced 

Euclid’s parallel axiom. To 

do this, it will be useful to A ^ 

consider the latter axiom in tt - — m 

greater detail. Let Q be a -^_ 

point on a straight line Z, and R x 'R Q ^ 

P a point not on l (Fig. 269). fioum 26 9 

As Q moves to the right on Z, 

the line PQ revolves counterclockwise about P and seems to ap¬ 
proach a limiting position. Euclid assumed that there is a line m 
which is this limiting position and that m does not meet Z. Line m 
is therefore parallel to Z. Similarly, if R is another point on Z and 
it moves to the left along Z, the line PR revolves clockwise about P 
and also appears to be approaching a limiting position, say some 
line n. Euclid assumed that m and n are the same line, or, in other 
words, that there is only one straight line through P which does not 
meet Z. For this reason, Euclid’s parallel axiom is sometimes called 
the one-parallel axiom. 

Like Euclid, Bolyai and Lobachevsky assumed that a straight 
line is infinite and that the limiting lines m and n exist. They dif- 
p m f ere d from Euclid, however, by 

I- —- assuming that m and n are distinct 

lines meeting at an angle, as sug- 

- 1 gested in Fig. 270. They assumed 

Figure 270 • that 77i and n do not meet Z, how¬ 


ever far all three are extended. 
Moreover, they assumed that all the lines through P between m and 
n such as q, do not meet l. Hence, Bolyai and Lobachevsky re¬ 
placed Euclid’s one-parallel axiom by an axiom assuming the exist¬ 
ence of an infinite set of parallels through P. 

The student will perhaps feel at once that this is a ridiculous 
assumption to make. It seems apparent to him that the line seg- 
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ments m and n drawn in Fig. 270 can each be extended far enough so 
as to meet l, if the latter is also extended. But it must be remem¬ 
bered that geometry is a logical subject, in which it is permissible to 
draw inferences only from axioms, definitions, and theorems, never 
from figures alone. The only purpose of Fig. 270 is to emphasize the 
fact that m and n are distinct lines meeting at an angle. It is per¬ 
haps unfortunate that the figure cannot emphasize this fact without 
at the same time suggesting that m and n will meet l if all three line 
segments are extended. Bolyai and Lobachevsky may also have 
thought that their parallel axiom looked ridiculous “on paper” 
when it first occurred to them. If so, they apparently concluded 
that, nevertheless, it might be interesting purely as a logical ex¬ 
ercise to see what theorems could be proved by using their parallel 
axiom together with all the other axioms of Euclid. The student is 
asked to accept their parallel axiom in the same spirit. 

Let us now consider the theorems which Bolyai and Lobachevsky 
were able to prove from the axioms which they chose. Since all of 
Euclid’s axioms except the parallel axiom are used by Bolyai and 
Lobachevsky, all the theorems of Euclid’s geometry * which are 
proved without the use of his one-parallel axiom will also be the¬ 
orems in Bolyai’s and Lobachevsky’s geometry. The following are 
some examples of these theorems: 

1. If two straight lines intersect, the vertical angles are equal 

2. Two triangles are congruent if two sides and the included 
angle, two angles and the included side, or three sides of one tri¬ 
angle are equal, respectively, to the corresponding parts of the 
other triangle. 

3. In an isosceles triangle , the angles opposite the equal sides 
are equal 

4. An exterior angle of a triangle is greater than either opposite 
interior angle. 

5. Through a point only one perpendicular can he drawn to a 
straight line. 

6 . The perpendicular is the shortest straight line that can he 
drawn from a point to a straight line. 

It is seen that many frequently used theorems of Euclidean 
geometry are also theorems of Bolyai’s and Lobachevsky’s geometry. 
More interesting in the latter geometry, however, are the theorems 

• Here and throughout the chapter we are considering only plane geometry. 
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not found in that of Euclid. These theorems, of course, involve 
Bolyai’s and Lobachevsky's parallel axiom. The student is suffi¬ 
ciently familiar with the method of proof in geometry to understand 
how these theorems are proved. An important fact to be noted in 
connection with these proofs, however, is that figures are not so 
useful in suggesting the steps of a proof as they are in Euclidean 
geometry. The student will recall how he was tempted to conclude, 
in Fig. 270, that m and n would meet l , despite the assumption that 
m and n do not meet L Some of the most important of these theo¬ 
rems, as well as the easiest to understand, are stated below without 
proof. 

1. The sum of the angles of every triangle is less than two right 
angles. (In Euclidean geometry the sum is two right angles.) 

2. If a triangle increases in area, the sum of its angles de¬ 
creases. (In Euclidean geometry the sum of the angles is the 
same for all triangles.) 

3. If the sum of the angles of a triangle equals the corresponding 
sum in a second triangle , the areas 
of the triangles are equal. 

4. If, in the quadrilateral A BCD 
(Fig. 271), AB and CD are 
both perpendicular to AD, and 
AB = CD, then angle ABC equals 
angle BCD and both are acute. (In 
Euclidean geometry these two 
angles are also equal, but are 
right angles. This non-Euclid- 
ean geometry therefore does not 
contain rectangles among its 
figures.) 

5. The distance between two 
parallel lines approaches zero 
as we pass in one direction 
along the lines, whereas the lines 
diverge in the other direction. 

(However, in Euclidean geome¬ 
try, the distance between two Figure 272 

parallel lines is always the same. 

The notion of two curves so related that the distance between 
them approaches zero is not new. From the discussion in 
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Chapter VII we know that the branch of the hyperbola xy = 1 
in the first quadrant gets closer and closer to the X-axis as it 
moves toward the right, the distance between the hyperbola 
ana the X-axis approaching zero (Fig. 272).) 

4 ' ^ L ° l T h T kian World ’ The student ma y be willing to 
accept the fact that the theorems which have just been stated can 

be proved by valid reasoning from the axioms of Bolyai and Loba¬ 
chevsky, and hence he may be willing to concede that the geometry 
of these two men is possible as a logical alternative to the geometry 
of Euclid. But he may not be so willing to grant that this non- 
Euchdean geometry could possibly apply to the physical world as 
Euclid’s geometry does. We shall now see that it is not impossible 
that, unknown to us, we may be living in a Lobachevskian world. 

Let us first examine the contention that the parallel axiom of 
Bolyai and Lobachevsky does not agree with experience. A math¬ 
ematical straight line, of course, only exists in our imagination. 
What we draw on paper with a ruler is a physical straight line. 
Light travels in a physical straight line. Therefore the contention 
that Lobachevsky’s axiom does not agree with experience can be 
stated thus: Physical experience seems to show that through a 
physical point there passes one, and only one, physical line lying 
in the same physical plane as a given physical line and parallel to 
the latter. But this attitude concerning what physical experience 
shows is more a habit of thought than a physical necessity, as the 
following illustration shows. 

We find it natural, perhaps, to think of the physical universe as 
being infinite in extent. Let us suppose, however, that, unknown 

© to us, it is finite and has the form of an 

extremely large sphere, in the interior of 
which the earth, the rest of the solar 
E system, the stars, and all other heavenly 
C bodies are situated. Let A be a point 
near the center of the sphere, and situ¬ 
ated close to a diameter BC (Fig. 273). 
The physical lines AB and AC meet the 
Figure 273 boundary of the sphere in E and D , re¬ 

spectively. These three physical lines lie in 
the same physical plane. Now every line through A which lies in 
this plane and which meets the boundary of the sphere between 
B and D on one side and between C and E on the other side will 
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fail to meet BC. Hence, by definition, all such lines are parallel 
to BC. Thus, we should be living in a physical world in which there 
is more than one parallel to BC through A, and yet, believing the 
world to be infinite, we should be able to conceive of only one 
parallel through A. 

Now supposing the world to be infinite, it is possible to show that 
the geometry of Bolyai and Lobachevsky could apply to the world. 
It can be shown that within a very small region in a plane the 
theorems of this non-Euclidean geometry are approximately the 
same as those of Euclidean geometry, and the smaller the region 
the better the approximation. For example, it can be shown that 
angles ABC and BCD in Fig. 271 both approach right angles as the 
diagonal AC approaches zero. Now, in order to show that we may 
be living in a Lobachevskian world, we need only to appreciate 
properly the word “small” in the mentioned theorem. “Small” 
is a relative term, we know. One dollar may seem a tremendous 
sum to a little boy, but to a banker handling millions it is likely to 
seem very small indeed. Similarly, a plane which passed through 
the earth and the sun, extending as far as the most distant stars, 
might seem to be very large to us, but it would be only a very small 
region of a plane of infinite extent stretching endlessly into space 
beyond the most distant stars. If, now, we suppose that this 
infinite world obeys the geometry of Lobachevsky it is understand¬ 
able why it should also appear to obey the geometry of Euclid. 
Using the fact referred to at the beginning of this paragraph, we see 
that the reason would simply be that all our physical experiences 
take place in only a very small part of that world. 

5. The Non-Euclidean Geometry of Riemann. As has already 
been mentioned, Riemann broke even more completely with Euclid 
than did Bolyai and Lobachevsky by rejecting, in addition to 
Euclid’s parallel axiom, the axiom that a straight line is infinite. 
Riemann said that it is not necessary to assume that a straight line 
is infinite merely because we conceive it to be endless. It can be 
endless and at the same time finite. The equator of the earth, 
for example, is an endless curve and yet it has a finite length of 
about 25,000 miles. Riemann adopted an axiom stating that a 
straight line is endless , but finite. In his geometry it is therefore 
possible to start from a point on a straight line and, by moving 
always in the same direction along the line, eventually to return to 
the starting point, the total distance traveled being finite. This is 
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illustrated in Fig. 274. We start from P , move to the right, and 
eventually return toward the right to P* This may puzzle the 
p reader, for he may not see how it 

->---*- is possible to get to the left of P by 

Figure 274 always moving to the right. It is 

admitted that this would be impossi¬ 
ble if the entire path of motion were the short segment shown 
in Fig. 274, but again we must not allow ourselves to draw con¬ 
clusions from a figure. The only purpose of the figure here is to 
help to explain Riemann’s axiom, and not to give a picture of a 
finite, endless straight line. Let us not attempt to visualize such 
a line, but to do as Riemann did, merely to assume without further 
question that a line is endless and finite and then to determine the 
logical consequences of this and the other axioms. As has already 
been mentioned, Riemann also rejected Euclid’s parallel axiom, 
replacing it by the assumption that every two lines in the plane 
intersect. Thus there are no parallel lines in Riemann’s geometry. 

Riemann, like Bolyai and Lobachevsky, retained some of Euclid's 
axioms,f and hence Riemann’s geometry has theorems in common 
with Euclid’s and Lobachevsky’s geometries. Of the six theorems, 
listed in article 3, which Lobachevsky’s geometry has in common 
with Euclid’s geometry, the first four are also theorems in Riemann’s 
geometry. 

Of the theorems of Riemann which differ from those of Euclid 
or Lobachevsky, the following are among the easiest to appreciate: 

1. Two perpendiculars to a straight line meet in two points. (This 
is an immediate consequence of Riemann’s axiom stating that 
every two lines meet in a point. It, of course, contradicts the 
Euclidean theorem which states that there is only one per¬ 
pendicular from a point to a line.) 

2. Two straight lines enclose an area. (In Euclidean geometry 
this is not the case.) 

3. All straight lines have the same length. In Euclidean 
geometry a straight line is infinite and hence, strictly speaking, 
has no length. A straight line segment, however, has length.) 

* A ship would circumnavigate the earth in this way if it kept traveling along the equator. 
Moreover, a very small portion of its path would look very much like the straight line seg¬ 
ment in Fig. 274. 

t Riemann retained fewer of Euclid's axioms than did Bolyai and Lobachevsky. We have 
already seen that Riemann rejected two of Euclid's axioms. 
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4. The sum of the angles of any triangle is greater than two 
right angles and increases as the area of the triangle increases . 
(Compare this with the corresponding theorem in Lobachev¬ 
sky’s geometry stated in article 3 and with Euclid’s correspond¬ 
ing theorem.) 

5. In the quadrilateral of Fig. 271, angles ABC and BCD are 
both obtuse . (Compare this with the corresponding theorem in 
Lobachevsky’s geometry stated in article- 3 and with Euclid’s 
corresponding theorem.) 

6 . Two points sometimes determine one straight line, sometimes 
more than one straight line. (This theorem is remarkable in 
that it is inconsistent with Euclid’s axiom stating that two 
points determine one, and only one, straight line. This axiom, 
together with Euclid’s two axioms concerning the geometrically 
infinite, are not included in Riemann’s set of axioms.*) 

• 

6. A Riemannian World. We have seen that it was not impos¬ 
sible that unknown to us we may be living in a world in which the 
geometry of Bolyai and Lobachevsky applies. It is not difficult to 
show that the same can be said for Riemann’s geometry. 

We usually think of a plane in Euclidean geometry as a perfectly 
flat surface of infinite extent. Also when we deal with flat surfaces 
in experience, for example, the piece of paper lying on our desk, we 
imagine that such surfaces can be extended infinitely far, always 
retaining their characteristic flatness. But yet we deal with only 
a very tiny portion of this imagined, infinite surface. For this 
reason, if we wish to, we can imagine the piece of paper before us 
to be a tiny portion of some extremely large surface which is not 
flat, for we know that small portions of extremely large curved 
surfaces may appear quite flat. In particular, we can imagine the 
piece of paper to be a small portion of the surface of a sphere whose 
radius is extremely large, so large that a portion of it as large as 
our piece of paper would look flat. This act of imagination can 
lead to some very interesting conclusions. 

Before seeing what these conclusions are, let us observe some 
• facts concerning great circles. A great circle is a circle on the sur¬ 
face of a sphere such that the center of the circle is also the center 
of the sphere. For example, the equator and every circle passing 
through both the North Pole and the South Pole on the earth’s 

• See footnote on preceding page. 
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Figuke 275 


surface are great circles (Fig. 275). The circles of latitude, except 
the equator, are not great circles.* Through each two points on 
a spherical surface there passes a great circle. The shortest path 

between two points on a spherical sur¬ 
face is along the great circle passing 
through these points (only paths lying 
on the surface are considered here). 
Hence, if a captain wishes to take his 
ship from one place on the earth’s sur¬ 
face to another by the most direct route, 
he will steer a course along the great 
circle through the two places. More¬ 
over, as he follows this course it will 
appear straight to him because of the 
small curvature of the earth’s surface 
over short distances. 

Let us now return to the piece of paper which we are imagining 
to be a small portion of the surface of a very large sphere. The 
first conclusion we can draw is that the figures on paper which we 
have been in the habit of calling straight lines and regarding as 
infinite would actually be great circles on the imagined sphere and 
consequently finite and endless. In other words, a line drawn on 
paper with a ruler can be thought of equally well as an illustration of 
Riemann’s straight line or of Euclid’s straight line. It all depends 
on what kind of surface we imagine the piece of paper to be. We 
commonly regard the paper to be a plane surface. This is only a 
habit of thought, though, and not a physical necessity, and hence 
can be changed at will. 

The second conclusion to be drawn is that any two figures on the 
paper which we commonly call straight lines will meet, for these 
figures would be great circles and any two great circles on a spherical 
surface meet, as can be shown. For example, each circle passing 
through the poles of the earth meets the equator (Fig. 275). Thus, 
by our act of imagination, there would be no parallel lines on the 
piece of paper. Hence Riemann’s parallel axiom would be obeyed, 
as well as his axiom assuming a straight line to be finite and endless. 
This suggests that perhaps our so-called straight lines drawn on 
paper also obey the theorems of Riemann. Let us investigate 
this. 


• For the meaning of circles of latitude see Chapter VI, article 7. 
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In Riemann’s geometry, two perpendiculars to a straight me 
meet in a point. If two straight lines are drawn perpendicular to 
a third on our paper, will the two 
perpendiculars meet in a point (Fig. 

276) ? Continuing to regard the 
paper as a portion of an extremely 
large spherical surface, we note that 
the two perpendiculars are, of course, 

two great circles, and the line to which - 

they are perpendicular is a third great 
circle. The question is, then, whether 

two great circles meet if they are perpendicular to a third. The 
answer is that they do, for, as has been stated, any two great circles 
meet, whether they are perpendicular or not. For example, any 

two meridians on the earth’s surface 
(which are parts of great circles) meet 
at the poles (Fig. 277). Hence, by 
'MeridUna our ac t Q f imagining the paper to -be a 
portion of a spherical surface, we must 
conclude that two so-called straight 
lines on this piece of paper which are 
both perpendicular to a third line will 
meet in a point, since all such lines 
would be great circles (Fig. 276). 

Another theorem in Riemann’s ge¬ 
ometry states that two straight lines 
enclose an area. Similarly, two great 
circles on a sphere enclose an area. Hence, two so-called straight 
lines on our piece of paper enclose an area, since they would be 
great circles by our act of imagination. 

Finally, let us consider the theorem in Riemann’s geometry 
which states that the sum of the angles of a triangle is greater than 
two right angles. It can be shown that the sum of the angles in a 
triangle whose sides lie on the surface of a sphere and are arcs of 
great circles is also greater than two right angles. Hence, we must 
conclude that the sum of the angles of a triangle drawn on our piece 
of paper with a ruler is greater than two right angles, since the sides 
of this triangle would be arcs of great circles by our act of imagi¬ 
nation. 

Indeed, the great circles on a sphere obey all of Riemann’s 
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axioms concerning straight lines, and hence to each theorem in 
Riemann s geometry concerning straight lines there corresponds a 
theorem concerning great circles on a sphere. From this it follows 
that if we regard the piece of paper before us as being a tiny portion 
ot an immense spherical surface, the figures on that paper which 
we are accustomed to call straight lines will actually be great 
circles, and hence will possess the properties given to them in the 
geometry of Riemann. But have we the right to regard the piece 
of paper m that way? Yes, if we wish to. Nobody can prove 
that the piece of paper is necessarily a part of a plane of infinite 
extent. Indeed, unknown to us, our universe may be of such a 
kind that planes of infinite extent are physically impossible in it, 
whereas spherical surfaces are possible. In that case our universe 
could be Riemannian, but not Euclidean. 

7. Which Geometry Actually Applies to the Physical World? The 

reader is perhaps somewhat agitated by the thought that other 
systems of geometry than the familiar one of Euclid are also possible 
as descriptions of the physical world and hence may wish to express 
himself somewhat as follows: “Can we not definitely determine, by 
measurement or otherwise, which geometry actually applies to the 
world, instead of leaving the whole matter up in the air by talking 
about geometries which could possibly apply? According to Euclid 
the sum of the angles of a triangle is 180°, Bolyai and Lobachevsky 
prove that the sum is less than 180°, whereas Riemann shows that 
the sum is more than 180°. Surely the angles of a physical tri¬ 
angle cannot satisfy these three conditions. Therefore, it seems 
as if we should be able to decide by measurement which, if any, of 
the three conditions is satisfied.” 

But all physical measurement is subject to experimental errors. 
If we were to measure the angles of a physical triangle, the sum 
obtained would therefore be subject to some error. Let us suppose 
that this error is at most one per cent. Then, if we obtained a 
measurement of 180°, we could not infer that this is the correct sum 
of the angles, and hence that Euclid’s theorem is correct and the 
other two wrong. All we could infer about the correct sum is that it 
is somewhere between 178.2° and 181.8°, and this inference does not 
permit us to rule out, as inapplicable, any one of the three theorems 
dealing with the sum of the angles of a triangle. If, however, a 
measurement of 183° were obtained consistently, we should decide 
that only Riemann’s theorem applies. As a matter of fact, actual 
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measurement permits no decision one way or another. The same is 
true when other theorems in the three geometries are tested experi¬ 
mentally by measurement. To sum up, then, physical measurement 
does not enable us to decide which one of the three geometries 
actually applies to the world. Actually, all three seem to apply 
equally well. 

Our engineers always employ Euclidean geometry in building 
their bridges, railroads, skyscrapers, etc., but, if they wished, they 
could use, instead, either of the two non-Euclidean geometries, and 
the bridges and skyscrapers would still hold up. They would 
undoubtedly not wish to do so, however, for Euclidean geometry is 
far simpler to use. In all other practical matters, too, Euclidean 
geometry is used because of its simplicity, and very likely it will 
continue to be used for a very long time. In recent years, however, 
or roughly since the beginning of the twentieth century, Euclidean 
geometry has been found to be not so useful as non-Euclidean 
geometry as the basis for a broad physical theory attempting to 
explain the structure of the physical universe. Einstein’s theory of 
relativity, for example, makes use of a non-Euclidean geometry, a 
different one, however, from the two we have been discussing. In 
Chapter XX we shall consider this theory. 

8. The Importance of Non-Euclidean Geometry. The discovery 
of non-Euclidean geometry ranks as one of the most important 
events in the history of thought. Like Copernicus’ heliocentric 
theory, Newton’s law of gravitation, Darwin’s theory of evolution, 
and Einstein’s theory of relativity, non-Euclidean geometry has 
radically changed people’s ideas regarding the physical world. Up 
until about 1850, it had been believed that Euclid’s geometry was 
far more than a body of consistent propositions; it was believed 
to be not only true internally, that is, logically sound, but also true 
externally, in being an exact account of physical space. Its axioms 
were viewed, not as mere assumptions, but as truths, self-evident 
and eternal. In a word, the geometry of Euclid was regarded as a 
body of absolute knowledge of the nature of physical space. That 
was a comforting belief, for though many things about the world 
were unknown, and perhaps even unknowable, yet something was 
believed to be known — Euclidean geometry was a true description 
of space.* It is most significant that Kant, the gr~at eighteenth- 

* This description of people’s attitudes toward Euclid's geometry is a paraphrase of Keyser’s 
description in his Mathematical Philosophy, p. 364. 



530 


NON-EUCLIDEAN GEOMETRY 


ICHAP. XVIII 


century German philosopher, declared that not only is Euclidean 
geometry a true description of space, but that it is the only descrip¬ 
tion which human beings can ever hope to give, since they are in¬ 
capable oi thinking of space in other than a Euclidean way. 

People had been wrong — Euclidean geometry may not be an 
exact account of physical space. Kant was wrong — Euclidean 
geometry is only one of many possible ways in which human beings 
can think of space. Each non-Euclidean geometry which we dis¬ 
cussed is an alternative way. These new ideas constituted a revolu¬ 
tion in philosophic thought. The philosophic problem of deter¬ 
mining the nature of space, which had been considered solved before 
the discovery of non-Euclidean geometry, was opened up again. 
Because of the light thrown on the problem by non-Euclidean 
geometry, it is hardly likely that philosophers will ever again feel 
that they have discovered a permanent solution of the problem. 

Non-Euclidean geometry was no less a revolution in scientific 
thought. Prior to its discovery, physicists, astronomers, and other 
physical scientists had based their theories on the assumption that 
the world is Euclidean. Non-Euclidean geometry made possible 
a new point of view in physical science, namely, that scientists 
might be able to offer better theories describing the physical world 
if they used non-Euchdean geometry instead of Euclidean. Ein¬ 
stein comes to mind as an outstanding example of a physicist who 
adopted this new procedure, and it is most significant that his 
theory of relativity is regarded by many noted scientists as ex¬ 
plaining certain experimental facts more satisfactorily than they 
are explained by Newton’s theories, which are based on Euclidean 
geometry. 

Finally, non-Euclidean geometry raised some fundamental ques¬ 
tions regarding the nature of mathematics. Bolyai, Lobachevsky, 
and Riemann each created his geometry, not in order to describe 
physical space better than Euclid’s geometry did, but only to fur¬ 
nish a logical alternative to the latter. In other words, they were 
interested primarily in creating logical systems without regard to 
practical value. Were these men acting within their rights as 
mathematicians in creating extensive logical systems having no 
apparent connection with experience? Did mathematicians have 
such freedom of action? Moreover, the geometries of Euclid, 
Lobachevsky, and Riemann have theorems which contradict each 
other. In one geometry the sum of the angles of a triangle is 180°, 
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in another this sum is less than 180°, and in the third it is greater 
than 180°. We usually think of mathematics, however, as a sub¬ 
ject which has no internal contradictions. How then can these 
three different systems of geometry all be said to belong to mathe¬ 
matics? A similar question arises in connection with Cantor s 
theory of infinite classes. How is it that in elementary plane geom¬ 
etry we use the axiom that a whole is greater than any of its parts, 
whereas we reject this axiom in the study of infinite classes? To 
answer all these questions adequately requires that we answer the 
broader question: What is mathematics and what is its relation to 
the world of experience? This important question will be consid¬ 
ered in the following chapter. 

It is interesting and profitable to draw an analogy with respect 
to infinite classes and non-Euclidean geometry. Both branches of 
mathematics were developed in the nineteenth century. In their 
origin they both involved a notion of infinity. Also both were 
developed only when mathematicians had acquired enough insight 
and courage to be willing to abandon one or more of Euclid’s vener¬ 
ated axioms. Cantor’s ideas on infinite classes came some decades 
after the discovery of non-Euclidean geometry, so possibly he may 
have learned an important lesson from Bolyai, Lobachevsky, and 
Riomann regarding the modern attitude toward axioms. In the 
following chapter, in answering the question “what is mathematics?” 
we shall become acquainted with this modern attitude regarding 
axioms. 

9. Summary. In this chapter we became acquainted with non- 
Euclidean geometry. We saw that such a geometry can be created 
simply by choosing a consistent set of axioms which do not all 
agree with Euclid’s axioms and proving theorems with this new 
set of axioms as a basis. Bolyai, Lobachevsky, and Riemann 
created their geometries in this way, each retaining some of Euclid’s 
axioms and replacing others by new ones. Among Euclid’s axioms, 
those concerning the geometrically infinite seem to be based least 
securely on physical experience. Possibly for this reason Bolyai, 
Lobachevsky, and Riemann each replaced them by others. * A 
first glance at the axioms and theorems of their geometries might 
lead one to say that they could not possibly agree with experience. 
However, they do agree quite well with experience, and, indeed, as 
well as do Euclid’s axioms and theorems. 

The discovery of non-Euclidean geometry was an important 
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event in the history of thought. It showed that people had been 
wrong in their belief that Euclidean geometry was a perfect descrip¬ 
tion of physical space, and the only description possible. The non- 
Euclidean geometries considered in the chapter are equally satis¬ 
factory descriptions. Euclidean geometry, however, is much simpler 
than non-Euclidcan geometry, and for this reason will continue to 
be used extensively in such practical matters as building bridges 
tunnels, skyscrapers, and so forth. Despite its complexity, however’ 
non-Euclidean geometry offered a new hope to physicists, the hope of 
discovering better physical laws by using it than by using Euclidean 
geometry. Finally, non-Euclidean geometry was of great impor¬ 
tance for mathematics in focusing attention on the question: 
'‘What is mathematics?” 


EXERCISES 

1. State the assumptions that Euclid, Bolyai and Lobachevsky and 
Riemann each made regarding (a) the extent of a straight line- (b) 
parallel lines. 

2. Why are the geometries of Bolyai, Lobachevsky, and Riemann called 
non-Euclidean? 

3. Are all the theorems in the non-Euclidean geometries discussed in 
this chapter different from Euclid’s theorems? Explain and illus¬ 
trate. 

4. State three theorems in Lobachevsky’s geometry and the cor- 

. responding theorems in Euclid’s geometry with which they differ. 

6. State three theorems in Riemann’s geometry and the corresponding 
theorems in Euclid’s geometry with which they differ. 

6. Is there anything about a line segment ruled on a piece of paper 
which requires us to think of the segment as infinite in extent? As 
finite and endless? Explain. 

7. (a) In what sort of universe would infinite straight lines be impos¬ 
sible? (b) Can we be sure that our universe is not of this sort? 
Why? (cj What have these questions to do with Euclid’s, Loba¬ 
chevsky’s, and Riemann’s assumptions regarding the extent of a 
straight line? 

• 8. In what sort of universe would it be possible for there to be (a) only 
one straight line through a point which does not meet a given line, 
both lines lying in the same plane? (b) more than one straight line? 
(c) no straight line? (d) Is it possible that our universe could be 
one of these three types? Which one? Explain, (e) What have 
these questions to do with the parallel axioms of Euclid, Loba¬ 
chevsky, and Riemann? 
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9. Using your answers to exercises 7 and 8, show that it is possible for 
the universe to be either Euclidean, Lobachevskian, or Riemannian. 

10. To what conclusions are we led by imagining all flat surfaces which 
we meet in experience to be tiny portions of extremely large spherical 
surfaces? 

11. Is it possible to decide by physical measurement which geometry 
applies to physical space and to figures in space? Explain. 

12. Why is Euclidean geometry so extensively used in ordinary practical 
matters such as carpentry, architecture, engineering, etc.? 

13. Why was the discovery of non-Euclidean geometry an important 
event in the history of thought? 

14. Can you see an analogy between the existence of several geometries, 
on the one hand, and the existence of different laws in different 
countries because of the adoption of different constitutions, on the 
other? Explain. 
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of the Parallel Postulate.” Both chapters are readable. 

10. Young, J. W. A.: Monographs on Topics of Modem Mathematics. 
The monograph on non-Euclidean geometry contains a readable 
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TOPICS FOR FURTHER STUDY 

1. Attempts to prove the parallel axiom. Carslaw, p. 10. 

2. What we learn about space from experience. Poincard, Chapter IV 

3. The senses as unreliable sources of knowledge. Poincard: The Value 

If Sal™; Chapter! ’ Eddin6t ° n ’ A ‘ ^ ^ 

4. Current beliefs regarding the extent of the physical universe. Ed¬ 
dington A. S. New Pathways of Science, Chapter XIII. Garbedian, 
ti. U.: Major Mysteries of Science , Chapter 13. 

5. The geometry of great circles on a sphere. Murray, D. A.: Spherical 
Trigonometry , articles 5-20. 



CHAPTER XIX 

THE NATURE OF MATHEMATICS 

1.. Introduction. During the middle of the last century many 
men interested in mathematics were impelled to reconsider the 
nature of the subject. People had always believed that mathematics, 
in its development of the use of numbers to handle practical quan¬ 
titative problems and of geometry to study properties of figures, 
was concerned with discovering truths about the world. Though 
they agreed that mathematics was abstract, they believed that the 
axioms and theorems of mathematics were laws of nature, and that 
perfect measurement, if it were possible, would reveal this to be 
the case. The recognition of the possibility of a non-Euclidean 
geometry enabled them to see that Euclidean and non-Euclidean 
geometries, for example, could not be stating laws of space, because 
some of the theorems of Euclidean and of any non-Euclidean 
geometry contradict each other. If a non-Euclidean geometry 
could be part of mathematics, then certainly mathematics was not 
concerned solely with truths about the physical world. The 
questions of the nature of mathematics and its purposes thus came 
to be considered by mathematicians. These two questions are the 
main ones discussed in this chapter. In connection with these 
questions, we shall consider another, namely, the relations of 
mathematics to science and art. 

2. The Notion of a Mathematical System. We approach the 
problem of the nature of mathematics by studying first what is 
meant by a mathematical system. Euclidean geometry is an 
example of a mathematical system. In that subject we deal with 
points, lines, angles, and figures defined in terms of these entities. 
These and all the other things with which we deal are called the 
elements of the subject. In Euclidean geometry we agree to certain 
facts about these elements, which facts are called the axioms. 
The subject is then concerned with arriving at conclusions by 
reasoning deductively from the axioms. A mathematical system * 
is a body of conclusions deduced from axioms and definitions about 
certain elements, together with the axioms and definitions, and 


• A mathematical system is sometimes called an abstract deductive system, or a logical system. 
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the elements. Euclidean geometry, then, is a mathematical system. 
Likewise any non-Euclidean geometry is a mathematical system 
and the same is true of algebra, which is based on axioms about 
numbers. In the next few pages we shall examine the elements, 
the axioms, and the process of arriving at conclusions in any mathe¬ 
matical system. 

3. The Elements of a Mathematical System. Of the things 
dealt with in any mathematical system, some are defined in terms 
of others. A circle, for example, is the set of all points in a plane 
at a given distance from a given point. Thus, the term “circle” 
is defined in terms of point and distance. Any good definition 
must give the meaning of a word in terms of words whose meaning 
is already clear. Now these latter words must be defined in terms 
of simpler words, and these in turn must be defined in terms of 
even simpler words, and so on. In order to avoid having this 
process continue forever, we agree to select certain words and 
leave them undefined. Thus, in every mathematical system there 
are words which are left undefined. All other words used in the 
system are defined in terms of the undefined words. 

The reader may object and point to the dictionary as a means of 
obtaining definitions for all words. Let us try this. We find in 
Funk and Wagnalls’s Desk Standard Dictionary that “a number is 
one of a series of symbols used in arranging or classifying quantities.” 
If we look up the word “quantity,” we find “the property of a 
thing which admits of exact measurement and numerical state¬ 
ment.” Thus, we find that a number is a symbol used in classify¬ 
ing that which admits of numerical statement. Number is thus 
defined by using the word “numerical,” and hence the definition 
is unsatisfactory, for we know no more about a number than we did 
before. A definition which defines a word in terms of itself is said 
to be circular ; it fails to define the word which was to be defined. 

We recognize, then, that a mathematical system must have 
undefined elements. The particular words which are left unde¬ 
fined are chosen differently by different authors; for example, 
Euclidean geometry may be built up on the undefined words, 
“point” and “line,” upon the undefined words, “point” and 
“ motion,” or upon other undefined words. In the study of algebra, 
the natural numbers and the addition of natural numbers may 
be taken as the undefined elements; the reader should note that 
no definitions of these elements were offered in Chapter II. 
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The existence of undefined elements among the elements of a 
mathematical system raises the questions: How can we talk about 
these undefined elements? What do we know about them? The 
answer is that we have axioms in our system which state properties 
of these terms. These properties enable us to work with the 
undefined terms. 

4. The Axioms of a Mathematical System. The axioms which 
are the initial statements about our elements must be agreed to 
rather than proved by reasoning, because we have no others from 
which to deduce them. But, since some of the elements which 
are involved in the axioms are undefined, how shall we know 
what statements to agree to? The undefined elements are usually 
words, such as “line,” originating in and abstracted from physical 
quantities. Even though these elements are undefined in our 
system, we can accept statements about them which their physi¬ 
cal counterparts suggest. As was pointed out in Chapter II, 
articles 15 and 18, this is the origin of most of our axioms. We 
must caution the reader that even though a word such as “line” 
has physical meaning, no property of that physical meaning may 
be used in the mathematical system except in so far as that property 
appears in our axioms. 

Since the axioms are to be the statements from which all the 
conclusions, or theorems, of our mathematical system must be 
deduced, some care is necessary in choosing them. The first and 
foremost property that a set of axioms must possess is that they 
must be consistent. That is, we must not adopt axioms which are 
obviously contradictory, and we must not adopt statements as 
axioms which, though not obviously contradictory, enable us to 
draw contradictory conclusions. 

In addition to being consistent, it is desirable that the axioms 
selected should be simple enough for us to understand, as far as 
possible, just what it is that we are agreeing to. However, a 
simple axiom is not necessarily one corroborated in our experience 
with the physical counterparts of the elements involved. It is as 
simple to say that through a given point not on a given line there 
shall pass two lines lying in the same plane as the given line not 
meeting it, as to say there shall pass only one line not meeting 
the given line. Moreover, though the latter statement appears to 
be true of our experience with physical lines, this is only super-’ 
ficially so. We saw in the chapter on non-Euclidean geometry that 
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It is not impossible that, unknown to us, we may be living in a 
world in which there are two or more parallels to a given line 
We saw, moreover, that non-Euclidean geometry is useful to 
modern physicists m describing the physical world. This shpuld 
help us to accept the view that what appears true or self-evident 
m our experience need not actually be so. Thus physical ex¬ 
perience is not the infallible guide to the selection of axioms that 
it appears to be. 

A third property which is desirable is that the axioms be inde¬ 
pendent of one another. That is, it should not be possible to derive 
some of the axioms from others. For if this is possible, we prefer 
to recognize that the statements which can be proved are theorems 
and hence to designate as axioms only those statements which can¬ 
not be proved from the other axioms. The requirement of inde¬ 
pendence results from the desire to make as few assumptions as 
possible. Although simplicity and independence are properties 
which are desirable in a set of axioms, yet they are not essential 
and are dictated by esthetic considerations. The one property 
which a set of axioms must possess is consistency, for inconsistent 
axioms would lead to contradictory conclusions. 

5. Reasoning to Conclusions. Given the elements, defined and 
undefined, and the axioms of a mathematical system the next step 
in the development of the system is to establish conclusions, or 
theorems, by correct reasoning. That the proofs of the theorems 
of mathematics are deductive was pointed out in Chapter I; how¬ 
ever, this does not tell us how the theorems were originally dis¬ 
covered. The answer to this question is that discovery in mathe¬ 
matics, as in any field of knowledge, calls for creative ability and 
for imagination, which often must go far beyond the limits of 
visualization. Here, no one form of reasoning is more important 
than any other form; deduction, induction, reasoning by analogy, 
and so forth, all play roles in the discovery of theorems. Many con¬ 
clusions are suggested by what we see or work with. A man might 
measure the arms and hypotenuse of a right triangle and acci¬ 
dentally discover the relationship expressed by the Pythagorean 
theorem. Anyone who has observed similar triangles has noted 
some of the properties the triangles have in common. However, 
not all conclusions are suggested by our immediate experience, even 
m working with elements of a mathematical system which have 
direct connection with objeots in the physical world. It is possible 
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to look at a quadrilateral a long time without observing that if the 
diagonals bisect each other the figure is a parallelogram. Likewise, 
it might not occur to everyone that the lines joining the mid-points 
of adjacent sides of a quadrilateral form a parallelogram, or that if 
opposite sides of a quadrilateral are equal, the figure is a parallelo¬ 
gram, or that the sum of the angles of a quadrilateral is 360°, and 
similarly for many other theorems about quadrilaterals. Sugges¬ 
tions for possible conclusions are even more difficult to obtain 
in branches of mathematics which do not have direct relation to 
our physical experience and still more so in branches which start 
with axioms not agreeing with our physical experience. 

6. An Abstract Mathematical System: The Group. Having 
discussed the essential parts of a mathematical system, namely, 
the elements, the axioms, and the manner of discovering conclu¬ 
sions, we shall do well to consider an example of a mathematical 
system which will not only illustrate the above discussion, but 
which will be useful in discussing the nature of mathematics. The 
reader should follow the example below without trying, for the 
present, to see physical meaning in the elements and axioms con¬ 
sidered. He should particularly observe that we are working with 
undefined elements and that no step is made without justification 
by a previous theorem or axiom. We are at liberty, of course, to 
use the concepts and laws of reasoning in our work. In particular 
we shall assume that the meaning of “class” and of “belonging 
to a class ” are understood. Also we shall use the relationship of iden¬ 
tity, often expressed by the symbol =, and the principle of sub¬ 
stitution; our use of these two ideas will be explained before Theorem 
I is considered. Let us take the following undefined elements, 
axioms, and definitions: 

I. Undefined elements: 

1. The class G. 

2. Elements belonging to the class G, which may be represented 
by letters such as a, b, c, d, .... 

3. An operation denoted by o. 

II. Axioms: 

1. If x and tf are any * elements belonging to the class G, 
then x o y is an element belonging to the class G . 

* The letters x, y, and z are used to represent any of the given elements. Thus, whereas 
a can stand only for the element which has already been designated by a. x can stand for a or 6 
or c or any other of the given elements. 
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2- If x, y, and z are any elements belonging to the class G, 
then (x o y) o z = x o (y o z). 

3. There is an element i belonging to the class G such that 
for every x belonging to the class G 
(a) i o x = x, 

(/3) There is an element x' belonging to the class G such 
that x o x= «'. 

III. Definitions: 

1. Any class G of elements a, b, c, ... which satisfies the 
above axioms is said to be a group. 

2. An element i which satisfies axiom 3 is called an identity 
element. 

3. An element x' which satisfies axiom 3 (0) is called an 
inverse of x. 

Before proving theorems based on these axioms, we want to 
discuss the use of the principle of substitution, the meaning of the 
identity of elements, and the meaning of the statement that both 
x and y are elements belonging to the class G. To write x a y 
means that x and y designate the same element in G, and hence 
that in any statement or expression involving x or y or both x and y , 
x may be substituted for y , and y may be substituted for x. For 
example, if we know that x a y t the expression x o z may be also 
written as y o z. But if all we know about x and y is that they 
belong to the class G , then we do not know whether or not they 
designate the same element. Hence it does not necessarily follow 
that x = y and that we can substitute x for y and y for x in expres¬ 
sions containing x or y or both x and y. However, if all we know 
about a, b, and c is that they all belong to the class G, then certain 
identities involving a, 6, and c necessarily follow from the axioms. 
For example, since in axiom 2, x, y, and z represent any elements 
belonging to the class G, we may substitute a for x, b for y , and 
c for z, and thus obtain the identity (a o b) o c = a o (6 o c). Simi¬ 
larly, by a different manner of substituting a, 6, and c, we obtain 
(c o a) o b = c o (a o 6), and so forth. 

Theorem I: If x and y are any elements belonging to the class G, 
then x o y' is an element belonging to the class G. 

Proof: By axiom 3 (/3), there is an element y' belonging to G 
since y belongs to G. Hence, by axiom 1, x o y' belongs to G. 
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Theorem II: If x, y , and z are elements belonging to the class G 
and if xoz = y t then z = x' o y. 

Proof: Since x o z = y t by hypothesis, we may substitute y for 


a;ozon the right-hand side of the identity, 



x' © (x o z) = x' o (x o z ), 

(i) 

obtaining 

x' o (x o z) = x' o y. 

But 

x' o (x o z) B (s' O x) O z, by axiom 2, 

= i o z, by axiom 3 (0), 

(2) 


= z , by axiom 3 (a). 

Hence 

z = x‘ o y f by substituting (2) in (1). 



Theorem III: If x, y, and z are elements belonging to the class G and 
if x o y = xoz, then y m z. 

Proof: Since x o y m x o z, by hypothesis, we may substitute 
x o z for x o y on the right-hand side of the identity, 

o (x O y) b x' O (x O y), 

obtaining x' o (x o y) a x' o (x o z). (1) 

But x’ o (x o y) s (x' o x) o y, by axiom 2 

s i o y f by axiom 3 (0), 

= y, by axiom 3 (a). (2) 

Likewise x' o (x o z) = (x' o x) o z, by axiom 2, 

= i o z, by axiom 3 (0), 

= z , by axiom 3 (a). (3) 

Substituting the results of (2) and (3) in (1), we obtain 

V m si- 

Theorem IV: If x is any element belonging to the class G, then 
x o x' = i. 

Proof: Since, by axiom 3 (0), x' o x = i, we may substitute 
i for (x' o x) on the right-hand side of the identity, 



(x' o x) o x' = (x' o x) o x', 


obtaining 

(x' o X) o X' m { o x' 



= x ', by axiom 3 (a). 

(1) 

Now 

(x' o x) o x' = x' o (x o x'), by axiom 2. 

(2) 

Hence, replacing (x' o x) o x' in (1) by x' o (x o x'), using (2), we have 

• 

x' o (X O x’) = x’. 

(3) 


Now x' belongs to the class G. Hence, according to axiom 3 (0), 
there must be an element x" belonging to the class G such that 

x" ox' = i. (4) 
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x" o [x' o (x o x')l = X" o [x' o (x o x')], 
obtaining x" o [x' o (x o x')l s x " o X '. 

Hence (*" . x') . (x . x') * *» o x', by axiom 2, 
or * e (x o x') B i, by (4). 

Therefore x.x' = t, by axiom 3 (a). 

This statement not only completes the proof, but also shows that 
it x is an inverse of x, then x is an inverse of x'. 

Theorem V: If x is any element belonging to the class G, then 

X o 1 = x. 

Proof: Since, by axiom 3 (/ 3 ), x r o x s t, we may substitute i for 
x' o x on the right-hand side of the identity 

X O (x 7 o x) m X O (x' O x), 
obtaining • x o (x' o x) = x o i. 

^ ence (x o x') o x = x o i t by axiom 2, 

or i © x ■ x o i, by theorem IV. 

Finally x » x o i, by axiom 3 (a). 

Theorem VI: If x and y are any elements belonging to the class G, 
then (xoyY m y' o x\ 

Proof: x o y is an element belonging to G, by. axiom 1. Hence, 
according to axiom 3 (0), there must exist another element, called 
the inverse of x o y t and hence denoted by (x o y)' t such that 
(x o y) r o (x o y) = i. 

Now (x o y) o (x o yY = i t by theorem IV. (1) 

Since y' © x' represents an element of G, by axiom 1, we have 

(x o y) © (t/' ox') = x o [y o (?/' o x')], substituting ( y ' o x') for 

2 in axiom 2, 

= x o [(y © y') © x'], by axiom 2, 

= xo[io x'], by theorem IV, 

“ x o x', by axiom 3 (a), 

= ij by theorem IV. (2) 

By (1) and (2), 

(x o y) O (x O yY = (x o y) O 0 y ' o x'). 

Hence, by theorem III, 


(x o y)' = y' o x \ 
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Many other theorems could be proved, but we now have enough 
to give meaning to the work which is to follow. 

EXERCISES 

Prove the following theorems: 

1. If x and y are any elements belonging to the class G , then x' © y is 
an element belonging to the class G. 

2. If x and y are any elements belonging to the class G, then x' © y' 
is an element belonging to the class G. 

3. If x, y , and z are elements belonging to the class G, and if z o x s y, 
then z e= y o x'. 

4. If x, y, and z are elements belonging to the class G, and if y © x = z ox t 
then y — z. 

5. If x and y are any two elements belonging to the class G, then 
(y ox)' = x' o y'. (y ox)' means the inverse of the element (y o x). 

7. Interpretation of a Mathematical System. Having worked 
through the apparently meaningless, abstract theorems of the 
mathematical system considered in the preceding article, the 
reader would, no doubt, like to know what use can be made of that 
mathematical system. We shall now apply it to several concrete 
situations by finding some elements which obey the axioms. Any 
system of elements which satisfy the axioms is called an interpreta¬ 
tion of the mathematical system. Since the theorems proved in 
the preceding article must apply to the elements of the interpreta¬ 
tion because the axioms do, we can also interpret these theorems 
for the chosen elements. 

A. An Interpretation of a Group. Let the undefined elements 
of the class G be merely the letters A, B, C, and D. Let the opera¬ 
tion o between the letters A and B consist in finding, in the ad¬ 
joining table, the element which lies in the row which begins with 
A and in the column which is headed by B. 


A o B m 

c 


A 

B 

c 

D 

BoC =» 

A 

A~ 

B 

C 

D 

A 

A oC m 

D 

B 

C 

D 

A 

B 

etc. 


C 

D 

A 

B 

C 



D 

A 

B 

C 

D 


With this choice for the undefined elements, and letting each of 
the letters X, F, and Z stand for any of the elements A, B, C, or D , 
we may show that the following axioms, which are the axioms of a 
group, hold: 
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1. If X and Y are any elements belonging to the class G, then 
X o Y is an element belonging to the class G. 

, __ 2 ‘ If ^’ ¥ ’ and Z are any elem ents belonging to the class G, then 
(A o Y ) o Z = X o (Y o Z). 

3. There is an element i belonging to the class G, such that for 
every X belonging to the class G, 

(a). ioX m X . 

(P). There is an element X' belonging to the class G such 
that X' o X - i. 

That axiom 1 is satisfied is evident by the rule for the operation o, 
which consists in using the table as described above. Axiom 2 will 
hold for the elements A, B, and C, that is, (A o B) o C m A o (B o C). 
To show this let us first note that A o B = C and B o C ■ A. 
Hence (A o B) o C = C o C, and A o (B o C) a A o A. Further¬ 
more, CoCsB and A o A s B. Hence, since (A © B) © C and 
A o (B o C) are both identical with B } they are identical to each 
other. Thus, axiom 2 is satisfied in this case. Similarly it could 
be shown that axiom 2 is satisfied in all cases. 

Axiom 3 is satisfied if we let D be the identity element because 
(a), by the table D o A = A, D o B = B, DoC=C and DoDa D, 
and (0), each of the elements A, B, C, D has an inverse. Thus, for 
example, since C o A = D, we see that C is the inverse of A. Since 
Bo B = D, B is its own inverse. Thus the axioms given above 
hold for the interpretation which we have considered. 

When we know that each axiom applies to all the elements of 
the system, we know immediately that all of the theorems proved 
in the preceding article must be true of the system, for the proof 
of the theorems was made without using any properties of the ele¬ 
ments discussed other than those stated by the axioms. Since the 
same axioms apply to the elements of the new system, the theorems 
must also apply; thus, in particular, theorem IV must apply. For 
example, since C o A = D> it should follow that A o C s D } since D 
is the identity element. A reference to the table will show that this 
is the case. Likewise, each of the theorems proved in the previous 
article, when applied to the elements A, B f C and D, can be shown 
to hold. 

EXERCISES 

Using the above interpretation, do the following exercises: 

1. Verify that axiom 2 holds for the elements £, C, and D. 

2. What is the inverse of the element C o D? 

3. Verify theorem VI of article 6 for the elements B and C. 
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B. A Second Interpretation of a Group. Consider a point in a 
plane which is free to move along a straight line in any direction 
in the plane. Every movement of a point through a specified dis¬ 
tance along a line in a specified direction is called a translation. 
Let us now interpret each of the undefined elements a, b, c, .. . of 
article 6 to mean a translation in the plane, and the class G to be 
the set of all possible transla¬ 
tions in the plane. By the 
operation © applied to the two 
translations a ( PiP 2 of Fig. 278) 
and b (P 2 P 3 of Fig. 278), for 
example, we shall mean to follow 
one translation by the other. 

If translation a is followed by 
translation b, Pi is moved to 
P s . Now, it is clear that there 
is a single translation which also 
moves Pi to P 3 . Let us denote 
this single translation by the symbol a o 6, because it effects the same 
change as does a followed by b. 

We can now show that the axioms of article 6 hold for transla¬ 
tions. To do this let us restate those axioms, letting x, y t and z 
stand for any translations. 

1. If x and y are any two translations, then x o y is a translation. 

2. If x, y and z are any translations then (x © y) o z m x o (y © z).‘ 

3. There is a translation i such that for every translation x 

(a) i o x — x. 

Q3) There is a translation x' such that x'©i ■ i. 

Now let us see whether the 
set of translations satisfies these 
axioms. We know that axiom 
1 holds because, previous to the 
statement of the axioms, we 
agreed that if a and b are two 
translations a o b shall denote a 
translation, namely, the trans¬ 
lation which effects the same 
change as does a followed by b. 
If x and y are any two trans¬ 
lations it can be shown that there is a translation x o y. 
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see th at axiom 2 holds for translations, note that if a b c are 

- - b *— “ 

b P A J tI Zn,li? d8 5T tra f lati ° nS if we let ^entity translation 
Whil ! r hrOUgh zero distance, that is, the translation 
which leaves the position of the point unchanged, and if we let 

the inverse a of the translation a be the translation which moves 

_ a' __ from ^2 to the point which 

1 P» a moves from P x to P 2 . Thus 

iox^x for any x, so that axiom 
3(a) is satisfied; and since x' 
reverses what x does (see Fig. 
280), x' o x is the zero transla- 


Px 


~Pz 


Figure 280 


_. . . . . — w »cro transia- 

tion t, that is, x •! = >, so that axiom 3(0) is satisfied. Thus 
axiom 3 is true of all translations. 

The remark that was made in connection with the first interpreta¬ 
tion of the group applies here. 

All the theorems about the ele¬ 
ments of a group apply without 
further proof to translations be¬ 
cause the axioms apply to them. 

For example, theorem 1 tells us 
that if x and y are translations, 
there is a translation, denoted 
by x o ?/', which will do what x 
followed by the inverse of y does. 

This translation is P\P A in Fig. 

281. Many other facts about 
translations could be obtained 
from the theorems for the group 
considered in article 6. 



Figure 281 


EXERCISE 

Check by diagrams that theorems III and IV apply to translations. 


C. A Third Interpretation of the Group. * Let the set of elements of 
the class G be the integers (positive, negative, and zero). Let the 
operation o be ordinary addition of integers, and let us indicate it 
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by the usual sign -K The relation of identity == is usually indicated 
by = in the case of numbers. Then, for the set of integers, the 
axioms of the group become 

1. If a; and y are any integers then x + y is an integer. 

2. If x , y, and 2 are any integers then (x +'y) + z = x + (y + z). 

3. There is an integer i such that for every integer x 

(a) i -f- x = x. 

(0) There is an integer x' such that x' + x = i. 

The reader can see at once that integers obey all the axioms of a 
group when the operation o is addition, if we let 0 be the identity 
element t, and if — x is the inverse element x\ corresponding to x. 
Hence, we know many theorems about integers simply through the 
application of the theorems of the group considered in article 6. 
Some of the theorems reworded to fit this third interpretation are 
as follows: 

Theorem III: If x, y , and z are any integers and if x -f- z = y + z f 
then x = y. 

Theorem IV: If x is any integer, then (x) + ( — x) = 0. 

Theorem V: If x is any integer, then x + 0 = x. 

Theorem VI: If x and y are any integers, then 

“ (* + y) - (— x) + (- y). 

If we compare the above axioms and theorems with those which 
were stated as axioms of algebra in article 16 of Chapter II, we 
notice that axiom 2 is the associative axiom of addition, that 
theorem III is equivalent to the axiom that if equals are sub¬ 
tracted from equals, the results are equal, and that theorem V 
is equivalent to the definition of addition of any rational number 
and 0 given in Chapter II, article 6. By starting with the axioms 
of a group, we are thus able to prove propositions which formerly 
had to be assumed, and hence we may regard the axioms of a group 
as being logically simpler than the set of axioms assumed in Chapter 
II. It is possible to base algebra on a set of propositions such as 
those in Chapter II, or we may investigate the foundations of 
algebra further and substitute a logically simpler set of axioms. 
Whichever set of axioms we use, however, we should remember 
that the axioms of any mathematical system are simply a set of 
consistent propositions which are accepted without. proof as a 
starting point in the system. 

Now that we have interpretations of our abstract axioms we can 
observe facts about the interpretations and thereby derive sugges- 
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tions for additional theorems to be established in our abstract 
system. Any such theorems will have meaning for each of the 
interpretations. Furthermore, we may uncover new facts about 
one of those interpretations by- the indirect process of observing it 
in another and then proving the corresponding theorem in the 
abstract system. Thus theorems for numbers can be proved by 
observing facts about translations. • 

EXERCISES 

1. Restate the axioms for a group with the integers for elements, and 
the operation o as subtraction. Do the integers form a group with 
respect to subtraction? 

2. Restate the axioms for a group with the rational numbers (except 0) 
for elements and the operation o as multiplication. Do these num¬ 
bers form a group with respect to multiplication? What is the 
identity element in this case? Why was 0 excluded? What does 
Theorem III become in this interpretation? 

3. The following set of axioms is taken from J. W. Young: Fundamen¬ 
tal Concepts of Algebra and Geometry, page 41. 

1. If A and B are elements of S, there exists an m-class of elements 
containing A and B. 

2. If A and B are distinct elements of S, there exists not more than 
one m- class containing A and B. 

3. Given an m-class a and an element P of 5 not in a, there exists 
one m-class containing P and not meeting (that is, not having an 
element in common with) a. 

4. Given an m-class a and an element P of S not in a, there exists not 
more than one m-class containing P which does not meet a. 

5. Every m-class contains at least three elements of S. 

6. Not all the elements of S belong to the same m-class. 

7. There exists at least one m-class. 

What are the undefined elements and relations used in this set? 
Restate these axioms so that the elements are men and the 
m-elasses are committees of men. Do the same, letting the ele¬ 
ments be points and the m-classes lines. Give an example of a 
theorem suggested by one of these two interpretations which 
could be proved from these axioms. 

4. Consider the following abstract axioms: 

1. If A and B are distinct elements, there is at least one set con¬ 
taining A and B. 

2. If A and B are distinct elements, there is not more than one set 
containing A and B. 

3. If A, B, C are elements not all of the same set, and D and E are 
elements such that B, C, D are contained in a set and C, A, E are 
contained in a set, then there is an element F such that A, B f F 
are contained in a set and D , E, F are contained in a set. 
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(a) Interpret this set of axioms by regarding the elements as points 
and the word set as line. Do the axioms apply to the points and 
lines of Euclidean geometry? to the points and lines of Loba- 
chevskian geometry? to the points and lines of Riemannian 
geometry? 

(b) Let the elements of the set of axioms be the thirteen letters, A, B, 
C, ...» M. Let set mean one of the following thirteen sets of 
elements: 


1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

A 

B 

C 

D 

E 

F 

G 

// 

I 

J 

K 

L 

M 

B 

C 

D 

E 

F 

G 

H 

I 

J 

K 

L 

M 

A 

D 

E 

F 

G 

H 

I 

J 

K 

L 

M 

A 

B 

C 

J 

K 

L 

M 

A 

B 

C 

D 

E 

F 

G 

H 

I 


Do the sets of letters satisfy the three axioms? 

5. Consider the four elements 1, V— 1, — 1, — V— l with the opera¬ 
tion o as multiplication. Does this set of elements form a group with 
respect to multiplication? 

8. Mathematics as a Collection of Logical Systems. The sys¬ 
tems just investigated, any non-Euclidean geometry, Euclidean 
geometry, and algebra are examples of mathematical systems. 
Each system contains undefined elements, definitions, axioms con¬ 
cerning the undefined elements, and theorems proved about the 
undefined elements. Thus the development of each system is an 
abstract process which borrows nothing from observation of physical 
objects except, perhaps, suggestions as to what to prove. After a 
mathematical system has been developed, it is often possible to 
select a set of physical elements and to determine whether or not 
these physical elements satisfy the axioms of the system. If they 
do, then the theorems of that system are true for the physical ele¬ 
ments. The belief that Euclidean geometry is the geometry of 
physical space has a strong basis inasmuch as the axioms of Eu¬ 
clidean geometry seem to fit physical points, lines, planes, and 
other physical elements. However, another set of axioms may fit 
equally well or better. Similarly, when we use numbers in accord¬ 
ance with the axioms of algebra in order to handle practical quanti¬ 
tative problems, we obtain results appearing to agree very well with 
experience. This should not cause us to believe that there cannot 
be other systems of algebra with different axioms and hence different 
theorems. Indeed there are various other systems of algebra, some 
of which are useful in practical situations. 

Though it is true that the axioms selected for a mathematical 
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system are usually suggested by some physical situation, it is not 
at all necessary that this be the case. One of the important con¬ 
sequences of the creation of a non-Euclidean geometry is that it 
has made mathematicians appreciate that they are not tied down 
by physical experience. They are free to choose any system of 
axioms they please to develop. As pure mathematicians, they are 
concerned only with deducing theorems correctly from the axioms 
selected, whatever they may be. The pure mathematician creates 
logical structures, which, if they can be interpreted physically 
furnish theorems about the physical entities. Whether or not 
an interpretation can be made is irrelevant in pure mathematics. 

An understanding of the fact that mathematical systems can'be 
developed independently of physical experience makes possible an 
understanding of the relation of pure mathematics to applied mathe¬ 
matics. Pure mathematics deals only with abstract mathematical 
systems. The elements, axioms, and theorems of each such system 
are devoid of physical meaning. Applied mathematics, on the 
other hand, always deals with physical situations, although the 
language is mathematical. The theorems used in applied mathe¬ 
matics are often obtained simply by interpreting theorems of pure 
mathematics in terms of physical objects. The statement that the 
area of a circle is tt r 2 is a theorem of pure mathematics. The state¬ 
ment that the area of any circular object is ir r 2 is a theorem of ap¬ 
plied mathematics. The interpretation of a mathematical system 
in terms of physical elements is the application of the abstract 
system to these elements. Of the theorems of an abstract system 
we properly may ask only whether or not they are obtained by valid 
reasoning. The statement that a mathematical theorem is true 
can mean only that the theorem applies to our physical world. 
Pure mathematics has, in this respect, often been compared with 
the game of chess, in which the elements are the pieces and the 
axioms are the rules for moving the pieces. A move made during 
the game is either according to the rules or not. Any question 
concerning the truth of a move is both meaningless and irrelevant. 

The view of mathematics which has been presented thus far is 
that mathematics is a collection of mathematical systems. Other 
views of the logical structure of mathematics have been advanced 
and are also accepted by many leading mathematicians. Refer¬ 
ences to some of these other viewpoints are given at the end of the 
chapter. , 
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The above consideration of the nature of mathematics should 
aid us in understanding various definitions of mathematics which 
have been given, from time to time, by noted mathematicians. No 
one of them is all-embracing, and yet each emphasizes an aspect of 
mathematics not in the others. One definition, given by Benjamin 
Peirce, an American mathematician of the nineteenth century, is 
that “mathematics is the science which draws necessary conclu¬ 
sions.” This definition calls attention to the fact that mathematics 
is concerned with drawing conclusions which must follow from its 
axioms. Another definition, offered by Bertrand Russell, states 
that mathematics is “the subject in which we never know what we 
are talking about, nor whether what we are saying is true.” Al¬ 
though this definition seems flippant, it is really an accurate descrip¬ 
tion of mathematics. What Russell meant is that mathematicians 
do not know what they are talking about because at the basis of a 
mathematical system are undefined elements which, as far as 
pure mathematics is concerned, have no physical meanings. In¬ 
deed, Russell calls the statements of mathematics propositional 
functions because they can have many meanings, depending upon 
how we interpret the undefined terms. Mathematicians never 
know whether what they are saying is true because the conclusions 
of pure mathematics are not assertions about physical objects. 
All we can say about the conclusions is that they have been estab¬ 
lished by valid reasoning.* 

9. Artistic Characteristics of Mathematics. To describe mathe¬ 
matics only in terms of its logical structure, that is, as a collection 
of mathematical systems, is to overlook certain characteristics 
which mathematics has in common with the arts. By examining 
many fields of expression commonly accepted as arts, such as 
music, painting, sculpture, poetry, and so forth, it is possible to 
discover in them characteristics which distinguish them from fields 
of expression not regarded as arts. Each art need not possess all 
of these distinguishing characteristics, but it does possess some of 
them to such a degree as to make us feel that it should be called 
an art. In this article we shall consider some of the characteristics 
of art which are possessed by mathematics. 

A. The arts afford an opportunity for creative ability to function. 

• For a more complete exposition of Russell's idea, see C. J. Keyser's articles on the "Mean¬ 
ing of Mathematics" and on the "Nature of the Doctrinal Function" listed at the end of this 
chapter. See also the first few chapers of Keyser's book Mathematical Philosophy and Chapter 
XV in Russell’s Introduction to Mathematical Philosophy. 
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fh°atThe at ii e nH abi f Iity t0 K 6 n e ! OP t0 itS fuUeBt extent il is necessary 
that the mind of man shall be as free as possible from restrictions 

In this respect art is often contrasted with science. One of the 
primary concerns of science is the understanding of what takes 
place in the physical world so that it can give man means of con¬ 
trolling and, to some extent, refashioning that world. This purpose 
is practical. Art, on the other hand, does not aim at practical 
results. Although a work of art, such as a beautiful cathedral or a 
beautiful piece of furniture, may be useful, it is the presence of 
beauty to a sufficiently large extent to outweigh the utilitarian 
importance of the work which characterizes the object as a work 
of art. Thus art is not restricted to studying the world for utili¬ 
tarian ends. We have pointed out in the preceding article that 
mathematics, and hence the creative impulse in mathematics, is 
likewise not restricted to utilitarian ends. Despite the fact that 
many mathematical discoveries arise out of practical problems, these 
discoveries are of value and interest to mathematicians regardless 
of whether or not they are useful in solving these or other prob¬ 
lems. Often the development is continued far beyond the needs 
of the immediate problem. Moreover, much of mathematics is 
investigated with no thought of application to the world in mind. 
The conic sections were studied almost two thousand years before 
they were applied. Complex numbers were studied in the eighteenth 
and nineteenth centuries, but were found useful only toward the 
end of the latter century. Non-Euclidean geometry was believed 
to be inapplicable to the physical world when first studied. Dantzig* 
says, “The mathematician may be compared to a designer of 
garments who is utterly oblivious of the creatures whom his gar¬ 
ments may fit. To be sure, his art originated in the necessity for 
clothing such creatures, but this was long ago; to this day a shape 
will occasionally appear which will fit into the garment as if the 
garment has been made for it. Then there is no end of surprise 
and delight.” 

To see the large role that creative ability has played in mathe¬ 
matics, it is merely necessary to recall some of the concepts which 
have been developed. The various kinds of numbers used in 
algebra, the idea of relating algebra and geometry by means of 
coordinates, the concept of a variable and of a function, the con¬ 
cept of a limit, the concept of transfinite numbers, and so forth, 

• Dantzig, Tobias: Number, p. 232. 
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are examples of ideas discovered by mathematicians. Havelock 
Ellis* says: “The craftsman who moulds conceptions with his mind 
cannot be put in a fundamentally different class from the craftsman 
who moulds conceptions with his hands, any more than the poet 
can be put in a totally different class from the painter.” Even a 
student beginning his study of mathematics employs his creative 
ability, and experiences the pleasure of discovery when he solves a 
mathematical problem requiring original thought. 

B^/The arts possess characteristics which appeal to our esthetic 
sense. Each art possesses certain structural qualities, or forms, 
such as the use of a medium of expression, the use of symbols, con¬ 
ciseness of expression, design, unity of theme, harmony, and sym¬ 
metry, which aid in conveying a feeling of beauty to the reader or 
observer. 

^Mathematics uses language, often symbolic, as its medium of 
expression, just as music uses sounds, sculpture uses stone, and 
painting uses colors and canvas. These media of expression make 
appeals to different faculties: the words and symbols of mathe¬ 
matics appeal to the mind, whereas sounds appeal to the ear, and 
colors to the eye. Mathematics and each art attempts to express 
something through its medium. Mathematical works are some¬ 
times criticized because their symbolic language may appear devoid 
of meaning. This criticism is no more true than the criticism that 
lines of poetry are often devoid of meaning. ) Taken literally, the 
statement “Bright star, would I were steadfast as thou art,” is non¬ 
sense. Understood in the light of Keats’s approaching death, this 
first line of “The Last Sonnet” is deeply moving. Similarly, com¬ 
plex mathematical symbols, which may appear meaningless at a 
glance, have significance when they are viewed in relation to the 
logical structure to which they belong. Just as poetry uses words, 
and music uses notes, mathematics uses symbols. In each case it 
is intended that the reader or observer will be affected by the 
emotions or ideas which the symbols attempt to suggest, rather 
than by the symbols alone. One reason that mathematics makes 
possible so much that cannot be done without it is that it uses 
symbols so completely. This leads to conciseness of expression 
and to an absence of non-essentials. Often new proofs are offered 
for theorems because they are more concise than existing proofs and 
thus convey more ideas with fewer steps. Thus, the skillful use of 

* Ellis, Havelock: The Dance of Life. 
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symbols in an elegant proof may appeal to our esthetic sense in 
much the same way as the skillful use of words in a poem and of 
sounds m a piece of music do. 

The process of generalization in mathematics is often possible 
°u y , because there 1S design already present in the special cases 
whether or not the generalizations are valid consequences of the 
axioms. The formula for compound interest for n years, namely, 
A ~~ (1 + l) was obtained because we found that at the end of one 

year A — P (1 -f- i) , at the end of the second year A = P (1 -f- %) 2 t 

and so forth. The generalization of the figures we studied in co¬ 
ordinate geometry was made so as to preserve design. There we 
said that since 3? + y 1 = r 2 is the equation of a circle in a plane/and 
x 2 “b z = is the equation of a sphere, we would regard 

x + V + z 2 + w 2 = r 2 as the equation of a sphere in four-dimen¬ 

sional space, and we could have gone on to regard x 2 y 2 -}- ... to 
n terms = r 2 as the equation of a sphere in n-dimensional space. 
The same method of generalization is used for other curves. Thus, 
the design present within two- and three-dimensional geometry is 
carried over into n-dimensional geometry. The generality of 
theorems of mathematics appeals to our esthetic sense, sometimes, 
because of the presence of design in them, and sometimes because 
of the generality itself. Thus, we are attracted by the generality 
of such theorems as the following: 14 Every conic section is repre¬ 
sentable by an equation of the second degree in x and y , and, con¬ 
versely, every second degree equation in x and y has a conic section 
as its curve”; and, “Every algebraic equation of the nth degree has 
exactly n roots.” 

Unity of theme is to be found in each of the many branches of 
mathematics. The theme of number is developed in arithmetic 
and algebra, the theme of the properties of figures in space is de¬ 
veloped throughout the field of geometry. In each branch, harmony, 
or consistency of the parts with each other, is of primary importance. 
When one surveys such a branch of mathematics as Euclidean 
geometry, one sees the development of the theme of the properties 
of figures in space from a set of simple and consistent axioms to a 
harmonious and complex structure. The understanding of the 
way in which the various theorems fit into this structure is analogous 
to the view of the surrounding country obtained by a mountain 
climber who, upon reaching his goal, is enabled to survey the vast 
scene which his climbing has enabled him to view. The view of 
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the logical structure of mathematics was pleasing to the Greeks. 
It may have been this beauty which caused Edna St. Vincent 
Millay to write, “Euclid alone has looked on beauty bare.” 

Symmetry is found in mathematics in many of the curves studied. 
The ellipse, circle, and hyperbola have perfect symmetry about 
their axes. The symmetry of these curves is beautiful to the eye, 
just as their generalizations to higher dimensions by means of the 
design in their equations are beautiful to the mind. 

Each mathematical system has a structural form determined by 
the axioms of the system. That form may be filled by subject 
matter in different ways by assigning different meanings to the 
undefined terms. Such form is analogous to musical forms such as 
a minuet, a sonata, or a symphony. Each of these musical forms 
can be filled by various types of musical material producing vastly 
different emotional reactions, just as each of the mathematical 
systems can be interpreted in many ways producing vastly different 
intellectual reactions. 

The arts bring to our attention , in significant form , truths about 
the world of our physical , intellectual , and emotional experience . Just 
as a painting may call to our attention the beauty of a scene or Ihe 
character of a person, so too, mathematics calls to our attention the 
importance of quantitative relationships and the specialized char¬ 
acter of the space in which we live. The mathematician feels free 
to abstract what he wishes from nature and to depart from nature 
as much as he pleases. He creates his own types of numbers and 
curves and systems of geometry, transcending by far the suggestions 
he takes from nature. And then, surprisingly enough, he often 
finds himself able to offer science an entirely new way of viewing 
the physical world, superior to older ones. On this point White- 
head* says, “The originality of mathematics consists in the fact 
that in mathematical science connections between things are ex¬ 
hibited which, apart from the agency of human reason, are ex¬ 
tremely unobvious.’O 

D. The arts furnish us with ideals. Mathematics in its turn 
furnishes an ideal for the sciences. Because of the logical cer¬ 
tainty which results from deductive reasoning the sciences are 
making more and more effort to employ it. In so far as they do 
so, they are aspiring to the ideal and standard set by mathematics. 

* Whitehead, Alfred North: Science and the Modem World, p. 29. 
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10. The Nature of Mathematics. The characteristics of mathe¬ 
matics presented in articles 8 and 9 call attention to two different 
aspects of the subject. Mathematics is concerned with drawing 
conclusions from the sets of axioms selected for the various mathe¬ 
matical systems. These axioms are often taken from physical 
experience, and the conclusions are applied to experience. Thus, 
mathematics has scientific characteristics because it is helpful in 
attempts to discover truths about the physical world. Since 
mathematics is not obliged to use axioms selected from physical 
experience but is free to develop any axioms it pleases, it enjoys 
the freedom from physical experience which is characteristic of art. 
Thus, mathematics is to some extent a science and to some extent 
an art, and hence it is advisable not to classify it with either the 
sciences or the arts, but to give it an intermediate position. For 
often, systems of axioms which are suggested by our experiences 
have led to beautiful developments which have no practical ap¬ 
plication. On the other hand, many mathematical developments 
have been undertaken with no thought of application and have 
later proved to be highly useful for the description of, and in the 
application to, the physical world. Whitehead* has said, “The 
science of Pure Mathematics, in its modern developments, may 
claim to be the most original creation of the human spirit.” 

11. Summary. In this chapter we first considered the parts of a 
mathematical system, namely, the elements, the axioms, and the 
discovery and proof of theorems. A typical mathematical system, 
the group, was exhibited so as to make the discussion concrete, and 
interpretations of this system were given so as to bring out the re¬ 
lation of an abstract system to its applications. Mathematics was 
then described as a collection of mathematical systems which 
possess both scientific and artistic characteristics. 

REVIEW EXERCISES 

1. Why must there be axioms and undefined terms in a mathematical 
system? 

2. Criticize the statement that the axioms of mathematics are self- 
evident truths. 

3. What is meant by the consistency and independence of a set of 
axioms? 

4. Criticize the following description of mathematics: Mathematics 
is the science of number and space. It starts from a group of self- 


* Whitehead. Alfred North. Science and the Modem World, p. 29. 
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evident truths and by infallible deductions arrives at incontestable 
conclusions. Whereas the facts of other sciences are at best approxi¬ 
mate truths continually subject to change in the light of further and 
more exact experimentation and observation, the facts of mathe¬ 
matics are absolute, unalterable, and eternal truths. 

6. Criticize the following pairs of definitions: 

(a) Length is a quantity measured by a rigid scale. A rigid scale is 
one whose length does not change. 

(b) Inertia is the resistance offered by matter to change of motion. 
Matter is that which has inertia. 

6. List the characteristics of art to be found in mathematics. 

REFERENCES 

1. Altshiller-Court, Nathan: “Art and Mathematics,” Scripla Mathc- 
matica, Vol. Ill, April, 1935. 

2. Bliss, Gilbert A.: “Mathematical Interpretations of Geometrical 
and Physical Phenomena,” Amer. Math. Monthly , October, 1933. 
This article shows among other things that more than one system of 
mathematics may be applied to the same physical situation. 

3. Buchanan, Scott: Poetry and Mathematics. 

4. Cohen, Morris R., and Nagel, E.: An Introduction to Logic and Scien¬ 
tific Method. Chapter VII, “The Nature of a Logical or Mathe¬ 
matical System.” 

5. Eddington, Arthur S.: New Pathways in Science. Chapter XII, 
“The Theory of Groups.” An exposition of the use of groups to 
represent the structure of an atom. 

6. Ellis, Havelock: The Dance of Life. Chapter V, “The Art of 
Thinking.” 

7. Hedrick, E. R.: “Tendencies in the Logic of Mathematics,” Science } 
April 7, 1933. Various views on the foundations of mathematics. 

8. Keyser, Cassius J.: Mathematical Philosophy. Lecture II, “Postu¬ 
lates.” Lecture III, “Basic Concepts.” Lecture IV, “Doctrinal 
Interpretations.” Lecture VI, “Non-Geometric Interpretations.” 
Lecture VIII, “Postulate Properties.” 

9. Keyser, Cassius J.: “The Nature of the Doctrinal Function and Its 
Role in Rational Thought,” Scripta Mathematica, November, 1933, 
and February, 1934. 

10. Keyser, Cassius J.: “The Meaning of Mathematics.” Scripta Mathe¬ 
matica , September, 1932. On the notion of propositional functions. 

11. Moritz, R. E.: Memorabilia Mathematica. Chapter I, “Definitions 
and Object of Mathematics”; Chapter II, “The Nature of Mathe¬ 
matics”; Chapter XI, “Mathematics as a Fine Art”; Chapter XII, 
“Mathematics as a Language.” Brief quotations from various 
sources. 



558 


THE NATURE OF MATHEMATICS icHAP. XIX 


12 ‘ T? 01I i\? r6 ’ 1 ^? nri: Science and. Hypothesis. Chapter III, “The Non 
EucWean Geometries” A discussion of Unf different ^omaUc 


13. Poincare Henri: The Value of Science. Chapter I, “Intuition and 
Logic in Mathematics.” A discussion on the necessity for both in- 
tuition and logic in mathematics. 

PoincarS, Henri: Science and Method. Book I, Chapter III “Math¬ 
ematical Creation.” An analysis of the creative process. 


14. 


15. 


Richmond D. E.: “The Theory of the Cheshire Cat,” Amer Math 
Monthly, June-July, 1934. On the abstract nature of mathematics 

R “ sse “- Bo , r f ' rand: T he Study of Mathematics.” An essay in the 
collection Mysticism and Logic. y 

Russell, Bertrand -. Introduction to Mathematical Philosophy. Chap- 
ter XV, Propositional Functions." H 

Shaw James B.: “ Mathematics — The Subtle Fine Art,” Scientific 
Monthly , November, 1934. J 

i9. Shaw James B.: “ Mathematics as a Fine Art,” Mathematics Teacher, 
March, 1930. * 


16. 


17. 

.18. 


20. Smith, David E.: Poetry of Mathematics and Other Essays. The first 
essay draws an analogy between mathematics and poetry. 

21. Stabler, E. It.: “An Interpretation and Comparison of Three Schools 
of Thought in the Foundations of Mathematics," Mathematics 
Teacher , January, 1935. This article presents alternative views to 
that of mathematics as a collection of mathematical systems. 

22. Sullivan, J. W. N.: The Limitations of Science. Chapter VI, “Values 
of Science." Here mathematics and science are both viewed as arts. 

23. Veblen, Oswald, and Young, J. W.: Projective Geometry. Introduc¬ 
tion to Volume I. The properties of a system of axioms and exam' 
pies of a mathematical system. 

24. Young, John W.: Lectures on the Fundamental Concepts of Algebra 
and Geometry. Lecture I, “Introduction. Euclid’s Elements." 
Lecture IV, “Logical Significance of Definitions, Axioms and Postu¬ 
lates." Lecture IX, “Group Number System." Lecture XXI, 
“ General Conclusions." 


TOPICS FOR FURTHER STUDY 

1. The notion of propositional and doctrinal functions. Use references 
4, 9, and 17. 

2. Various views on the nature of mathematics. Use reference 21. 
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4. The resemblance of the American Declaration of Independence to a 
mathematical system. 

5. The Constitution of the United States as a system of political axioms. 
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CHAPTER XX 

THE THEORY OF RELATIVITY 

1. Introduction. The chapter on non-Euclidean geometry should 
have made clear the fact that mathematicians can construct many 
geometries by selecting different sets of axioms and by determining 
the logical implications of those sets of axioms. Also it was seen 
that since mathematicians do not require their conclusions to apply 
to the physical world, they may develop a geometry that seems 
fantastic and totally inapplicable. And yet it is one of the sur¬ 
prising phenomena of the history of mathematics, and indeed of 
the history of ideas in all creative fields, that such apparently fan¬ 
tastic creations are often found to be highly applicable. In this 
chapter we shall illustrate these statements by drawing upon a 
recent development of mathematical physics — the theory of rel¬ 
ativity. This theory shows that a non-Euclidean geometry can 
be of practical use; it gives us an excellent example of how the 
abstract character of mathematics promotes progress in science; 
and, finally, it will enable us to see another important way in which 
mathematics affects philosophy. With regard to this point, the 
chapter on non-Euclidean geometry showed us that we cannot be 
sure that Euclidean geometry describes the physical space we per¬ 
ceive; this chapter will not only give additional material to support 
this scepticism but will give us reasons for abandoning other sup¬ 
posedly fundamental and unquestionable conceptions and beliefs. 
The theory of relativity is a highly complex mathematical theory 
and we shall only attempt to convey a general understanding of 
some of its most elementary aspects. In order to gain this general 
understanding it will be necessary for the student to accept without 
proof certain statements whose demonstration involves mathe¬ 
matics more advanced than that which has been developed in this 
book. 

2. Difficulties in the Physical Theories of 1880. To understand 
properly the changes brought about by the development of the 
theory of relativity, we must understand some of the scientific 
views prevailing about 1880. It will be seen that these views con- 
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One of the most firmly held views at that time was that fibres 

Leometrv° be Th d aX10mS ’ &nd henCe the theorems ' of Euclfdean 
geometry. This view was so strong that even people who deserted 

widely accepted religious beliefs nevertheless continued to accept 
the theorems of Euclid as a description of the structure of the uni¬ 
verse and to give them the respect accorded to religious dogmas. 
However the first non-Euclidean geometries were created about 
1830 and the mathematical world at least became aware of the pos¬ 
sibility of discarding Euclidean geometry and of adopting a new 
one if it explained physical phenomena any better. Although 
Euclidean geometry was not directly charged with creating diffi¬ 
culties in science, it was recognized as a potential source of error in 
that some day it might be found not to fit our physical space 
accurately. 

Another fundamental notion in the scientific thought of 1880 
was originally introduced by Newton. He believed in what we now 
call an absolute space and an absolute time. By an absolute space 
he meant some fixed structure in which all bodies exist. Points 
in this fixed structure were considered as definite locations which 
were independent of any reference point and did not vary in time. 
1 his is an assumption which is beyond our experience because 
positions in space are always located by reference to some material 
body at a particular time, as, for example, when we speak of a point 
500 feet directly above a certain point in New York City on Jan- 
uary 1, 1930, at 12 noon. Let us note that this point is located by 
reference to a particular position at a particular time. Can we 
speak of that same point in space without referring its location to 
some material body like New York City, and can we speak of it at a 
different time, say one hour after the time specified? It seems rea¬ 
sonable to suppose that such a point exists even if we cannot describe 
its location without reference to other points and that such a point 
continues to exist where it was as time passes. Indeed we might 
argue that we can continue to speak of that same point after one 
hour because we can specify its position by its distance away from 
the location of New York City at 1 o’clock. But again we use a 
particular time and a material body to refer to that point in space. 
The assumption of the existence of an absolute space is the assump¬ 
tion that definite positions exist independently of any material 
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bodies which serve as reference points, and that we can speak of 
these positions as though they were the same at all times. If we 
think of space as absolute, we are led, as a consequence, to notions 
of certain absolute quantities associated with this space, such as, 
the notion of absolute length, for example, which means the dis¬ 
tance between two fixed points of space. 

Newton believed in an absolute time similar to this absolute space. 
Time according to him is a continuously flowing quantity which 
exists regardless of whether or not anyone observes or measures 
the flow. Moreover, he believed that no matter who measures the 
time between two occurrences and no matter what method one 
uses to measure it, the result will be the same. In other words, the 
interval of time between two occurrences is independent of the 
observer and the manner of measuring it. 

In casting aside the importance of an observer in his concepts of 
space and time, Newton went contrary to our experience, for all 
that is known to anyone directly is the space and time which that 
person observes. Newton recognized this difficulty in the assump¬ 
tion of the existence of space and time with properties independent 
of the observer, and so he assumed the existence of a superhuman 
observer who viewed the world through this absolute space and 
absolute time. For Newton this observer was God. 

As in the case of the assumption of the truth of the theorems of 
Euclidean geometry, the above assumptions about space, time, and 
a superhuman observer present no direct contradictions, but this 
is no guarantee that they are correct and that the conclusions to 
which they lead us will agree with experience. A clearer under¬ 
standing of the character of these assumptions and of the difficulties 
to which they lead will be gained from the ideas which follow. 

Newton is responsible for some other beliefs that strongly influ¬ 
enced the thinking of the period around 1880. Primarily as a con¬ 
sequence of Galileo’s study of motion, scientists of the seventeenth 
century accepted a physical axiom about motion now known as 
Newton’s first law of motion. This states that a body at rest will 
remain at rest, and a body in motion will continue in motion at a 
constant speed in a straight line, unless acted upon by a force. Thus, 
if a ball rolls along a table it would continue to roll at a constant 
speed in a fixed direction were it not for frictional forces and the 
force due to air resistance. Also, if the ball rolled off the edge of 
the table it would continue in a horizontal path if some force did 
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not pull it towards the floor. Hence, if the law of motion is cor¬ 
rect, some force must exist which pulls the ball downward. Simi¬ 
larly, with the adoption of the Copernican theory of planetary 
motion, some force had to be assumed to be acting which kept the 
planets m their paths about the sun; otherwise the planets would 
move in straight hnes, rather than in ellipses. To account for these 
assumed forces, Newton suggested his famous law of gravitation 
that all bodies attract each other with a force varying directly as 
the product of the masses of the bodies and inversely as the square 
of their distance apart. The existence of such a force, commonly 
called the force of gravity, explained why bodies fall to the earth 
and why the planets move in ellipses. The assumption of the 
existence of such a force is convenient to explain these phenomena 
of motion and, in fact, the law gives results numerically in close 
accord with experiment. However, we must recognize that it is 
only an assumption, plausible enough in itself, but, like all physical 
assumptions, capable of leading to untrue consequences. For ex¬ 
ample, it is possible to prove on the assumption of the law of gravi¬ 
tation that the paths of the planets are conic sections. Observa¬ 
tion confirms this conclusion except for the motion of Mercury, 
whose path is not a perfect ellipse. This evidence does not in itself 
invalidate the assumption of gravity because other unknown forces 
may be acting to produce this deviation from an elliptical orbit, 
but, until such unknown forces are discovered, it must be consid¬ 
ered as evidence against the assumption. There are other diffi¬ 
culties with the law of gravitation which will become more under¬ 


standable later. They arise out of two other assumptions involved 
in the law, namely, that the masses of objects are constant and that 
the distance between two objects is the same for all persons. 

One more view current in 1880 must be explained before we pro¬ 
ceed. It concerns the nature of light. • Attempts to explain the 
nature of light are as old, at least, as written history. Until 1881, 
the most commonly accepted view was that light was a wave motion, 
much as sound is. Since it is not possible to conceive of a wave 
motion without a medium which carries the wave, as air carries 
sound, for example, scientists felt that there must be a medium 
which carried light waves. But light comes to us from the distant 
stars through space which is considered to be a vacuum, and hence 
contains no material substance which carries the light waves. 
Therefore scientists had to assume the existence of a substance not 
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perceived by any of the senses, which they called ether. To it were 
assigned all the properties necessary to transmit light. A contro¬ 
versy arose about the middle of the last century as to whether the 
ether, which was supposed to surround the earth, is carried along 
by the earth in its motion as the air enveloping the earth is carried 
along, or whether the ether is an immobile substance through 
which the earth moves in its orbit. For reasons which need not 
be stated here the belief that the earth carries the ether with it had 
to be rejected. There remained, then, the second possibility, 
namely, that the earth moves through a fixed ether. In 1881, two 
physicists, Michelson and Morley, devised an experiment which 
would test this possibility. Let us examine their reasoning briefly. 

First let us recall that exercise 5 of article 13, Chapter III, pro¬ 
poses the problem of whether a man can row upstream a given dis¬ 
tance and then back in the same time when a current exists in the 
stream as when no current exists. The solution should have re¬ 
vealed that the current delays the man despite the fact that 
the aid received from the current in going downstream might be 
thought to offset the hindrance in going upstream. The reason for 
the delay is that the current hinders the man for a longer time than 
it helps him. The lesson to be learned from this example is the 
principle that if a motion is hindered for a longer time than it is 
helped, and the hindrance and the help result from a motion of 
constant velocity, the net result is a loss in time. 

The following simplified account of the Michelson-Morley ex¬ 
periment will give an idea of the reasoning which suggested the ex¬ 
periment and will aid us in understanding some conclusions drawn 
from it. From a point A (Fig. 282) a ray of light was sent out to¬ 
ward a mirror at B, in the direction of the earth's orbital motion. 
The light ray should travel to the mirror at its usually observed 
rate of approximately 186,000 miles per second* and be reflected back 
toward A. However, because of the earth’s motion, the mirror 
moves to B' y a new position in space, while the light ray is traveling 
toward it. Thus, due to the motion of the earth the light ray re¬ 
quires more time to reach the mirror than if the earth were station¬ 
ary. .Now while the ray is traveling to the mirror the starting 
point moves a distance A A' which is equal to BB', and while the 
ray is returning the starting point moves a further distance to A". 
Hence, due to the motion of the earth the light ray requires less time 

* Experiment has shown that the velocity of the earth would not be imparted to that of the 
•ay. 
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to return to the point on the earth from which it started than if the 
earth were stationary. Since the ray takes longer to travel distance 
AB than distance B'A" it is hindered for a longer time than it is 
helped; hence, as in the case of the rower in the stream the total 
time for the ray to make its round trip is greater than it would be if 
the earth were stationary. Now suppose a mirror is placed at D 
with AD = AB (Fig. 282). A light ray can be sent from A to this 
nurror and reflected back to the starting point. In order for the ray 
to strike the mirror, the direction of the ray will have to be such that 
it will make an angle a little less than 90° with A B, for while the ray 
is traveling toward the mirror at D this mirror will move forward to 
C because of the earth’s motion. The light ray will then be reflected 
back to the starting point which will have moved forward to A'" 
while the ray has been in progress. (As a matter of fact, in the 
experiment A'" and A" coincide.) The total distance which this 
ray must travel is only slightly more than 2 A D, or 2 A B, and in 
fact can be shown to be less than AB'A". Hence the ray sent in the 
direction AC ought to be delayed, as a result of the earth’s motion, 
less than the ray sent in the direction AB. Thus, by sending out 
two rays simultaneously, one in the direction of the earth’s motion 
and one in the direction AC, Michelson and Morley expected to 
observe a delay in the return of the ray traveling the path AB'A" 
as compared with that of the ray traveling the path AC A'". The 
existence of this delay would confirm the supposition of the motion 
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of the earth through the fixed ether, through which light was sup¬ 
posed to travel at a constant speed. However, no delay in the 
case of the ray AB'A" was observed. The experiment was repeated 
many times, always with the same result. 

The result of the Michelson-Morley experiment was disturbing 
to physicists. The assumption of the motion of the earth through 
ether had led to a disagreement with experimental evidence, and 
yet it seemed necessary to assume the existence of the ether as a 
medium for the transmission of light at a constant speed. The 
situation called for original thinking and two physicists, Lorentz 
and Fitzgerald, proposed a startling hypothesis to explain it. 
They suggested that the distance AB had contracted because of 
the motion of the earth so that the light ray which traveled in the 
direction of the earth’s motion covered a smaller distance than the 
one which went perpendicular to the earth’s motion. This would 
account for the fact that the first ray took less time than was ex¬ 
pected and hence that it returned in the same time as the second 
one. One is tempted to suggest immediately that if such a shorten¬ 
ing exists it could be measured. No, countered Lorentz and Fitz¬ 
gerald, because the measuring rod would shorten also if placed in 
the direction of the earth’s motion. They went further and said 
that all lengths contract in the direction of their motion. Hence, 
if moving with the earth, they contract in the direction of the 
earth’s motion. They showed that the prevailing theory of the 
structure of matter at that time allowed for this contraction, and 
they calculated the relation between the contracted and uncon¬ 
tracted lengths.* The formulas they produced are known as the 
Lorentz-Fitzgerald contraction formulas. 

The explanation offered by these two men would not be so start¬ 
ling if it did not affect one of the most fundamental of all notions, that 
of length. Without a clear understanding of length, and the ability 
to measure a length with reliable accuracy, much of physical experi¬ 
mentation is impossible. However, until 1905, the only explanation 
of the negative results of the Michelson-Morley experiment was the 
Lorentz-Fitzgerald contraction hypothesis. 

In addition to the fact that the adoption of the contraction 
hypothesis seemed necessary if the notion of the ether was to be 
retained, the result of the experiment had further troublesome 

• For an excellent discussion of the contraction hypothesis, see A. S. Eddington, The Nature 
of the Physical World, pp. 1-12. 
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implications. The experiment was an attempt to verify the 
motion of the earth through the ether, and no such motion was 
detected. Moreover, no other experiments have ever been devised 
which detect the motion of an object with respect to the ether 
Another way of putting the result of the Michelson-Morley experi¬ 
ment is to say that the velocity of light is the same in all directions 
on the earth, because the motion of the earth has no effect on the 
velocity of a light ray. A disturbing implication of this statement 
is that if two people moving in opposite directions, each with a speed 
of 50 miles an hour, will find that a ray of light passes each of them 
with the same speed.* 

The substance of this article is briefly this: The physics of the 
eighteen-eighties contained assumptions, some of which were at 
least doubtful and some of which, notably the existence of ether 
and its attendant properties, led to outright disagreement with 
experimental evidence. In particular, the Michelson-Morley ex¬ 
periment had led to such disagreements as to call forth the contrac¬ 
tion hypothesis. 

3. Difficulties in the Notions of Length and Time. The difficulties 
created by the Michelson-Morley experiment might have been con¬ 
sidered obviated by the contraction hypothesis and the acceptance 
of seemingly paradoxical conclusions with regard to the velocity of 
light. But in 1905 Einstein called attention to further difficulties 
connected with the notions of length and time. 

The difficulties begin when we try to agree as to what we mean 
when we say events are simultaneous. For a single observer no diffi¬ 
culties arise. If he sees two events, for example, a stroke of light¬ 
ning and a crash of glass, and makes allowances for the time that 
is required for light to reach him from the places where the events 
occurred, he can decide by calculation whether or not the observed 
events were simultaneous. But, if a second observer is in motion 
relative to the first one, the two will disagree as to the simultaneity 
of the events, as the following example borrowed from Bertrand 
Russell’s A B C of Relativity will show. 

To make the analogy closer between the example we are about 
to consider and the situation concerning light described in article 2, 
let us suppose that the air, which carries sound, is fixed and that the 
earth moves through the air. This is analogous to the assumption 

• Other difficulties with the velocity of light are discussed in Chapter III of Bertrand Russell’s 
A B C of Relativity. 
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concerning the motion of the earth through the ether. Now let us 
suppose that the engineer at the forward end of a moving train and 
the brakeman at the rear end are shot by two brigands standing on 
the ground so that one shoots the engineer as he passes by and the 
other does the same to the brakeman. Suppose a man on the ground, 
halfway between the two brigands, hears the two shots simultane¬ 
ously. Since he is equidistant from the brigands the sound of one 
shot takes the same time to reach him as that of the other, and so 
he concludes that the shots were fired simultaneously. A man in 
the middle of the train hears the shot at the engineer first. If he 
reckons that because of his motion towards that sound it had less 
distance to travel in order to reach him he may also conclude that 
the shots were simultaneous. However, suppose the observer on 
the train considers the train to be at rest and the earth in motion . In 
that case, since he is equidistant from the brakeman and engineer, 
he concludes that the engineer was shot first because he heard that 
shot first. If the observer on the ground, who heard the shots simul¬ 
taneously, also thinks that the train is at rest while the ground is 
moving, he should consider that he is moving away from the engineer 
and towards the brakeman so that the shot at the engineer has a 
longer distance to travel. Hence, since he heard the shots simul¬ 
taneously he concludes that the engineer was shot first. But if 
each of the observers thinks of himself as stationary they will dis¬ 
agree, the observer on the train concluding that the engineer is shot 
first and the observer on the ground concluding that both were shot 
at the same time. 

Of course most of us feel that the man on the train is wrong in 
considering himself to be at rest. But are we not prejudiced in 
favor of the man on the ground? If one observer were on Mars 
and the other on the earth, surely we should not allow our earthly 
prejudices to cause us to decide that the man on the earth is at 
rest. How, then, can we agree on the simultaneity of two events? 

Before leaving the above example, let us imagine that all the men 
involved kept their positions while the train moved in the opposite 
direction. Th'en while the man on the ground, considering himself 
at rest, still concluded that the shots were simultaneous, the man on 
the train, considering himself to be at rest, would conclude that the 
brakeman was shot first. From this we see that the order of events 
may be dependent upon the observer. This will have significance in 
our discussion of philosophical consequences later in the chapter. 
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1 hough we conceive of the distance between two objects, say 
the earth and sun, at a given instant as having a definite value 
we shall now see that if two observers disagree as to the simultaneity 
of two events * they will also disagree as to the distance between the 
events. In order to agree on the distance between two events they 
would have to measure it at the same instant since, in general, dis¬ 
tance would be variable from instant to instant. But if one observer 
applies his measuring rod and notices that the beginning and end 
of his rod coincide with the beginning and end of the distance 
measured, the second observer might not agree that the two coin¬ 
cidences are taking place at the same instant; for we have seen that 
two observers may disagree as to the simultaneity of two events. 
Of course in this illustration the problem of measuring lengths is 
simplified so much that no disagreement is likely to occur, but in 
more complicated measurements agreement on the simultaneity of 
events will certainly be involved. 

Likewise people may disagree concerning the interval of time be¬ 
tween two events. Suppose one man decides that the first event 
occurred at 11 o’clock and the second at 12 o’clock according to his 
watch. To say that the first event occurred at 11 o’clock he must 
have observed that the happening of the event and the passing of 
the watch hand over 11 are simultaneous. Similarly for the second 
event. But the second observer may not agree with the first as to 
the simultaneity of the first event and the passage of the watch hand 
over 11. There may be a similar disagreement about the event 
supposedly occurring at 12 o’clock. Hence the two observers may 
disagree as to the time which elapsed between the two events. 

The conclusion one must draw from the above discussion is that 
lengths and time intervals differ for different observers, that is, they 
are relative to the observer. We can imagine the additional con¬ 
fusion that recognition of this fact introduced into the physical 
science of 1905. One could not speak, for example, of the distance 
from the earth to the sun without indicating who is measuring that 
distance. 

4. The Special Theory of Relativity. The confusion in physics 
had become very great when, in 1905, Einstein proposed a way out 
of some of the difficulties by what is now known as the special theory 
of relativity. 

* The word event is used in this discussion in a slightly broader sense than is ordinarily 
the case. The occurrence of something new or different, as the firing of a shot, at a given 
place and time, is commonly referred to as an event. The normal appearance of the earth at 
some place in its path at some instant of time is also an event in the wider usage of the term. 
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In the first place, he discarded the notions of absolute space, 
absolute time, and absolute length. He introduced the assump¬ 
tion, verified by experience, that the velocity of light is the same 
in all directions and for all observers and that the velocity of no 
physical object could exceed that velocity. Instead of the ideas of 
absolute length and absolute time he introduced the notions of local 
length and local time. By this is meant the following: all observ¬ 
ers of two events who are at rest relative to each other will agree on 
the distance and time between the events. This distance and time 
are the local distance and local time for these observers. However, 
another observer moving with respect to the first group of observers 
will not agree with them on the distance and time between the two 
events, but will have different measurements of these quantities. 
His measurements are his local length and time. Einstein showed 
that a length having the measurement L for a man who is not mov¬ 
ing with respect to the length would have measurement V for a 
man moving with velocity v with respect to the length, the rela¬ 
tion between L and L' being 

L' = L 

in which c is the constant velocity of light. Since v is always less 
than c, according to Einstein's assumption, the value of the square 
root in this formula is always less than 1. Hence L' is always less 
than L. Likewise the time T' between two events, as measured by 
an observer moving with velocity v with respect to the events, is 
related to the time T between the events, as measured by a man at 
rest in relation to the events, by the formula 



That is, T' is greater than T. It is to be observed that the above 
formulas work both ways; that is, a man on Mars would calculate 
lengths on the earth to be shorter than we would because, with 
respect to the lengths, we are at rest whereas he is moving; but we in 
turn would calculate lengths on Mars to be shorter than the Mar¬ 
tians would. Also, the Martians would calculate the time between 
two events on the earth to be greater than we would, and we would 
calculate time intervals between events on Mars to be longer than 
they would. It should be understood that we are not speaking of 
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,° f C ? UrSe distances on Mars appear shorter to us 
than to the Martians because Mars is so far from us. But if Mars 
were to rush past us at a comparatively short distance away, as we 
measured lengths on it, we would still find them to be shorter than 
would the Martians; likewise the time intervals would be longer. 

1 o avoid visual effects we would use measuring apparatus which 
would eliminate them and obtain measurements of length and time 
in accord with the above formulas. According to these formulas 
the lengths of objects contract for observers moving with respect to 
them. This differs from the Lorentz-Fitzgerald contraction in that 
the latter was supposed to be a physical contraction in a moving 
object, the same for all, even for one at rest with respect to the 
object. The Lorentz-Fitzgerald idea has now been discarded by 
scientists in favor of Einstein’s point of view. 

If the values of distance and time are relative to the observer, 
are there any quantities associated with two events which are the 
same for all observers? To understand the significance of one such 
fixed quantity, let us use coordinates as in Chapter VII. To locate 
a point in a plane we use two coordinates; to locate a point in space 
we use three; to specify the time and place at which an event occurs 
in space we shall use four coordinates, three to indicate position and 
one for time, and write them (x, y, z, t) (Chapter VII, article 15). If 
there are two events we shall use (xi, Vi, *i, fi) to specify the first and 
(^ 2 , 2 / 2 , ti) to specify the second. The reader will recall that the 
distance between two points in the plane is 

V (xi ~ x„)* + ( yi - j/j) J , 

and that the distance between two points in space is 

V (*i — X 2) 2 + ( 1 /, — y,)* + (z, — z,) 2 . (1) 

Einstein showed that if two observers, moving with respect to each 
other with velocity v, each measured the distance between two 
events and the time between them, they would disagree on the dis¬ 
tance and time separately, but they would agree on the quantity 

V(x, - x 2 y + (yi - 1 /,)* + (z, - z,) 2 - (< x - t,) 2 . (2) 


In (2), (art, y u z ly h) and (x 2 , t/ 2 , 22 , k) are the specifications of the 
location and time of the two events for one observer. Another 
observer would have different values for the x’s, y’ s, z 1 s, and V s, but 
would get the same value for the whole expression. The quantity 
(2) is called the interval of space-time between two events. It is 
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an absolute quantity, that is, a quantity which has the same value 
for all observers of the two events. One agreement must be made 
about h - U. If the unit of distance is a mile we must use xinttrinr 
of a second as the unit of time in (2). Thus if the time between 
two events is observed to be 3 seconds, say, then t\ — U. — 
3-186,000, since one second is equal to 186,000 of these new units. 

The reader should note the similarity in form of (2) and (1). 
We shall soon see that the interval (2) may be regarded as a sort 
of distance in a four-dimensional world. 

6. The Union of Space and Time. Einstein showed that distance 
and time are meaningful as independent notions only when they are 
local distance and local time, but if one wished to find absolute 
quantities one had to form an expression which involved space and 
time. Now space and time had always been considered as different 
in kind, and to unite spatial and temporal values to find absolute 
quantities seemed artificial. In 1908, Minkowski advanced the idea 
that it was more natural, logically simpler, and hence less artificial, 
to regard the universe as a four-dimensional space-time affair than 
to separate our experience into unrelated spatial and temporal as¬ 
pects, especially since the separation is carried out differently by 
different people. These ideas require elaboration. 

In viewing a three-dimensional object we desire to get as good 
an appreciation of its three-dimensionality as possible. But we 
do not attempt to do this by first viewing one dimension of the 
object, say its height, then a second, and then the third. This 
method impresses us as artificial. So Minkowski argued about the 
breaking-up of space-time into space and time. Moreover, he also 
said that the breaking-up was carried out in a manner differing 
with the individual. This may be seen from the fact that, though 
two observers would agree as to the interval of space-time between 
two events, they could nevertheless disagree as to the separate 
measures of space and time. In three dimensions the personal 
nature of the breaking-up may be seen as follows. A person in New 
York City and one in London see the same three-dimensional space, 
but the New Yorker breaks up his three dimensions into one vertical 
and two horizontal directions which differ from the vertical and hori¬ 
zontal directions of the Londoner. Minkowski did not argue that 
the breaking-up of space-time into space and time had any less reality 
for the person making it than the distinction between horizontal 
and vertical has for a man who steps off the edge of a cliff. Yet we 
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must recognize that the breaking-up is a personal matter, that is, it is 
different for different observers. To obtain agreement among all 
observers, we must regard the world as four-dimensional, thus uni¬ 
fying space and time. The adoption of Minkowski’s view makes 
it less startling to recognize that the length and time intervals 

measured in the world we perceive are dependent upon the ob- 
server. 

, We cannot visualize the four-dimensional union of space and time 
out this is no bar to a conception of it or to a mathematical treat¬ 
ment of it. Indeed, we are continually rejecting what our vision 
tells us, as the following example will show. An automobile appears 
different to our eyes at a great distance than when near by. If we 
are asked to specify the size of the automobile we do not select any 
moment and indicate its appearance at that moment, nor do we 
permit any observer, no matter how close or far away, to describe 
its appearance. Rather, we select as objective and impersonal a 
way to describe its appearance as possible. We specify its dimen¬ 
sions by applying a unit of length which has the same significance 
to all. Similarly, science is continually seeking objective descrip¬ 
tions and conclusions in the physical world; that is, descriptions 
and conclusions that have the same meaning for all skilled observers. 
To state objectively the space-time difference between two events 
science makes use of the interval (2) defined in article 4. This 
compels us to unite space and time and to abandon visualization. 
But we abandon it also when we say that the automobile at a dis¬ 
tance is not small but appears small. 

6. The General Theory of Relativity. By the special theory of 
relativity Einstein had removed some of the assumptions present 
in the physics of 1880 and had explained some of the difficulties. 
Other difficulties remained. For example some discrepancies were 
found between results based on the assumptions concerning gravi¬ 
tation and those obtained by experiment. Let us see how this dif¬ 
ficulty was removed. 

It has already been indicated that it appeared desirable to unite 
space and time in order to secure laws which are independent of 
particular observers. As stated above, one quantity which is inde¬ 
pendent is the interval between two events, that is, 


V(z, - Xi ) 2 + (y t - y 2 ) 2 + (z, - z,) 2 - ( l , - «,)*. (1) 

Let us introduce a simpler notation. Instead of X\ — x 2t which is 
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a difference in x values, let us write d x ; similarly, d v , d z , and d t repie- 
sent differences in y , z, and t values respectively. The value of (1) 
will be indicated by s. Thus (1) becomes 


or ^ s 2 = dl dl -+- d\ — df. (9) 

One can write a more general algebraic expression of the second 
degree in d xt d v , d Mf and d„ of which (3) is merely a special case. This 
more general expression is 

s 2 = adl + bd x d u + cdl + ed v d M + fd] + gd x d t + hd] + kd x d t + ld u d t 

+ mdA.. (4) 


If, in (4), we let b, e, g, k, l, and m be zero, a, c, and / be 1, and h be 
— 1, we obtain (3). Thus (3) is the special case of (4) in which the 
coefficients, a, 6, c, . . ., have the values just indicated. 

By assigning values to the coefficients in (4) we obtain an expres¬ 
sion which could be used as the definition of an interval in a new 
space-time. Whether or not this new interval possesses desir¬ 
able properties, such as having the same values for all observers, 
depends upon the values assigned to the coefficients. In any 
case, however, the choice of values for the coefficients deter¬ 
mines the geometry of the space-time for which (4) would be 
the interval. This may be seen from the following considerations 
in three dimensions. Suppose we use coordinates to describe the 
positions of New York and London. By using formula (1) of 
article 4 to calculate the distance from New York to London we 
obtain a length equal to the straight-line distance from New York 
to London. This is the distance used in the ordinary three-dimen¬ 
sional Euclidean geometry. However, by using a formula different 
from (1) of article 4 we may obtain a different value for the dis¬ 
tance, for example, the length of an arc of the great circle on the 
surface of the earth joining New York and London. Suppose 
now that we select three points A, B , and C, in space. If we use 
formula (1) of article 4 to give the distance between each of the 
three pairs of points AB, AC, BC , then points A, B, and C could be 
joined by straight-line segments having those lengths and will form 
a triangle which obeys the theorems of Euclidean plane geometry. 
However, if we use a formula for distance between two points which 
would give values for the distances AB, AC, BC, equal to lengths 
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of arcs of great circles of the same sphere, the physical triangle 

length t y t POmtS 3 ’ and C WOUld have to have sides equal in 
length to such arcs of great circles in order that this new formula 

shall apply to the sides of our triangle. The triangle so formed 
would satisfy the theorems which are valid on the surface of a sphere. 
But we could not use straight-line segments to join A, B, and C and 
still apply this second formula for distance, because the sides of the 
physical triangle so formed would not satisfy the distance formula 
adopted. In other words the kind of figures we should use depends 
upon the formula for distance chosen. Also, the kind of geometry 
which applies (Euclidean, Riemannian, etc.) depends on the proper¬ 
ties possessed by these figures. Similarly, in space-time, the values 
of the coefficients chosen for (4) will determine the kind of figures 
this four-dimensional space-time would have to possess and hence 
the kind of geometry which applies to it. 

Einstein adopted an algebraic expression of the form (4) which 
was to serve as an interval in a system of space-time. He de¬ 
termined the values of the coefficients in this expression so as to 
construct a non-Euclidean, four-dimensional geometry. This 
geometry retained some of the features of the geometry employed 
in the special theory, such as having the values of its intervals Ihe 
same for all observers, and, in addition, led to conclusions consist¬ 
ent with many well-known facts of physics. In particular it 
enabled physics to remove the assumption of the existence of the 
force of gravity and yet account for many facts about motion, such 
as why the planets keep to their paths about the sun. In the geom¬ 
etry that Einstein constructed, bodies take paths which the nature 
of the space-time compels them to take, rather than paths which 


forces acting on them cause them to take. The following example 
may help us to appreciate this idea. Suppose that in a room all 
spherical objects which are dropped fall to the floor and roll to¬ 
ward its center. This can be explained by supposing that a force 
at the center of the room pulls the objects toward the center after 


gravity pulls them to the floor. This is comparable to the New¬ 
tonian view of assuming the existence of forces to account for phe¬ 
nomena. However, we can eliminate this force at the center of the 
room by supposing that, although we are not aware of it, the floor 
of the room is sloped from the sides to the center. Thus the force 
of gravity causes the ball to roll to the center. This eliminates the 
need for an additional force there. Similarly, the system of space- 
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time constructed by Einstein is such as to eliminate the need for 
ft Le?i» Seane more fact about the paths bodies take in this 

four-dimensional, non-Euclidean space-time. It is assume a 1 
this space-time bodies move along paths called geodesics. n u 
clidean geometry geodesics are the paths of shortest distance e- 
tween two points. For example, in a plane or in three-dimensiona 
space the geodesics are straight lines; on the surface of a sp ere 
the geodesic joining two points is the arc of the great circle through 
these two points. In Einstein’s geometry of space-time a geodesic 
between two points is the path for which the interval lengt is 
greatest when compared with all the paths bodies might take be¬ 
tween these points. It is to be noted that in Euclidean geometry 
the geodesics are shortest paths whereas in Einstein’s geometry they 
are paths for which the intervals are greatest. It is a valuable 
feature of Einstein’s geometry that the path of a planet, which is a 
geodesic of the space-time, is so closely associated with an absolute 
quantity, the interval. 

We shall conclude this brief presentation of some of the math¬ 
ematical ideas of the theory of relativity with some remarks which 
may help to reconcile the reader to an acceptance of some of the 
conclusions stated above. He should first realize from experience 
that the appearance of all distances is relative to the observer. 
Objects at a distance look smaller to us than when they are near, 
and objects near us look smaller to people at a distance than to us; 
the theory of relativity states that if you are moving rapidly with 
respect to some length, any objective method of measuring that 
length will reveal it to be shorter for you than for a man at rest 
with respect to the length. We may reconcile ourselves to the 
union of space and time with the thought that time has always 
been measured by spatial means. True it is that we have har¬ 
bored a notion of continuously flowing time independent of any 
notion of space, and yet when we measure time we use a clock 
which tells us how far a hand moves, or a pendulum which swings 
in space, or the distance the sun moves in the sky, or the dis¬ 
tance a shadow moves on a sun dial. Thus we see that our ordi¬ 
nary means of measuring time involves space. Moreover, any 
methods of measuring space involve time; for example, in apply¬ 
ing a measuring rod time elapses before the process is completed. 
Minkowski and Einstein have made far-reaching use c f this inter- 
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relation of space and time and have given it added significance 
One more thought may help us to accustom ourselves to the point 

of r^, r0 u dUC !u by c thC the ° ry ° f relativit y- Imagine the feelings 
of people when they first were told that the earth is a round ball 

fo a un g d«f m mStead ° f 3 flat SUrface res ting upon some unknown 
foundatmn. Imagme their feelings when they were asked to believe 

that the e art h was merely one of many planets rotating around the 
sun, rather than a body at the center of activity of the whole uni¬ 
verse. Newton gave one explanation of how a planet could exist 
m space without support and revolve around the sun in a fixed path 
Einstein has given another, which is more acceptable because it 
removes the assumption of a force and explains planetary motion 
as weH as other physical facts, with better experimental accord than 
does JNewton s explanation. 

7. Philosophical Consequences of the Acceptance of Relativity 
r l he material we have considered thus far in this chapter is signifi’ 
cant, not only because it traces one of the developments of mathe¬ 
matics and shows its application to scientific theories, but also because 
the theory of relativity has important philosophical implications. 

One of the basic problems of philosophy is that of the nature of 
space and time. Minkowski’s insistence that we must unite the 
two to secure a fundamental and objective understanding of their 
nature, and Einstein’s mathematical evidence that both are involved 
in any consideration of absolute quantities like the interval and of 
paths of moving bodies such as the planets, have contributed much 
to our study of space and time. While we must unite the two in 
order to understand their nature clearly, the separation of space- 
time into space and time is just as necessary and real for the indi¬ 
vidual, as his distinction between vertical and horizontal directions 
in three-dimensional space. He must recognize, however, that the 
separation is peculiar to himself and will be different for other 
observers. 

The introduction of relativity has made unnecessary the as¬ 
sumptions of the existence of absolute space, absolute time, and 
a force of gravity. It is true that we have introduced the notions 
of local lengths and times, but these quantities are measurable and 
we have always had them, although we have not always understood 
them as well as we do now. 

Because scientists have found that they were deceived as to the 
meaning of length they have become more sceptical than they had 
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been of all the concepts with which they deal. A current view o 
the meaning of such concepts as length and time has found expres¬ 
sion in what is known as the operational theory of meaning. Brie y, 
this states that concepts shall have meaning for science only in 
terms of the operations used to measure these concepts. Thus 
length for scientist A will mean merely the particular operations he 
uses to measure it. For example, it can mean the application of a 
yardstick to the object he is measuring. For scientist B length will 
mean the same thing for his yardstick. But the yardsticks of A and 
B may not be of the same length. Indeed, according to the theory 
of relativity, if they are in motion relative to each other they will 
not be of the same length. Scientist C may use a different method 
entirely, as, for example, measuring a distance by the time needed 
by a light ray to travel that distance.* 

The very beginning of Einstein’s work showed that we cannot 
speak of two events as being simultaneous without specifying the 
observer for whom they are so. This point is of importance, in 
itself, in showing us how such a simple statement as “two events 
are happening now” may conceal difficulties and, especially, may 
conceal the assumption that the observer need not be specified, an 
assumption by no means fulfilled in our physical world. We can 
see that if scientists could recognize the assumptions they are mak¬ 
ing they would be prevented from committing many an error. The 
study of the position and importance of assumptions in a mathe¬ 
matical system should help us to appreciate the importance of 
physical assumptions for science. Moreover, our study of non- 
Euclidean geometry taught us that an axiom need not apply to the 
physical world, even so simple a one as that which states that a 
straight line may be extended indefinitely. We find that the same 
difficulty exists in physics. Apparently simple axioms which no 
one thinks of questioning may also fail to apply to the world. 

If the reader will refer to the example of a moving train which 
was used to show that the simultaneity of events is dependent upon 
the observer, he will find it noted there that two events, such as the 
shot at the brakeman and the shot at the engineer, may be simulta¬ 
neous for one person, in one order for another person, and in reverse 
order for a third person. This fact has significance for our notion of 
cause and effect. We commonly think in terms of one event caus- 


* A full exposition of the operational theory of meaning is in P. W. Bridgman’s LoQic of 
Modern Physics. 
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tnnk a Th the K° ne ’ aS ’ f ° r example - dropping a match in a gasoline 
tank, thereby causing an explosion. However, if the order of the 

two events may be reversed for another observer, the notion of 
C ZZv n ?>l ?L d T n0t Seem t0 for notion Sv2 

the belief that the burning of the match compels the explosion to 
foHow in time. The notion of free will is also involved !n the 

ordinarilv that°f ° f CVentS ' T ° Say that free wU1 exists ^ans, 
ordinarily, that if a person wants to do something he can apply his 

des r an< L nUnd to do >ng so merely upon the initiative of his own 
desire However, if the desire followed the act we would no longer 
regard the act as one of free will. The problems of causality and 
free will are too complex and too far afield to permit investigation 
here. More will be said about causality in the next chapter 

Another implication of the theory of relativity worth noting is 
that a part of what was formerly subject matter of physics now 

the field ° f geometr y- Newton’s axiom which states 
that bodies move with constant speed in a straight line unless 
acted upon by a force, and the law of gravitation, must now be 
regarded as old statements of the fact that bodies move in geodesics 
in the non-Euclidean, space-time geometry assumed by the theory 
of relativity. The connection between mathematics and science 
has always been close; we now find mathematical ideas replacing 
some of those of science. This is a reversion to an older view, found 
in the work of Descartes, that the phenomena of our space are ex¬ 
plainable by means of the geometric properties of that space. Ein¬ 
stein has shown that this is so for the force of gravitation. 

A consequence of the theory of relativity is that the mass of an 
object increases with the velocity of the object as measured by an 
observer. This fact was observed experimentally before the days 
of relativity. The fact that it is deducible from the theory adds 
to the credibility of the theory. Its importance here is that we are 
now made aware of the prevalence of a phenomenon — the increase 
in mass which tells us that this fundamental physical quantity 
is relative rather than absolute, as is the case also with length and 
time. Relativity implies more concerning the notion of mass than 
can be indicated here. A reader who has some acquaintance with 
scientific thought will appreciate the fundamental r61e of the notion 
of energy in modern physics. Relativity identifies mass and energy, 
thereby uniting two formerly distinct and basic concepts. 

The relativistic explanation of physical phenomena simplifies the 
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theoretical structure of many parts of physics. It removes as¬ 
sumptions and mythical forces. It points out laws that are in e- 
pendent of observers and permits the deduction of many older laws 
of physics from its few principles. This simplification is achieved 
at the expense of concreteness. We cannot visualize the mathe¬ 
matical universe which relativity presupposes. However, often 
simplicity and its advantages can be gained only by sacrifices of 
concreteness. This fact is part of the experience common to all 
of us. When we first learned to work with numbers, the numbers 
were always used to represent familiar physical objects such as 

2 apples, 3 horses, etc. We learned to add by adding 2 apples 
and 3 apples, or the like. Moreover, in order to be convinced that 

3 apples and 2 apples make 5 apples, we had to see the 5 apples 
and be permitted to count them. However, it became necessary 
very early to be weaned away from the concrete objects and 
to learn to use the abstract numbers. As a consequence of the 
separation of the concept of number from physical objects, we can 
use simple rules for the operations with numbers which apply wher¬ 
ever numbers are used. It is much easier to remember that 2 + 3 
equals 5 than to learn the same statement thousands of times, each 
time with the numbers attached to a different physical object. No 
educated person regards this loss of concreteness as a difficulty in 
working with numbers. Indeed it would be very inconvenient if 
we had to keep physical objects in mind in every numerical operation. 

8. Summary. The physics of 1880 was a structure built upon 
such foundation stones as the truth of the theorems of Euclidean 
geometry; the notions of absolute space, absolute time, and abso¬ 
lute lengths; Newton’s laws of motion; and the concepts of ether 
and a force of gravity. The belief in the existence of ether, neces¬ 
sary to carry light, compelled the belief in the motion of the earth 
through ether. The Michelson-Morley experiment attempted to 
verify this motion. Instead of confirming the supposition of the 
motion of the earth through ether, the experiment put scientists in 
the dilemma of either rejecting the motion of the earth through 
ether or of accepting the Lorentz-Fitzgerald contraction hypothesis. 
Einstein came forward at this point with the suggestion that we 
must accept, as an assumption, the impossibility of detecting the 
motion of the earth with respect to light. In addition he indicated 
further difficulties with the notions of length and time. People 
had taken for granted that the simultaneity of events and the 
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measure of length and time intervals were matters upon which 
there necessardy would be universal agreement. Einstein pointed 
out that these matters were entirely dependent upon the observer. 
He then discarded the notions of absolute space, absolute time, and 
absolute lengths and emphasized the fact that the only measures 
of length and time that we could have were measures of local lengths 
and local time, that is, measures dependent upon the observer 
Because the only quantities discussed by Einstein which were inde¬ 
pendent of the observer involved space and time measurements, 
Minkowski advocated the necessity of combining space and time 
for a better understanding of the structure in which events take 
place. Einstein then developed a new non-Euclidean geometry 
of space-time which retained the ideas of the special theory of rela¬ 
tivity and, in addition, explained such phenomena as gravitation 
on the basis of the properties of that space-time without introduc¬ 
ing any assumptions about forces. The ideas of the theory of rela¬ 
tivity have had profound effect on the philosophical problems of 
space, time, causality, free will, and the nature of physical concepts 
such as force, mass, and energy. 

The material of this chapter represents only one of the important 
mathematical developments of the last thirty years. Aside from 
the fact that it is part of the subject matter of mathematics, it was 
included in this book because it illustrates several of the important 
characteristics of mathematics we have been seeking to emphasize 
throughout our work. Mathematical thinking is abstract; relativity 
is one of the most recent examples of that abstract character. 
Mathematics is logically independent of any science to which it 
is applied. This is illustrated in this chapter by the fact that the 
mathematics of relativity is essentially the construction of an 
abstract, non-Euclidean geometry of space-time. Abstract math¬ 
ematics can often be usefully applied to the physical world. 
Einstein’s geometry applies well enough to explain many phenom¬ 
ena and to give predictions in closer accord with experimental 
results than previous theories afforded. Mathematical ideas, which 
at the time of their development seem unimportant, are found years 
later to be highly useful. This is borne out in the theory of relativ¬ 
ity by the fact that Einstein used purely mathematical ideas sug¬ 
gested by Riemann in 1854. Mathematics profoundly affects 
philosophy; the influence of relativity on the problems of space, 
time, causality, and others is additional evidence of this fact. 
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EXERCISES 

1. What is ether and why was its existence assumed? 

2. Make a list of assumptions used by the physicists of aroun 1 • 

3 . What did the Michelson-Morley experiment attempt to show an 

why was its result startling? f 

4 . What is the analogue in four-dimensional space of formula ( ) ° 

article 4? . 

6. What significant fact about length and time was brought out in 

Einstein’s Special Theory? 

6. What fact is significant about formula (2) of article 4? Explain. 

7. What do we mean by local length and local time? 

8. What was Minkowski’s suggestion concerning space and time? 

9. How did Einstein dispose of the force of gravity? 

10. Illustrate the statement that the theory of relativity has replace 
physical concepts by mathematical ones. 

11. Mention some philosophical problems affected by the ideas of the 
theory of relativity. 
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CHAPTER XXI 


THE FURTHER SIGNIFICANCE OF MATHEMATICS 
FOR OTHER FIELDS OF KNOWLEDGE 

1. Introduction. We have seen in several of the preceding chap¬ 
ters that various developments in mathematics throw light on 
important problems of philosophy. Thus, the mathematical theory 
of infinite classes clarified the problem of the nature of motion. The 
development of non-Euclidean geometry in time led scientists and 
philosophers to abandon the age-old view that space about us and 
figures in that space necessarily obey the laws of Euclidean geom¬ 
etry. Just as we have been forced to admit the possibility that 
space is not Euclidean, so the theory of relativity has opened to us 
a new way of viewing the physical universe. Thus we are also 
forced to admit the possibility that the physical structure of the 
universe is not necessarily Newtonian. Indeed, the Newtonian 
theory seems less acceptable than that of Einstein, since the latter 
explains the universe more completely and accurately than the 
former. 

We are now prepared to consider, in this final chapter, the various 
relations of mathematics to other fields of knowledge. A complete 
catalogue of these relations would require more knowledge of math¬ 
ematics and related subjects than is afforded by the study of this 
book, as well as a more lengthy discussion than space will permit. 
Moreover, such a catalogue would include many relations which are 
of importance to specialists in various fields but which are of little 
significance to the general reader. Hence, we shall limit ourselves 
to the consideration of those relations which are of general interest, 
and which are of vital importance to anyone who wishes to under¬ 
stand the modern world and modern thought. The broad categories 
into which our discussion naturally falls are: (1) the relation of 
mathematics to the sciences; (2) the relation of mathematics to 
philosophy, including logic; (3) the relation of mathematics to art; 
and (4) the relation of mathematics to the culture of a civilization. 

The relations of mathematics to these various fields of knowledge 
are important, not merely to the scholars whose chief interests lie 
in one or more of them, but to us all. Science affects nearly every- 
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whi,V, h t h i- Pra ^' Ca ,nvent,ons an d the engineering projects 
which it makes possible; philosophy plays an important role in shap¬ 
ing social, political, and religious thought; art affects us today per¬ 
haps more than ever before, partly, with our cooperation, through 
pictures which we view and concerts which we attend, and partly 
whether we wish it or not, through architecture, the almost ines¬ 
capable radio, and the far-flung cinema industry. The culture of 
our own civilization includes all of these things, for it depends upon 
our thoughts and ways of thinking as well as upon our deeds. 

2. The Relation of Mathematics to the Sciences. When appli- 
cations to the physical and social sciences were mentioned in earlier 
chapters, the emphasis was usually on the usefulness of mathematics 
in particular situations. To gain a more comprehensive view of the 
relation of mathematics to the sciences, let us list the various ways 
in which mathematics serves scientific investigation. 

A. Mathematics supplies a language for the treatment of the quan¬ 
titative problems of the physical and social sciences. Much of this 
language takes the form of mathematical symbols. It was pointed 
out in Chapter XIX that mathematics uses symbols to great advan¬ 
tage. Workable rules for carrying out operations are made pos¬ 
sible by symbols; without them, the simple operations of arithmetic 
would be extremely clumsy and the solution of even simple equa¬ 
tions would be very difficult. Symbols permit concise, unambiguous 
representation of ideas which are sometimes quite complex. Con¬ 
sider, for example, how much is involved in the brief symbol, D x y. 
Once the mind has grasped the meaning and use of a symbol, 
there is no need to think through the origin and development of 
the idea symbolized, each time it is used. One of the chief reasons 
that mathematics has been so effective in problems that have been 
insoluble by other methods is that it has a powerful technique based 
upon the use of symbols. Scientists have learned to use mathe¬ 
matical symbols and others fitting their own needs whenever 
possible. 

B^Mathematics supplies science with numerous methods and con¬ 
clusions. Important among these are the many mathematical for¬ 
mulas which scientists accept and use in solving problems. The 
use of such formulas is so common that the contribution of mathe¬ 
matics in this direction is not always appreciated. A brief survey 
of the topics discussed in the earlier parts of this book will show 
that this contribution is an important one; consider, for example, 
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the many geometric formulas, such as those for areas and volumes, 
the formulas for indirect measurement by trigonometric means, and 
the formulas for finding the exact velocities of moving objects. The 
realization of the importance of such formulas would be further 
strengthened if we could live for a time in the world as it was before 
many of the problems of science were solved by mathematical 
means. 

Perhaps, however, the reader feels that the ability to solve a 
problem of science through mathematical means is a matter of 
small moment. The problem may be unimportant. It may have 
no practical significance. The answer may be obtainable by experi¬ 
mentation. With regard to the first two objections, it is true that 
many a problem is solved at a time when it appears unimportant 
or impractical. But it is one of the paradoxes of the history of 
mathematics and science that much theory, developed with little 
idea of its importance or usefulness, turns out later to be tremen¬ 
dously practical. The Greeks studied the properties of the conic 
sections two thousand years before Kepler applied them to the 
motion of planets. The English scientist, Maxwell, developed his 
electrical theory in the middle of the nineteenth century almost 
exclusively by mathematical methods, without being conscious of 
the immense significance it was to have fifty years later in the devel¬ 
opment of wireless telegraphy and radio. Newton and Leibnitz 
might well be bewildered by the applications which the calculus that 
they gave us has today. Many cases of this sort could be mentioned. 
The objection that many problems handled by mathematical meth¬ 
ods could be solved by experimentation is answered in the next 
paragraph. 

(9: Mathematics enables the sciences to predict conclusions. This 
is perhaps the most valuable contribution of mathematics to the 
sciences. If a structural engineer wished to use a beam of given 
size in the base of a one-hundred-story building, he would like to 
know whether or not it would be able to carry the load to which 
it would be subjected. It would not do for him to use the beam 
and only find out that it was too weak when the building col¬ 
lapsed. To prevent such an occurrence, before constructing the 
building he would use mathematical tables and formulas to deter¬ 
mine whether the beam is strong enough. If machines are to be 
built, an industrialist will want to know beforehand what the ma¬ 
chines will cost and what savings in the cost of production they will 
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effect. The answers to these questions are obtained largely by the 
use of mathematical methods. The accurate determination of the 
economic condition of a country, comprising such factors as wages 
and living costs, is made by means of statistical analyses. The 
occurrence of an eclipse is far less astonishing than man’s ability to 
predict the time of its occurrence. The ability to make predictions 

•i??ei? matlCal meanS WaS exem P lified a most remarkable way 
in 1846 by two astronomers, Leverrier and Adams. Each of these 
men, working independently, decided, as a result of his calculations 
that there must exist another planet beyond those known at the 
time. A search for it in the sky at the place predicted revealed the 
planet which we now call Neptune. When one considers that Nep¬ 
tune is not visible to the naked eye and can be found with a telescope 
only with exact knowledge of its position, the extraordinary pre¬ 
cision of this prediction is apparent. The use of mathematics for 
prediction has been indicated wherever possible in the earlier parts 
of this book. Although this use of mathematics was especially 
emphasized in several of the chapters on functions, it should be 
realized that prediction plays a part in every mathematical solu¬ 
tion of a quantitative problem which arises in physical and social 
sciences^ 

D^Mathematics supplies science with ideas with which to de¬ 
scribe phenomena . Often the chief value of this description is that 
it provides a view of phenomena which helps us to understand 
what is taking place, while the fact that such description serves the 
practical purpose of solving problems may be of secondary impor¬ 
tance. Moreover, it frequently guides further scientific investiga¬ 
tion to useful results in directions suggested by the mathematical 
theory. Among such ideas which mathematics has furnished for 
science may be mentioned the idea of a functional relation; the 
representation of functional relations by means of coordinate geom¬ 
etry; the notion of a limit, which has applications in several fields 
(in particular it provides a precise concept of velocity); the notion 
of infinite classes, which helps us, among other things, to under¬ 
stand motion. Of special importance are the statistical methods 
and theories which mathematics furnishes to science and which 
have led to the idea of a statistical law. The meaning of statis¬ 
tical law was explained in Chapter XIII, and several illustrations 
of its use were given there. It is not necessary to repeat that 
discussion here, but it may be worthwhile to call attention to the 
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important fact that by the use of the notion of statistical law sci¬ 
entists are enabled to reason about situations which appear to be 
utterly chaotic. One ought not to underestimate the importance 
of a device which brings order out of confusion and makes possible 
scientific study of phenomena which are inherently disorderly and 
unmanageable. Later in this chapter we shall consider the preva¬ 
lence of statistical laws in science. 

E. Mathematics has been of use to science in preparing men's minds 
for new ways of thinking. The concepts of importance in science 
today, elementafy though some of them may seem, came to men 
with great difficulty. The concepts of a force of gravity, of energy, 
and of limitless space, took years to develop, and genius was re¬ 
quired to express them precisely. Many times in the history 
of science, progress was possible only because mathematical ways 
of thinking led the way. For example, by a.d. 1600, algebra had 
developed to such an extent that an algebraic expression, like 
x 2 + 2i + 5, suggested the idea of a functional relation between 
the variable x and a variable y , set equal to x 2 + 2 x + 5. The 
variety of relations among variables, suggested by the great number 
of algebraic expressions, emphasized the manner of thinking in 
terms of functions and called attention to the variety of possible 
functions. Seventeenth-century science was replete with new laws 
or formulas which employed mathematical functions. Descartes, 
Galileo, Huyghens, Kepler, Leibnitz, and Newton were prominent 
among the discoverers of these laws. Of course there were other 
factors in seventeenth-century civilization which stimulated sci¬ 
entific activity, but much of this activity would have been impos¬ 
sible without the aid of the idea of a function. Among the functions 
perfected by 1600 were the trigonometric functions, which play an 
important part in the related notion of periodicity. In the seven¬ 
teenth century, Kepler discovered the laws of the periodicity of 
motion of the planets, Galileo studied the periodic motion of the 
pendulum, Newton discovered that sound is produced by a periodic 
motion of air molecules, and Huyghens advanced the theory that 
light was a periodic wave motion. 

Closely related to the notion of a function is the idea of a limit, 
which is the basis of calculus, which in turn has led to many of the 
concepts of modern physical science. As we have seen in Chapter 
XVI, the concept of instantaneous velocity is made clear by means 
of limits. Limits also led to clear concepts of acceleration, density, 
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ment of the mathematical idea of limits helped to clarify and expand 
* motion P ^ dea ‘ ing with P h y sical bodies at rest and 
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hed by the change in the conception of space. This took place 

to a great extent during the middle of the nineteenth century and 
was produced by discoveries of systems of non-Euclidean geometry 
Early in the present century, Minkowski emphasized the necessity 
of linking time and space in order to have a proper understanding 
of the way in which physical events take place. Still later, Einstein 
recast some of the most fundamental physical notions by utilizing 
the mathematical ideas of non-Euclidean geometry and of space- 
time as a single concept. Great as is the genius of Einstein, it is 
quite likely that his accomplishments were possible only because 
the mathematicians during preceding decades had suggested new 
ways of thinking about space and time. 

The purpose of this article has been to indicate several broad 
ways in which mathematics is useful to science. To summarize, 
they are that mathematics supplies a language, methods, and con¬ 
clusions for science, and that mathematics enables scientists to pre¬ 
dict results, furnishes sciences with ideas for describing phenomena, 
and prepares people’s minds for new ways of thinking. 

It would be quite wrong to think that mathematics gives so much 
to the sciences and receives nothing in return. The physical 
objects and quantities with which the sciences work and the observed 
facts concerning those objects and quantities often serve as a source 
for the elements and axioms of mathematics. It is true that the 
elements and axioms thus suggested need not be used, and that a 
mathematical system can be based on elements and axioms which 
have no relation to physical facts. But this does not alter the fact 
that actually the fundamental materials of many branches of 
mathematics are the ones which are suggested by physical entities. 
Not only is this true, but it often happens that observations made 
in the physical, biological, or social sciences, are accepted and used 
as the basis of a mathematical theory. Thus, the result of the 
Michelson-Morley experiment in physics was an important basic 
assumption in the theory of relativity. Likewise, a law of growth 
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derived inductively from observations of living organisms has been 
used by scientists, who have proceeded to derive results in a mathe¬ 
matical way, using such an assumed law as an axiom. A further 
service rendered by science to mathematics is found in the fact that 
scientific theories frequently suggest directions for pursuing mathe¬ 
matical investigation and thus furnish a starting point for mathe¬ 
matical discoveries. For example, in an attempt to solve certain 
problems connected with the flow of heat, Fourier, a French sci¬ 
entist of the early nineteenth century, developed an important math¬ 
ematical theory involving extensive use of trigonometric functions. 

3. The Mathematization of Science. The point of the preced¬ 
ing article is that mathematics is useful to science in many ways. 
But that fact in itself fails to explain completely the relation of 
mathematics to science. A further fact of importance in this con¬ 
nection is that science is becoming more and more mathematical in 
its concepts and in its methods. 

It is a familiar fact that science obtains many of its exact con¬ 
cepts from mathematics. The scientist deals with lengths, areas, 
volumes, velocities, and so forth, and uses mathematical formulas 
for their measurement. Moreover, for the sake of clarity and pre¬ 
cision, he finds it necessary to use the mathematical definitions of 
these quantities. 

Not only has science used mathematical methods for precise for¬ 
mulation of many of its ideas, but many fundamental physical con¬ 
cepts are being replaced by mathematical ones. Since the time of 
Newton, physicists have believed confidently in the existence of a 
force called gravity which made bodies attract each other. As a 
consequence of the theory of relativity, the concept of force of grav¬ 
ity is replaced by the mathematical idea that bodies move as they 
do because space is so formed that they can move in no other way; 
just as the form of a railroad track determines the path of a train 
running on it. The reader should refer to the illustration of this 
idea which was given in Chapter XX. 

The extent to which mathematical concepts are used by scientists 
is not completely stated without a mention of the fact that for many 
physical phenomena no exact concepts exist except mathematical 
concepts and mathematical relations involving those concepts. 
Consider the phenomenon of electricity. In any technical discus¬ 
sion of electricity, three quantities, called electromotive force, cur¬ 
rent, and resistance are involved. These quantities can be meas- 
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h 5 ° D the P° mters of certain instruments. Math- 

oTfhei r? nS St w e relations amon g the numerical values 
of these quantities. We have, for example, Ohm’s law, which 

states that in any electrical circuit the number of units of electrc^- 

motive force equals the number of units of current times the number 

of units of re^stance; m symbols, E = IR. But we have no definite 

physical picture of what takes place when a current flows in a wire 

In the days of Benjamin Franklin, people believed a fluid flowed in 

fj™' Today y e ?P eak of a flow Of electrons, though electrons 
themselves are not observable. Our accurate knowledge is con¬ 
fined to the quantities E, I, and R, and the relations expressed by 
mathematical equations which involve these quantities. A similar 
situation exists regarding our knowledge of light. 

lo summarize, then, we find that mathematics gives science 
exact formulation of many of its concepts, that precise mathemati¬ 
cal concepts are replacing vague, non-mathematical ones, and that 
science often deals with concepts the accurate knowledge of which 
is confined to mathematical expressions of quantities and to equa- 
tions connecting those expressions. 

s/Science is becoming mathematical not only in its concepts, but 
also in its methods. One way in which this is occurring is through 
the use of undefined terms which are suggested by experience. 
Physicists of the nineteenth century assumed the existence of a 
substance called ether. No physical evidence showed the exist¬ 
ence of this substance, but some medium was considered necessary 
for the transmission of light, much as air serves as a medium in the 
transmission of sound; hence, the existence of ether with definite 
properties was assumed. Surely no undefined term of mathematics 
is less real than ether. Its position in physics is analogous to the 
position of an undefined term in mathematics, such as a line. We 
know nothing about a mathematical line except those properties 
which the axioms imply, and similarly we know nothing about 
ether except those properties which it is assumed to have. Trouble 
was encountered when physicists realized that the properties which 
had been assumed led to contradiction with experimental results, 
as we have seen in Chapter XX. 

The assumption of the existence of ideal elements in science is not 
limited to ether. Gravity, as we found, is in the same class. In the 
study of atomic structure today, science assumes the existence of 
entities like electrons, protons, positrons, neutrons, and others. 
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The only justification for the assumption of their existence is tha 
they help to simplify the explanation of observed facts. They per¬ 
mit the development of a logical theory of atomic structure. But 
they are not entities which we can observe directly, lhat physics 
and chemistry, which avowedly attempt to explain the world o 
our sense experience, should resort to ideal elements is far more sur¬ 
prising than that mathematics, which acknowledges its abstract 
nature, should do so. Yet, such is the state of affairs in modern 

science. # , 

Finally, science has become mathematical in its greater ana 
greater reliance on deductive reasoning as a means of arriving at 
truth. This tendency is understandable. The certainty of con¬ 
clusions obtained by deductive reasoning from accepted facts of 
experience is preferable to the uncertainty of conclusions gained by 
experiment and generalization therefrom. Moreover, the use of 
ideal elements in science requires the use of deductive reasoning, 
because we cannot experiment so well with ideal elements as we can 
with more tangible elements. True, we have experimental effects 
which point to the existence of electrons. But our idea concerning 
the physical nature of the electron is largely conjecture and hypo¬ 
thesis and has been made to agree with the facts which are obtained 
experimentally. 

One may ask what axioms are at the basis of deductive reasoning 
in physics, for example. The answer is similar to the answer given 
in Chapter II relative to the axioms of mathematics. Experience 
suggests to physicists statements which seem to apply to the world 
about us. These statements are taken as axioms and are used as 
a basis for reasoning. The so-called law of the conservation of 
energy is an example of a physical axiom. It is a common observa¬ 
tion that when energy is used to do work, other energy appears. If 
muscular energy is used in sawing wood, energy in the form of heat 
raises the temperature of the wood and the saw. The energy latent 
in coal is used to give energy in the form of electricity. From these, 
and numerous other examples, many physicists have been willing 
to accept as axiomatic the statement that in a physical or chemical 
process energy is never lost, but may be converted into a new form. 
Newton’s laws of motion are further axioms for physics. Of course, 
in so far as the properties of space are involved in their work, physi¬ 
cists use the axioms about space and the consequent deductions 
from the axioms as made by mathematicians. 
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To sum up the ways in which science has become mathematical 

e may state that science simply borrows exact formulations of 

“ h “T ° f ltS COn f P . ts from mathematics, that it has replaced other 

that ml by C ° ncepts which are mathematical in nature 

that many of its concepts have only a mathematical meaning that 

nomen adOP e i, USe u ldea ‘ elcments and axioms to explain phe¬ 
nomena, and, finally, that it has become mathematical by making 

greater use of the deductive method of reasoning. Kant once 
remarked that the degree of development of a science depends upon 
the extent to which it has become mathematized. If this remark 
is accepted, the discussion in the present article may indicate that 
physical science has reached a high degree of development today 
But even physics is not entirely mathematical, and there are 
branches of chemistry and biology in which the use of mathematics 
is of minor importance, as it is in most social sciences. However 
even in some of those fields in which mathematics is little employed’ 
there are many who believe that if mathematical ideas and methods 
were used more extensively, progress would be more rapid. 

4. The Relation of Mathematics to Philosophy. In articles 4-13 
the relations between mathematics and philosophy will be discussed 
briefly. The field of philosophy is a very comprehensive one and 
hence it may be worth while at the outset to give some indica¬ 
tion of the kind of philosophical problems which are illuminated by 
mathematical thought. Prominent among these problems is that 
of the nature of space. Since ancient times, philosophers have 
attempted to gain an understanding of space, but there have been 
objections to every description which has been offered. Closely 
connected with the question of the nature of space is that of the 
nature of time. Indeed, one modern point of view regards space and 
time as a single entity. A philosophical question equal in impor¬ 
tance to that of space and time is the question of the nature of truth. 
More specifically, we may ask: What do we know that is true and 
how do we know that it is true? As an outgrowth of this question 
we are led to the consideration of the nature of physical laws. We 
may ask whether such laws are true, if not, how accurate they are, 
whether they apply with equal force to all objects about which 
they make assertions, and whether they apply to individual objects 
or merely state something about averages. These philosophical 
questions are not the only ones on which mathematics throws light, 
although they are perhaps the ones in which the relation between 
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mathematics and philosophy is closest. In the articles which f ° 110 '' 
we shall find some account of the contribution of mathematics to 
the solution of these problems and to others which have not been 

mentioned here. . ... «. 

It may be useful, before entering upon a discussion of philosophi¬ 
cal problems, to point out that contributions to both mathematics 
and philosophy have often been made by the same person. pace 
will permit only the mention of the names of some of these con¬ 
tributors. Among Greeks who were renowned in both fields were 
Thales, Pythagoras, and Plato. Despite the comparative absence 
of great philosophers and mathematicians in Roman times, the 
outstanding man in each field was Lucretius. The next fruitful 
period for both subjects began with Descartes in the seventeenth 
century, and also included within it Leibnitz and Pascal. The 
growth of knowledge in the past two centuries has made it difficult, 
and, indeed, almost impossible, for one man to be outstanding in 
both fields, although it is absolutely essential today that a worker in 
the field of philosophy keep in close contact with the progress of 
mathematics and science. Even today, however, Bertrand Russell 
and Alfred North Whitehead stand out as profound thinkers in 
mathematics and philosophy. It is to be regretted that we must 
leave this mention of the names of the men who have been valuable 
to both mathematics and philosophy without examining the ideas 
each contributed to the two fields. However, only a greater knowl¬ 
edge of mathematics and an acquaintance with Philosophy would 
enable us to supply that omission.* 

5. The Influence of Mathematics upon Philosophy Through the 
Medium of the Sciences. The most important relation of math¬ 
ematics to philosophy is that which exists through the medium of 
the sciences. The extent to which mathematics in conjunction 
with scientific thought reorganizes philosophy along radically new 
lines is impressive. History is replete with examples of this fact. 
One of the best illustrations is found in the mathematical and 
physical development of the theory of relativity during the past 
fifty years. Since the implications of this theory were considered 
in Chapter XX, we shall only list some of them here. As a result 
of the theory of relativity, the problems of space and time are 
greatly clarified, the notions of absolute space and absolute time 

* A further discussion of the topic of this paragraph will be found in J. W. N. Sullivan's Limi¬ 
tations of Modern Science, Chapter III. 
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W t f h ar ,1 rec °g n,zed and examined more carefully than 
heretofore. Finally, considerable doubt has been cast on tho ^ 
men notion of cause and effect. the COm ' 

Other recent physical theories, depending to a large extent on 
mathematics, have also affected modern philosophy to a consid 
erable degree. The quantum theory may be mentioned as an 
example, but the philosophical implications of this theory cannot 
be discussed here because the mathematical and physical back¬ 
ground has not been provided. It can only be stated that the 
quantum theory has significance for the question of the nature of 
matter, the nature of energy, the relation between matter and 
energy, and the question of causality. 

w 6 \ ThC Philos °P hic Importance of Non-Euclidean Geometry 
We have seen in Chapter XVIII that the rise of non-Euclidean 
geometries raised questions regarding the nature of space and em¬ 
phasized the abstract nature of geometry. One effect of this was 
to call attention to the abstract nature of mathematics as a whole as 
described in Chapter XIX. The importance of the change in view 
concerning the properties of space is exemplified by the way in 
which it upset some of the philosophical conclusions of Immanuel 
Kant, a philosopher of the eighteenth century and one of the most 
profound of all time. In 1781, Kant declared that the theorems 
of Euclidean geometry stated properties of space which were true 
because they expressed the only way in which human beings could 
perceive objects in space. This means, for example, that the sum 
of the angles of a triangle is 180° because this is the only way in 
which we can think of a triangle. Fifty years later the creation 
of non-Euclidean geometries destroyed Kant’s theory of space and, 
thereby, a basic idea of his philosophy. The creation of non- 
Euclidean geometries made us appreciate how many of our judg¬ 
ments about space come from direct observation. No other event 
in the history of thought has been so effective in making us distin¬ 
guish clearly between that which we derive by reasoning and that 
which we derive from experience. >• 
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7. The Philosophic Importance of the Notion of a Statistical Law. 
It has already been indicated that the notion of a statistical law 
has helped science to state relations concerning a large aggregate 
of objects which differ so much from each other as to forbid study 
of their individual properties and relations. There is no order or 
regularity in the motion of molecules in a liquid, and yet by dealing 
with averages we are able to state relations involving their masses 
and velocity, for example. Philosophers, however, have believed 
in the existence of laws which actually state exact and invariable 
facts about nature. Prior to the theory of relativity, the law of 
gravitation was believed to be such a law. It stated a fact about a 
force between bodies which was not a mere average effect of many 
bodies, but was an exact force between two distinct bodies, such as 
the earth and the sun. Newton’s laws of motion were such laws, 
as was also the law of conservation of energy. However, the knowl¬ 
edge of the nature of a statistical law makes us more critical in our 
examination of the so-called absolute, invariable laws. Are they 
really accurate statements of order in nature, or are they merely 
descriptions of average effects which conceal a disorderliness in 
nature? We must re.member that every law is either suggested by, 
or maintained because of, some measurements, and that measure¬ 
ments are not exact. Consider, for example, the law of gravita¬ 
tion. To test its truth, one would need to measure two masses, the 
distance between them, and the force of attraction. But to obtain 
any one of these quantities a careful experimenter would make 
many measurements and then take an average of them as the best 
approximation (see article 9, Chapter XII). His method is similar 
to that of the scientist who studies the range of velocities of all the 
molecules in a gas and calculates an average velocity to be used in 
place of the various individual velocities, even though there may be 
no molecule whose velocity is precisely equal to the average. A 
physicist testing the law of gravitation takes an average measure 
to represent all the differing measures he obtained for the distance, 
without knowing what the true distance is or even if there is a true 
distance. For all he knows, the distance he is measuring may be 
varying in a way which is imperceptible to him. 

We are forced to conclude that any law based on observation, 
and hence on measurement, is really a statistical law which is an 
approximate expression of a fact. The formulas of mathematics 
are not statistical in their origin, but, in so far as they state facts 
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If all our physical laws are statistical in nature, it is possible that 
the universe is essentially chaotic and that our laws are merely man¬ 
made devices to bring order out of chaos. Consequently, we are 
led to ask what truths we have about the world. It is not clear 
what we are seeking when we search for truth, and yet we often 
feel that we shall recognize it when we find it. We cannot eliminate 
the vagueness of the problem by giving a definition of truth But 
much can be said about truth without defining it, which will clarify 
the situation. J 

8 Validity Truth, and Probability. It is important in most 
fie ds in which reasoning is used to be able to distinguish between 
validity and truth. A conclusion is valid if it is a necessary con¬ 
sequence of other statements, whereas a conclusion is true if it 
agrees with experience (see Chapter I, article 2). Some conclusions 
are valid but not true, some are true but not valid, and some are at 
the same time valid and true. It might seem easy to determine 
the truth or falsity of certain statements, such as, for example, the 
statement “I am wearing a white tie.” However, the truth or 
falsity of many statements, such as, for example, the statement 

Space is infinite in extent” is very difficult to determine. Before 
the discovery of non-Euclidean geometry it was believed that 
mathematics stated truths about physical quantities and physical 
space. As late as 1781, Kant pointed to the theorems of Euclidean 
geometry as examples of truths, and, even more, as examples of 
truths obtained by reasoning alone without depending upon ob¬ 
servations. Fifty years later, the development of non-Euclidean 
geometries showed that Kant had been wrong. At the same time, 
mathematicians were forced to recognize that all they had been 
doing was accepting some attractive assumptions and deducing 
conclusions from them. Hence, we realize now that the conclusions 
of mathematics may or may not be true, but that they are certainly 
valid. 

We may naturally expect science to give us truths about the 
physical world. But science fails us for several reasons. Science 
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uses the conclusions of mathematics, and we know enough of e 
nature of mathematics now to realize that all we can safely c aim 
for mathematical conclusions is that they are valid, and that they 
are related to the physical world only to the extent that the axioms 
on which the conclusions are based are true of the physical world. 
Moreover, many different sets of axioms are possible, each having 
an apparent correspondence with our experience. Thus, in so far 
as science uses mathematics, it is not at all sure of the exact ap¬ 
plicability of its conclusions to the world. Further, science has 
assumptions of its own. These assumptions have no more justi¬ 
fication than the fact that they have been suggested by a limited 
amount of experience. The law of gravitation is such an assump¬ 
tion. Our study of relativity has shown us how far short this law 
may fall in its attempt to describe the world, inasmuch as the law 
asserts the existence of a force which may really be mythical. 
Moreover, science, like mathematics, has ideal elements, which it 
uses to give a coherent, useful description of the world. Such an 
ideal element as ether, which has no physical counterpart, is of little 
help in ascertaining truth about the physical world. A further 
objection to the belief that science gives us truths about the physical 
world is that many, and perhaps all, of the laws of science are sta¬ 
tistical laws, and hence are, at best, truths about averages of ob¬ 
served quantities. A statistical law, as we have seen, is merely a 
mathematical device for dealing with what appears to be a chaotic 
situation. 

But one might attempt to wave aside all these objections by point¬ 
ing to the fact that scientific laws stand the test of experience. Our 
bridges and buildings hold up; chemicals explode at our command. 
However, the appeal to experience is worth only this much: it tells 
us that we have laws which give us a working knowledge of physical 
objects. We may be entirely deceived as to the nature of the 
physical objects with which we work. For thousands of years 
people worked under the impression that the earth was flat. Within 
restricted geographical areas their impression was useful, though 
not correct. Since Newton, scientists have believed in the force 
of gravity and many an engineering project has depended upon an 
extensive knowledge of this so-called force. Today it is believed 
by many scientists that gravitational force is merely a fiction, and 
that we live in a type of space in which the behavior of bodies can 
be explained without recourse to that fiction. When one theory 
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i T v • SClenCeS d ° aim ’ however, to state laws describ 
mg economic, political, and other social phenomena. But so com 

pex are social phenomena that social scientists would not claim 

hat any social situation has been described completely. Hence 

we cannot be sure that any social laws state social truth J 

As a result of this discussion of truth, even though it has been 

sure wheth mP ^ ^ t0 the COnclusion that we cannot be 

and iTcHc or not we have any truths at all. We have better 
™ b h T W ° rk '" g hypotheses, as mathematics and science pro- 
g ess but no truths, no statements which may not require revision 
at a later time. The conclusions of mathematics have more per- 
manence than those in other fields, since their validity cannot be 
affected by new observations. 

Descartes said that if we cannot determine what is true we ought 
to act according to what is most probable. We have seen that the 
conclusions given to us by science are merely working hypotheses. 
We could say that they are only probably true. In measuring the 
physical quantities upon which a physical law depends, we accept 
the mean of several measurements as having the greatest probabil¬ 
ity of being correct (see Chapter XIII, article 8). Not only do we 
accept values which have the highest probability of being correct 
but any axioms used in the derivation of a physical law have only 
probable applicability to physical objects. The probabilities of 
the measured quantities and of the applicability of the axioms de¬ 
termine the probability of the truth of the law derived from them. 
The value of this latter probability then determines the reliability 
of the law. If the probability is low (much nearer 0 than 1, for 
example .01), the law can hardly be trusted as a basis for further 
reasoning or action. On the other hand, if the probability is high 
(much nearer 1 than 0, for example .99), the law can be relied upon 
for further reasoning or as a basis for action, with relatively minor 
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reservations. It is not to be expected that the probabih y o 
truth of a law can be calculated with a high degree of accuracy in 
all cases. In some cases probabilities must be mere estimates, u , 
as such, they may be useful in determining which of several theories 
is the more credible. 

We can see, then, that all of science must be concerned w 
probability, since all measured values, individual laws, and broa 
theories are only probable ones. The question, “Is the law true, 
thus reduces to the question “What is the probability of the truth 
of the law?” No matter how accurately the law has been built up, 
however, that probability will be less than one, that is, it will al¬ 
ways be less than certainty. 

9. The Relation of Mathematics to Logic. Logic is generally 
considered to be a branch of philosophy, and hence the present 
article is a continuation of the discussion of the relations of math¬ 
ematics to philosophy. Throughout the book the necessity of 
establishing mathematical conclusions by deduction has been 
stressed, while in Chapter XIX the nature of mathematics as con¬ 
sisting of abstract deductive systems was brought out. Thus per¬ 
haps the most obvious relation of mathematics to logic is found 
in the fact that mathematics uses the methods which logic offers 
for establishing its conclusions. But the relation between these 
branches of knowledge is not entirely one-sided, for mathematics 
has given logic new methods and has helped to put the type of 
reasoning known as probable inference on a sound basis. 

Mathematics is as much a method of reasoning as it is a body of 
conclusions. But reasoning is older than mathematics, for when 
mathematics was still in its infancy, Aristotle had carried the science 
of logic to a high degree of perfection. Nevertheless, in mathemat¬ 
ics, perhaps more than in any other field, the logical process is con¬ 
spicuous throughout long chains of reasoning. The logical method 
as applied in mathematics is essentially as follows: If it is desired to 
obtain conclusions about a complex situation, we choose some terms 
which seem basic, and then define other terms as far as possible by 
means of these; we use symbols as much as possible in order to make 
all statements concise and to avoid ambiguity; we make statements 
(axioms) about the terms introduced which seem to be true of them; 
we then reason deductively to whatever conclusions we can obtain 
from these statements. We may then be sure that the conclusions 
are as sound as the axioms with which we started. The method is 
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broad and powerful, and its use in mathematics has led to its ad™ 

bTth^T • T* m ° re by the Physical and to some extent 

by the social sciences and philosophy. Logic itself hlTLT 

riched through the use of this nJhod. A devSpment^ LTe' 

based on a mathematical approach, and known as symbolic log c 

mnke COn v| ng mc . reasm 8 1 y important. Symbolic logic not only 
makes wide use of symbols, but it develops logic from axioms Thl 

approach to logic has made it possible to clear up difficulties and 
paradoxes which have bothered logicians for centuries. 

Mathematics has made a second contribution to logic in helnine 

mind h 6 * raD A ° f l0gi ° dCaling With P roba ble inference on a 
sound basis. As we saw m the preceding article, the theory of 

the b Droba y birt akeS ? «*" ble many Cases to make estimates of 
the probabilities of the correctness of conclusions drawn from 

probable premises, and in some cases even to compare the probabil¬ 
ities of theories which are constructed on the basis of empirical 


Mathematics has further significance relative to the reasoning 
process in the fact that it furnishes an example of pure reasoning 
carried out on an extensive scale. Although mathematics accepts 
only conclusions which are established by deduction, with the 
exception of logic other bodies of knowledge do not hesitate to add 
to their stock of conclusions by admitting facts which are obtained 
from observation or experimentation. The fact that mathematics 
has many applications in science and philosophy should not cause 
one to overlook its importance as an example of a structure built up 
by purely deductive reasoning. Several additional facts concern¬ 
ing the logical structure of mathematics are worthy of note. First, 
the extent to which a change in one axiom can change the resulting 
logical structure is well illustrated in the contrast between Eu¬ 
clidean and non-Euclidean geometry. Second, the strictly logical 
development of non-Euclidean geometry has brought out in an 
unmistakable way the distinction between validity and truth, and 
the distinction between reason and intuition. Third, this develop¬ 
ment has made many thoughtful people more cautious in their ac¬ 
ceptance of axioms. It is no longer regarded as self-evident that 
the axioms of Euclid are true of the physical world. We have 
learned that an axiom is merely a statement which we agree to 


•The reader should consult the chapter on “Probable Inference” in Cohen and Nagel’s 
1 ntroduction to Logic and Scientific Method. 
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accept, and that there is always doubt as to its truth. Fourth, 
the emphasis on axioms has made people see the need for giving 
careful consideration to the axioms which they are using whenever 
conclusions are obtained deductively. Fifth, the contrast between 
Euclidean and non-Euclidean geometry, which is apparent in t e 
very axioms upon which they are based, suggests the possibility o 
comparing systems of thought by comparing their axiomatic bases, 
for differences in structure must be due to differences in the axioms 
underlying the structures. 

Analogies to the last point mentioned can be found in the field of 
human conduct. For example, people’s behavior follows to a large 
extent from the standards which they have set for themselves, or 
which have been set up for them, consciously or otherwise. These 
standards can be considered axioms of conduct. Psychologists 
sometimes try to study people by discovering their axioms of con¬ 
duct, and often attempt to modify their behavior by changing their 
axioms, or standards. It is common to ascribe the behavior of 
people to their “attitudes toward things,” which is a somewhat 
vague term for standards, or axioms of conduct. Today, axioms of 
social theory are of great importance. Individualists have certain 
axioms, socialists have others, and so on. The group with which a 
person allies himself is chosen primarily because its axioms are more 
acceptable to him than are those of other groups. 

10. Mathematics and the Process of Abstraction. It is essen¬ 
tial for the understanding of the idea of this article that we first 
become aware of the frequent use throughout our lives of the 
mental activity which is known as abstraction. Until we stop to 
think of the nature of the process we are not aware of its existence. 
By the process of abstraction we mean the selection of character¬ 
istics present in an object or in a group of objects and the fixing of 
attention on those characteristics. For example, we observe many 
people and notice that each of them has two hands. Two-handed¬ 
ness is a characteristic which we have isolated from our observation 
of human beings. The use of any adjective, such as red, implies an 
abstraction from physical experience. We observe many acts of a 
certain sort performed by various people and abstract from these 
observations the idea of kindness. The process of abstraction is 
essential to any knowledge of ideas. Out of the medley of experi¬ 
ences which nature offers, knowledge comes by isolating particular 
aspects of these experiences and then studying them. The present 
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oritiVf 6 V6ry ^ gi ? ninK of this book H was Pointed out that the 
on g inal concepts of number, point, line, triangle, etc. were ab 

stracted from physical experience. Mathematics has carried the 

process of abstraction very far. The axioms adopted at the out 

set were abstracted from properties observed in physical elements 

Algebra then carried abstraction a step further by using a letter to 

represent any number. With the introduction non-EucHdean 

geometry abstraction was carried to a higher level, since the new 

axioms introduced had no direct connection with experience in the 

derived f W ° r ^ Vanations of other axioms themselves 

derived from such experience. Moreover some of these axioms even 

appeared to be contradictory to experience. Today no mathema¬ 
tician questions the propriety of dealing with axioms having little 
connection with experience, or of developing extensive theories having 
at the time of their development no apparent relation to experience 
superficially one would expect a subject which deals with concepts 
abstracted from the physical world, and developed often with no 
regard to usefulness in the world, to be of little practical value. 
But examination shows that these characteristics are precisely the 
ones which enable mathematics to be useful. Suppose a man 
wishes to study the behavior of a new type of ship. He builds, not 
the ship itself, for that would be costly and perhaps dangerous, 
but a model of the ship. He then examines the behavior of the 
model. The same is done for trains, airplanes, dams, and other 
engineering projects. When a mathematician wishes to investigate 
the character of objects in our space, he, too, builds a model. His 
axioms, abstracted from the physical properties of space, are his 
material, and his reasoning power and his imagination are his tools. 
He has avoided the labor and difficulties of investigating the object 
of his study directly. Indeed, he can draw conclusions about situa¬ 
tions in which direct investigation is impossible. He can furnish 
methods for measuring the mass of the sun and for determining the 
properties of inter-stellar space while he sits at his desk, granted 
some preliminary observations. Thus, the very fact that the mathe¬ 
matician is able to abstract properties from objects and to work 
with the abstractions adds power and usefulness to mathematics in 
that it permits the solution of what would otherwise be insoluble 
problems. 



MATHEMATICS AND ABSTRACTION 


603 


ART. 101 


There are further advantages of abstraction. Expenmen a 
science attempts to explain why phenomena happen as they o. 
But, dealing as it does with physical objects, it is usually limi e 
in its explanations because its statements can be made only in terms 
of the objects we perceive through our senses. Mathematics, by 
abstracting concepts and properties from the physical objects, is 
enabled to go wherever reason and visualization, or even reason 
alone, without visualization, may carry it. The result is that the 
use of mathematics has enabled scientists to supply explanations 
of phenomena which, without mathematics, would never be possible 
for experimental science to do alone. The use of mathematics has 
made it possible to explain gravitation, for example, as a property 
of a space we cannot perceive. This space is a mathematically 
constructed model which satisfies all the conditions an explanation 
of gravity demands. 

The use of abstractions serves still another need. Often there is 
before us a good physical picture of what is occurring, and yet 
abstractions and reasoning with the abstractions are useful. But 
it may happen that no good physical picture is before us, so that 
only an abstraction is possible. We have had occasion to point out 
that many of the concepts physics deals with are mysterious. We 
do not know what electricity, light, electrons are, but we can state 
good mathematical laws which relate numerical values associated 
with those concepts. For example, E = IR, or in words, the 
number of units of voltage in a circuit is the number of units of 
current times the number of units of resistance. This is a mathe¬ 
matical abstraction of the physical phenomenon of electricity. 
This abstraction, that is, the relation’among numerical values, is 
the best explanation of this phenomenon that we have. Any at¬ 
tempt to imagine a physical picture is pure speculation. The point 
is that in dealing with many physical phenomena, we can do nothing 
more, by way of explaining the phenomena, than to abstract the 
numerical values given us by certain measuring instruments, and 
to deal with these numerical abstractions. Eddington says that a 
knowledge of mathematical relations and structure is all that the 
science of physics can give us.* 

Certain it is that the abstraction process has permitted mathe¬ 
maticians and scientists to build up a mathematical model of a 
large part of our physical world. Indeed, the success mathematics 


* See the chapter on "Pointer-Readings.” in Eddington’s Nature of the Physical World. 
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has enjoyed in representing the physical world has led so great a 
mathematician and astronomer as Sir James Jeans to declare that 

riStrSE*’ ”..* th ™^‘» «» -ind of a supreme mathemS 
tht “ athematlcal description of the universe is, to Jeans 

in thTt %’ f he P ‘ CtUre or P h y sica l models we use to assist us 
in the study of mathematics are, to him, a stefr away from reality 
Today, a remark made by Plato twenty-three hundred years ago 
Wzes.” n rCneW significance. He said: “God eternally geome- 

It is a remarkable fact, about either our minds or the world, that 
so much concerning the physical world is expressible in mathemati¬ 
cal form It may be that the world is essentially non-mathematical 
and merely that our minds function so as to fit a mathematical struc- 
ture to the world. This point of view is expressed by Poincar6 * 

Does the harmony which human intelligence thinks it discovers 
in nature exist apart from such intelligence? Assuredly no A 
reality completely independent of the spirit that conceives it ’ sees 
it or feels it, is an impossibility. A world so external as that 
even if it existed, would be forever inaccessible to us. What we 
call ‘objective reality’ is, strictly speaking, that which is common 
to several thinking beings and might be common to all; this com¬ 
mon part, we shall see, can only be the harmony expressed by 
mathematical laws.” It may be, however, not that our minds have 
this quality, but that in our mathematical laws we are really ex¬ 
pressing what is in the physical world. 

We cannot conclude this article on the abstraction process with¬ 
out raising a question which the use of that process makes perti¬ 
nent. We may grant the fact that the axioms selected for any 
branch of mathematics are in accord with our experience with the 
elements involved in those axioms. For example, it is true in our 
experience with quantity that equals added to equals give equals. 
But, after accepting the axioms, we use them with our ordinary 
principles of valid reasoning to deduce a conclusion which may be 
removed from the hypothesis by many steps. For example, the 
proposition of Euclid, which asserts that the line which joins the 
mid-points of two sides of a triangle is parallel to the third side and 
equal to one-half of it, is many steps removed from the axioms 
used to prove it. And yet the proposition is as much in accord with 
experience as the axiom is. Often we set up an equation involving 

• Henri Poincar6: Value of Science. 
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an unknown, and, after many steps, arrive at an answer w ic is 
accepted with confidence. Can we be sure that the results o so 
many steps of reasoning will be in accord with experience jus 
because our axioms are? Why does nature behave in accordance 
with the results obtained by reasoning? It could be that our chain 
of reasoning is like an automobile which, badly steered on a straig 
road, edges gradually toward the side, and, even though it may 
keep to the road for many miles, finally goes in a ditch. But no 
such thing happens with the conclusions of mathematics. 

One answer, though not the only one, given to this question is 
that nature is orderly and logical. For example, to our minds there 
are no contradictions in nature. Perhaps this is what Jeans, Plato, 
and others have in mind when they speak of the universe as built 
according to mathematical laws. But this is a large assumption 
to make about the universe. . Another answer, which may appear 
more likely though it involves some difficulties, is that men learn 
to reason by those methods which experience teaches them will 
give results in accordance with nature. That is, we do not permit 
a statement such as “the ball is both black and not black,” because 
we do not find such cases in experience. This answer implies that 
either each human being learns for himself, during his lifetime, how 
to reason in accordance with nature, or that the human mind by a 
process of evolution which transmits results from generation to 
generation, has learned to reason in this way. This much can be 
verified, that our reasoning processes do permit us to take axioms 
which seem to agree with experience and to deduce from them con¬ 
clusions which also seem to agree with experience. Only because 
this is so are we able to profit from the method of abstracting con¬ 
cepts and properties from experience and of deriving new conclusions 
by purely logical steps. 

Our discussion has indicated the character of the process of 
abstraction, the fact that knowledge is sometimes attainable by 
no other means, the use mathematics makes of it, and the ad¬ 
vantages of its use. 

11. Miscellaneous Relations of Mathematics to Philosophy. To 
a very limited extent philosophers have availed themselves of the 
rigorous demonstrative method of presentation which is effective 
in mathematics. The most notable example of this is the Ethics of 
Spinoza, one of the greatest of philosophers. There we find the 
undefined terms and the axioms clearly stated as in mathematics. 
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and can be avoided by supporting each argument by exphcit refer’ 
ence to previous conclusions. We found in m.r H 

symbol*' ° f ma , thema , tics to lo 8 ic that logicians have made Leoi 
symbolism and mathematical methods in their study of the rea 

X” g pE:pi.eJ^ We d0 “ “ 

:n H ry ', b ; WCen Pnmafy and secondar y qualities of objects. He 

S d H b ? ty ’ e . Xten 1 slon - and sha P e Primary qualities because they 
existed independently of any observer. On the other hand he 

maintained that qualities such as light, sound, smell, taste, color 
temperature do not belong to the objects but are merely the in¬ 
fluences of the primary qualities upon observers. Because they 
depended upon the observer, he called them secondary qualities. 
One of the achievements of physics is the application of mathe¬ 
matics to the quantitative identification of gradation in light, sound 
and temperature by methods which, though indirect, are yet 
objective and independent of the personal characteristics of the 
observer. Red light, for example, is light which is associated with 
a definite wave-length, and the numerical value of the wave-length 
is independent of any observer. Sense data which depend upon 
the observer’s reactions as well as upon the object sensed remain 
for the psychologist to discuss.* 

We have found in these articles on the relation of mathematics 
to philosophy that there are several ways in which mathematics is 
important for philosophy. Mathematics, cooperating with science, 
often brings about great changes in philosophy. The mathematical 

?. r ° b,om of Qualities of objects which are dependent upon observers will 
be found in Berkeley s dialogues referred to at the end of this chapter. There Berkeley carries 
Locke a distinction to its logical conclusion. * carries 
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notion of a statistical law has cast much light on the philosophical 
problem of the character of our physical laws and on the problem o 
how much truth there is in the knowledge of the physical wor 
which is given by mathematics and science. The notion of prob¬ 
ability is important in estimating the reliability of our laws. Mathe¬ 
matics has affected the field of logic by refining its methods and by 
widening its scope. Mathematics throws light on the nature of 
scientific knowledge through its extensive use of abstractions. 
The relation of mathematics to philosophy is taken up from a dif¬ 
ferent angle in the next two articles. 

12. The Mathematization of Philosophy. The Introduction of 
Exact Mathematical Concepts. In discussing the relation of mathe¬ 
matics to science we found that not only was mathematics useful 
to science but also that much of science had become mathematical 
in its ideas, methods, and relation to the physical world. T o some 
extent this is the case for the relation of mathematics to philosophy. 
Mathematics has made important contributions to some of the 
problems with which philosophy deals, as described in the preceding 
articles. But, beyond this, some of the problems of philosophy 
have been completely solved by mathematics, and, in so far as 
these problems are concerned, philosophy reduces to mathematics. 
This fact may be referred to as the mathematization of philosophy. 

Several concepts have often been used by philosophers without 
clear definitions of their meanings. As examples, the concepts of 
velocity at an instant, of infinity, and of motion, may be mentioned. 
Mathematics has provided exact definitions of these concepts. In 
Chapter XIV the idea of a limit was made precise, and that idea 
led to an exact definition of velocity at an instant. In Chapters 
XIV, XVII, and XVIII mathematical formulations of three differ¬ 
ent ideas of infinity were given, namely, infinity as a manner of 
variation, infinity as a cardinal number, and a geometrical concept 
of infinity. The idea of infinite cardinal numbers led, among 
other things, to the notion of the correspondence between the 
points on a line or curve and instants in time. This correspondence 
made possible a precise definition of motion. 

13. The Mathematization of Philosophy — Cause and Effect as 
Compared with Functionality. Article 12 dealt with the fact that 
mathematics has clarified philosophical speculation by supplying 
exact concepts for certain ideas considered in philosophy. We 
shall now see how mathematics sometimes replaces unsatisfactory 
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concept by new ones which are ^ee from the objections 

consent 0 d r COn ° e . pts ' As an exam P le of this, let us consider the 
concept of causabty. 

nr J° m ° R , t of us th e concept of cause and effect is a familiar one 
and readil y acceptable. Whenever we strike a ball with a bat 
the b alJ fl»es into the air. We therefore say that striking the ball 
causes the flight, which is the effect, and by this statement we mean 
that the flight always takes place when the ball is struck In 
general, the notion of cause and effect implies that the same effect 
will always follow a given cause, and, hence, if different effects are 
observed, we infer that the causes must differ also. Now suppose 
it is found that, over an extended period of years, the birth rate 
in British South Africa rises and falls with the amount of rainfall 
in North Dakota. Is there a relation of cause and effect here? 
We think there is not, because we do not know how to account 
for such a relation. But if we could find a plausible theory to 
connect these events would we accept the relation as one of cause 
and effect? If so, our acceptance depends on the existence of a 
satisfactory theory. But that which makes a theory satisfactory is 
its usefulness in explaining effects. But it is a familiar fact that 
new theories often explain the same effects better than do old 
theories. To put it differently we can never be sure that we have 
determined the cause of a given effect. Educated people at one 
time accepted the theory that the apparent motion of the heavenly 
bodies around the earth was caused by their actual rotation about 
the earth as a center. At the present time we believe that this 
apparent motion is caused by the rotation of the earth on its 
axis while the heavenly bodies remain practically stationary. 
The fact that we cannot be sure just what the cause is in a given 
situation may lead us to doubt the existence of a cause. 

Another consideration which may lead us to doubt the existence 
of cause and effect appears as a result of the theory of relativity. 
Common understanding of the words 4 ‘cause” and 1 ‘effect” is that 
the effect never precedes the cause. But it was found in the dis¬ 
cussion of simultaneity in article 3 of Chapter XX that, given 
two events, the question whether they were simultaneous, or, if 
not, which occurred first, depended entirely upon the observer. 
To revise our notion of cause and effect so as to permit an effect to 
precede a cause is to destroy the most essential characteristic of 
the idea and to raise new questions. 
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Hence, it may seem desirable to abandon the belief in cause and 
effect. Two hundred years ago, David Hume arrived at the same 
conclusion by a different approach.* Today we have a quantita¬ 
tive, precise way of expressing a relation among variables formerly 
described as cause and effect, which is free from all the above 
objections, namely, the mathematical expression of a functional 
relation. Thus, if we find a correspondence between the birth 
rate in British South Africa and rainfall in North Dakota, this rela¬ 
tion can be described by a mathematical function (see Chapter X). 
No question of cause and effect need be raised. Further, the idea 
of functionality is broader than the notion of cause and effect, for 
a mathematical function can relate any variables without requiring 
belief in the.assumption that there is any physical connection be¬ 
tween them (see Chapter VIII, article 6). 

Summarizing, we note that the mathematization of philosophy 
has taken place in two ways; namely, mathematics has given 
philosophy exact concepts for many ideas formerly loosely used 
by philosophers, and mathematical notions have replaced some 
philosophical notions which are no longer tenable. 

In regard to the entire discussion of the relation of mathematics 
to philosophy, it may be added that the close connection between 
the two fields is a natural one. Both subjects are endeavoring to 
explain the world by constructing ideal systems to which our ex¬ 
perience corresponds. It is true that mathematics also constructs 
ideal systems which apparently do not correspond to natural 
phenomena, but much of mathematics is based on abstractions from 
physical experience; and, as we have seen, even those parts which 
are developed with no attempt to fit them to experience are often 
found to be applicable at a later time. In particular, mathematics 
has furnished systems for dealing with space, time, motion, quan¬ 
tity, limiting processes, and so forth. Philosophy is concerned 
with some of the same problems and others related to them, as 
well as with problems which are not subject to mathematical 
treatment. Sometimes a problem of philosophy can be considered 
by mathematical processes and be given a new or more exact formu¬ 
lation. With other problems this cannot be the case. But, by 
reason of the nature of their subject-matter and purpose, the two 
fields have many points of contact. 

14. The Relation of Mathematics to Art. Science and philosophy 

* Hume, David: The Treatise of Human Nature. Part III. 
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are not the only channels through which mathematics affects us 
1 here are numerous ways in which the influence of mathematics 
is felt in art, some of which have been discussed earlier in this 
book. It will be sufficient here to list briefly some of the most 
obvious of these relations. 

In Chapter V there was a discussion of the use of geometry in 
art. It was shown that geometry supplies architecture, sculpture 
and painting with materials and methods for making designs and 
with the principles of perspective. The study of some topics in 
mathematics which are not discussed in this book would have 
made it possible to appreciate the way in which mathematical 
principles are used to obtain perspective, which is of utmost im- 
portance in all graphic arts. 

Two important relations of mathematics to music should be 
noted. First, the mathematical description of a musical sound 
may be mentioned. We found in Chapter XII that the three 
fundamental characteristics of a musical tone, namely pitch, loud¬ 
ness, and quality, can be described mathematically. Thus, the 
tones produced by the various musical instruments and by different 
human voices can be given a quantitative description in the form 
of an equation. A second way in which mathematics is related to 
music is through the development of musical instruments whose 
invention and construction have been made possible by scientific 
discoveries which came as a result of mathematical theories. Refer¬ 
ence has already been made to the transmission of sound by radio, 
which was an outgrowth of the mathematical theory of electricity 
as developed by Maxwell. The possibilities of using the radio 
as a medium of musical expression are incalculable. As examples 
of electrical instruments for the creation of music we have pipe 
and reed organs operated by electricity, and also organs in which 
the tones are produced electrically. A further example is the 
theremin, in which the sounds are produced by an electric circuit 
and are controlled by motions of the operator’s hands in the air. 

Finally, in Chapter XII, we saw the possibility of quite a differ¬ 
ent relation of mathematics to art in the use of a function to aid 
us in judging the esthetic merit of a work of art. This need not 
be dwelt upon here, but it may be observed that this function occu¬ 
pies a position relative to art which is somewhat analogous to that 
which probability occupies in science. The function for esthetic 
measure gives us an estimate of the esthetic value of a work of art. 
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while probability gives us an estimate of the reliability of a scientific 
law. 

16. The Relation of Mathematics to the Culture of a Civilization. 

The central theme which unifies the ideas of this chapter is that 
mathematics influences and even determines to some extent the 
culture of a civilization. Let us see how this influence arises and 
what its significance is. 

It may clarify our discussion to agree upon a useful, though in¬ 
complete, characterization of the culture of an era as the way 
people live and think in that era. First let us mention again a 
point discussed in articles 2 and 3 of this chapter, namely, that 
mathematics helped make possible much of the scientific develop¬ 
ment of the last two hundred years. As an example, consider 
Maxwell’s prediction that electromagnetic waves travel in the ether 
with the speed of light. When Maxwell made this prediction, as a 
consequence of his mathematical theory of electricity, he caused 
experimenters, notably Hertz, to seek for those waves and for 
means of generating them. Wireless telegraphy and radio soon 
followed. What is the effect of radio on present-day civilization? 
One has only to estimate the number of people who listen to con¬ 
certs, operas, lectures, political speeches, and other material broad¬ 
cast daily over the radio, to realize the magnitude of the effect. 
The radio not only has an educational effect, but it furnishes a 
means of urging political action and of fashioning economic and 
social thought. 

The less obvious influences which mathematics has exerted 
through the medium of the natural sciences are no less important. 
Much of modern engineering has been made possible by the use 
of mathematics, and the ways in which it affects our daily lives are 
so numerous that it would be hard to overestimate its importance. 
Immense bridges, huge skyscrapers, underground railways, and 
tunnels under rivers and through mountains are convincing examples 
of this statement. When we consider further that the great tech¬ 
nological development of the past century has helped to create 
our present industrial civilization with its many economic and 
social problems, we are forced to conclude that one of the main 
forces which have determined our present culture is science, which 
has been helped, and to a large extent been made possible, by 
mathematics. 

Besides the effect of mathematics on civilization through science, 
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we should consider its effect through the medium of philosophy 
and even'T mathem . atica u ° n the Philosophy of our civilization; 

4 tols It mnvh ene H?TK '***'*?*' been ^scussed in articles 
« y b a , dded here that influence on philosophy carries 
with it influence on the prevailing religious beliefs. Space will not 

permit even an outline of the far-reaching changes in religious 
thought which the development of mathematics and science initi¬ 
ated and the directions this thought has taken as a result of the 
conclusions of mathematics and science.* 

It is hardly necessary to continue this aspect of our discussion. 
Ihe influence of mathematics on scientific development and, through 
science, on our daily lives and thoughts, its influences on philosophy 
on religion, and on logic, should be sufficient to establish the point 
that mathematics affects and, to some extent, determines our 
civilization. 


Some students of the history of culture, in particular the late 
Oswald Spengler, go further in their judgment of the relation of 
mathematics to the culture of a civilization. For example, Spengler 
maintains that a study of the mathematics of any civilization will 
reveal characteristics which are common to other forms of expression 
of the culture of that civilization. By other forms of expression is 
meant literature, painting, music, architecture, science, philosophy, 
and the like. It is not maintained that this correspondence extends 
to every detail of a culture but that it is typical of the culture. 
We shall illustrate this thesis, but must warn the reader that the 
point of view is not necessarily held by all competent writers on 
the history of civilizations. 

Our survey of the mathematics of the Greeks will reveal upon 
reexamination the following characteristics. First, it was mainly 
static; it dealt with the properties of figures at rest in space. This 
is illustrated by-the geometry of Euclid. Second, their mathe¬ 
matics was for the most part confined to bounded figures, lying in 
small regions of space, for example, the circle and the triangle. 
Although the Greeks did regard a straight line as being infinite 
in extent, and defined parallel lines to be lines which do not meet 
however far extended, they did not carry far the idea of a geo¬ 
metrical infinity, nor did they study other concepts of infinity. 


* The reader should investigate the philosophical discussions in A. S. Eddington's Nature oj 
the Physical World, Sir James Jeans’s Mysterious Universe, and Erwin Schrodinger's Science 
and the Human Temperament. 
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Third, Greek mathematics was confined to geometrical objects 
which could be visualized. Even the numbers were concrete 
and were always interpreted in terms of physical objects. Al¬ 
though Pythagoras in his study of lengths discovered irrational 
numbers in the sixth century b.c., the Greeks never developed the 
abstract idea of irrational numbers, nor, for that matter, did they 
use or develop algebra to. any extent. Negative numbers, zero, 
and imaginary numbers were unknown to them. Fourth, form in 
mathematics was valued, as the emphasis on deductive reasoning 
in geometry shows. Compare these characteristics of Greek math¬ 
ematics with the following facts about Greek life and thought. 
Greek architecture, as revealed in their temples, was, to a large 
extent, static, that is, it did not suggest the idea of motion. To 
many people their temples present an appearance of repose, of 
being well balanced and set on the ground. The type of physics 
studied by the Greeks was the branch of mechanics now known as 
statics, a study of the forces acting on bodies at rest. The Greeks 
were unexplorative. They lived in city-states and rarely ventured 
beyond them. They experimented little. They are accused of a 
lack of perspective in painting. Their music is called two dimen¬ 
sional by some writers because it consisted only of rhythm and 
melody. Harmony was to come later. Form is a central notion 
in Greek philosophy and art. 

Let us now make a similar, though partial, comparison of the 
mathematics and culture of the civilization commencing with the 
Renaissance, roughly in the fourteenth century. The development 
of algebra by the Hindus and others increased the ability of the 
mathematician to solve quantitative problems. The notion of a 
variable, implicit even in the elementary formulas of the Egyptians 
and the Greeks, became significant. With that, came the idea of a ^ 
function or relation among variables. Next, the question of rate 
of change of functions was raised. The attempts to answer this 
question produced the idea of a limit and its application to functions. 
These last developments may be epitomized by the remark that 
mathematics had become dynamic and was concerned with change. 
Another characteristic of modern mathematics is its severance of 
the bonds of experience. This tendency toward abstraction be¬ 
came significant with the rise of non-Euclidean geometry and with 
the completion of a satisfactory theory of irrational and complex 
aumbers. The realization by mathematicians that they were free 
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to develop any system they chose, regardless of whether or not 
they started with axioms taken from experience, encouraged them 
to explore new fields. They constructed a logical theory for the 

whirn e ( q T ti0nS ab ° Ut infinity - and be B an to Study spaces 
which had at the time of their investigation no correspondence to 
the physical world. 


Let us compare these characteristics of mathematics with the 
following developments in other fields. Science began in the 
sixteenth century to make a quantitative study of the world. Physi¬ 
cal laws appeared in functional form. Velocity and acceleration 
which are nothing more than rates of change of functions, became 
basic objects of study. A science of dynamics, that is, the study of 
motion, arose and has become very important. The earth was 
explored and the heavens were studied, thus enlarging our knowledge 
of space. Even Gothic architecture, with its tall buildings and 
spires, is regarded by some authorities as a sign of this explorative 
tendency. Music became more complex with the addition of 
harmony. Science has recently become concerned with abstrac¬ 
tion and with ideal, logically constructed descriptions of phenomena. 
Philosophy has become more concerned with, and influenced by, 
the results of science. The ideas of philosophy are related to the 
ideas of mathematics in several ways, as our discussion in articles 


4 and 5 showed. 

This topic could be carried much further,* but, to do so, it would 
be necessary to analyze thoroughly other forms of our culture. 
What has been said perhaps does no more than explain the mean¬ 
ing of the statement that the characteristics of mathematics are 
related to the characteristics of the other forms in which the culture 
of a civilization expresses itself. It could be shown, moreover, by 
means of a detailed analysis that the history of mathematical 
thought is interrelated with the history of civilization.f This 
statement does not imply that mathematics caused the changes 
which produced one civilization from another, but merely that it 
changed with the civilizations and to a large extent reflected each 
civilization. 

16. Conclusion. The purposes of this book, as set forth in 
Chapter I, were parts of a single objective, which was to provide a 


* For further reading on this point, the reader should consult the reference to Spcngler at the 
end of the chapter and the article by Keyser, "Mathematics as a Culture Clue” in Scripta 
Mathematica, March. 1933. 

t For a discussion of this point see Hogben's Mathematics for the Million. 
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foundation for an understanding of what mathematics is an 
why it is important. It was not intended to furnish the technica 
training needed by a specialist in mathematics. Nor should the 
statements made in Chapter I have been taken to mean that even 
a panoramic view of all topics in mathematics would be presented. 
Mathematics is so large a field that a complete understanding of it 
would require more than a lifetime of study. 

This final chapter should be considered as a statement of the 
attitude which the material of this book leads us to adopt toward 
mathematics and its place in our culture. We have found that 
mathematics has played a fundamental r61e in the development of 
a large part of our present stock of knowledge, and that it con¬ 
tinues to occupy a place of importance in the development, under¬ 
standing, and interpretation of that knowledge. One of the 
greatest distinctions between our present western civilization 
and all others of which we have knowledge is the prominence of 
mathematics and the natural sciences, and the application of mathe¬ 
matics and science to industry and to our daily lives. Because 
mathematics has left its imprint upon so many aspects of present- 
day civilization, its position in the modern world is a fundamental 
one, and a knowledge of mathematics is essential for a comprehensive 
understanding of current life and thought. 


REVIEW EXERCISES 

1. What advantages have symbols over words in the statement of quan¬ 
titative relations? 

2. List the ways in which mathematics serves science. 

3. Mention at least two ways in which science serves mathematics. 

4. Give reasons for considering all physical laws as statistical. 

5. Give at least three illustrations of mathematical theories developed 
with no intention of applying them, but which found applications 
later. 

6. Give three examples of ideal elements in science other than those of 
mathematics. 

7. Give examples of axioms used in science, other than those of math¬ 
ematics. 

8. List as many philosophical implications of non-Euclidean geometry 
as you can. 

9. Distinguish between valid conclusion and a true conclusion. 

10. Discuss briefly the use of probability in scientific theories. 
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and effect. In what ways is the notion of functionality superior? 

±*. in what ways are abstractions useful? 
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TABLE I. FOUR-PLACE LOGARITHMS 
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0414 
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1461 
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2041 
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3010 
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3979 
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4800 
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5465 
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6355 
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1847 
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5717 
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4082 
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6955 


0294 

0682 

1038 

1367 
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4871 
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5775 
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5999 
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4133 
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6522 
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7067 
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96 

9777 

96 

9823 
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99 
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9708 
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9763 
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9809 
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.1908 
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.3090 
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6691 
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.0699 
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.5543 

.5774 


6249 
6494 
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28.636 
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14.301 

11.430 

9.5144 
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6.3138 
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5.1446 

4.7046 
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3.0777 
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2.4751 
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.9816 
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Planets. 145, 187 

Plato. 593, 604 

Poincar6. Henri, 604 

Point, concept of. 49 
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Polynomials, 68 

operations with, 70 
Positional notation. 21, 58 
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integers. 31 

integral exponents. 55 
number. 30 
Poussin. 155 
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Present value, 351 

of an annuity. 353 
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Quadratic function, 268 
Quadric surfaces. 237 
Quality of a sound, 370 
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Rational number system, 36 


Rational numbers. 31 
Ratios, trigonometric. 163 
Real numbers. 39 
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deductive, 1 
inductive. 3 
in mathematics. 5 
Rectangular coordinate system. 198 
Relative error. 107 
Relativity 

general theory of. 572 
philosophical consequences of. 576 
special theory of, 568 
Resultant. 187 
Revolution, 133 
Riemann. 524 
Ricmannian world, 525 
Right circular cone, 144 
Rise of geometrical concepts. 47 
Roman notation, 20. 21 
Romans. 17. 63 
Root of an equation, 74 
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Russell. Bertrand. 504. 509, 557. 566. 593 
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and mathematics, 584 
mathematization of. 589 
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Scientific method. 428 
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Set of points. 495. 500. 506 
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Significant figures. 106 
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Simplicity of axioms. 537 
Simultaneity of events. 566 
Sine. 163 
Slide rule. 122 
Slope. 205. 2OS, 209 
Solution of an equation. 74 
Solution of simultaneous equations, 74 
Sound wave. 368 
Sounds, musical. 370 
Space, concept of, 593 
Space-time. 571 

interval of. 570 
Speed at an instant. 452. 476 
Spengler, Oswald, 612 
Spherical surface, 236 
Spinoza. 605 
Squaring the circle. 137 
Standard position. 2S9 
Stars. 160 
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approximations in. 417 
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Stimulus and sensation. 401 
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